GLOBAL SOLUTIONS TO THE LANDAU-FERMI-DIRAC EQUATION

PAULO SAMPAIO

ABsTrRACT. We establish a compactness result for solutions of a certain class of hypoelliptic equa-
tions. This result allows us to show the existence of global weak solutions to the non-homogeneous
Landau-Fermi-Dirac equation with Coulomb potential.
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1. INTRODUCTION

Kinetic theory aims to describe a gas by a probability density function f = f(¢,z,v). That is,
for a time ¢, the probability of finding a particle in the region dx with velocity in the range dv is
ft, z,v)dxdv.

The most famous description for f is given by the Boltzmann equation. A particularly interesting
case is the one with hot gases of charged particles, such as plasmas. In this regime, grazing collisions
prevail and this limit gives rise to another model, called Landau equation.

If one considers fermions (particles described by Fermi-Dirac statistics, such as electrons), then
quantum effects must be taken into account and this gives rise to the Boltzmann-Fermi-Dirac (BFD)
and Landau-Fermi-Dirac (LFD) equations.

In this paper, we study the Cauchy problem for the LED equation, i.e. given an initial data f,
find a function f such that

of
(1) o +v-Vof =V, (/a(v — v*)(f*(l —0f)Vuf — f(1— 5f)Vv*f*)dv*>
fli=o = fo

Here, we have used the common notation f = f(¢,x,v) and f. = f(¢,z,v.). The collision kernel
a = (a;;);; has the form

2) o) =0l (1- 3557
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where the cross section I'(] - |) is a function that depends on the type of interaction between the
particles.

The parameter 6 > 0 is proportional to the cube of Planck’s constant A and thus measures the
quantum effects modeled by the equation. Accordingly, we see that in the limit case § = 0 we recover
the (classical) Landau equation.

If the particle interaction is held by a power law potential, then

I(|z]) = 2|72, with —3 <~y <1.

In the literature, we find that the nomenclature of the potential varies depending on the range in
which the v are considered, so generally if 0 < v < 1 we say that it is a hard potential, if v < 0 then
it is a (moderately) soft potential, if v < —2 then it’s a very soft potential and if v = —3 then it is
a Coulomb potential.

As for the classical Landau equation, this form of the matrix a allows us to deduce, at least

formally, that
%//f(t)godxdv =0

if o = 1,v;|v|® or |z — vt|?, which physically corresponds to the conservation of mass, linear
momentum, kinetic energy and moment of inertia, respectively.
Also, if we define the (quantum) entropy

S(t) = %/ 5F108(5 ) + (1 — 6f) log(1 — 6 ) dadv,

it follows that, at least formally, this quantity should be decreasing in time.
These conservation laws, as well as the entropy decay leads us to assume that physically acceptable
solutions to this equation must satisfy the uniform bound

(3) sup//f(l + |o — vt|? + |[v|* + log f) dzdv < 4o0.
>0

provided this bound holds at time £ = 0. In the study of kinetic equations, these are called a priori

bounds.

The case we will be interested in this paper, which is also the most physically interesting case,
is the one where the particles interact through a Coulomb potential, and we therefore usually think
v = —3, but the whole argument is also valid for very soft potentials. This is, however, the least
understood case, due to the singularity at z = 0.

For the Landau equation, the bounds implied by (3) are not sufficient for making sense out of
a solution to the equation, even in the sense of distributions, because the collision integral is not
well defined in this case. To get around this problem, in 1994 Lions [14] defined the notion of
a renormalized solution, in the same spirit as his earlier work with Di Perna for the Boltzmann
equation [7].

The main technique in this case is to derive a sequential stability result for solutions of the
equation. Then, constructing smooth solutions to a carefully chosen approximate equation, this
compactness theorem allows us to pass to the limit, thus showing existence for the desired equation.

For the Landau equation, even though we have a compactness result for its renormalized solutions
(see Lions [14]), we cannot pass the renormalized equation directly to the limit and a defect measure
appears, as shown by Villani [15], thus leading to an even weaker sense of solution.

Fermions, on the other hand, obey the Pauli Fxclusion Principle, which states that no two
particles can occupy the same quantum state at the same instant. Mathematically, this means that
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and thus the Pauli principle gives us an extra L> bound for the solutions. This implies that the
collision integral is well defined even for the Coulomb case, thus in the quantum case we don’t expect
the need for renormalized solutions or the appearance of defect measures.

The Cauchy problem for quantum fluids goes back as far as Dolbeaut [8], who showed existence
and uniqueness of solutions to the BFD equation with cutoff satisfying the conservation laws and
decay of entropy. Afterwards, Alexandre [2] then showed the existence of solutions to the BFD
equation without the cutoff hypothesis.

The first significant study of the LFD equation was conducted Bagland [4] in 2004, who showed
the existence of solutions for hard potentials in the homogeneous case (where f does not depend
on z). Recently, multiple results on the Cauchy problem for homogeneous LFD has been proven.
Alonso, Bagland, Desvillettes and Lods [3] have shown existence for soft potentials and Golding,
Gualdani and Zamponi [9] have shown existence and smoothness for a Coulomb potential.

The inhomogeneous case of the LFD equation, however, remains poorly understood and to the
author’s knowledge, there are no results on the Cauchy problem for this equation.

In this paper, we will show existence of (weak) solutions to the LFD equation in the Coulomb
case, hugely inspired by the works of Lions [14] and Villani [15].

2. MAIN RESULT

Throughout the paper, we will use the repeated index summation convention and we will note
RZY = RY x R] the phase space.
Relabeling 0 f as f and a;; as a,;/6, one can rewrite the equation as

of =9 (52 -
E‘Fvvacf— (977)1 (auavj btf(l f))v

where @;; = a;; %, (f(1— f)) and b, = 88(:;_" %, f. This way we can, without loss of generality, suppose
- J
0=1.
Throughout the paper we will assume that the cross section I' satisfies

(5) VR > 0 there exists a Kr > 0 such that I'(|z|) > Kg, V|z| < R,
which will guarantee some ellipticity for the collision kernel and also that it has integrability
(6) (J2]) € L"(RY) + L= (RY),

N

for some r > =, which means that I'(|z|) can be decomposed as the sum of a function in L™ (R")
with a function in L>(RY).

It is worth noting that the properties (5) and (6) cover the cases discussed above of very smooth
potentials and, most importantly, Coulomb potentials. Other cases can be treated using variations
of the techniques discussed here.

We now state explicitly what we mean by a solution of the equations we will deal in this paper.

Definition 1. Let T > 0 and A;;, B;,C,D € L2 ((0,00) x RiNv) A function f = f(t,z,v) in

loc
L},.((0,00) x RZN) N C((0,00); D'(R2Y)) is called a (global) weak solution of the equation

of _ 9 (2.9 5i\iTr+D
at'i_vvwf_aw(AzjaU]‘i‘Bzf)“rCf‘f'D

with initial data fy if it solves the equation in D'((0,00) x RY x RY), that is, for every test function
0 € D((0,00) x RY x RY) we have



4 PAULO SAMPAIO

//fﬁdxdvdt / /fvl ///A”f “dedvdt
+/0 //(aaizjf+3¢f> aZdzdvdt+/O //(6f+5)¢dxdvdt

and also for every ¢ € D(RY x RY), we have

/ FO)w dedo 205 / forb dzdv.

Notating L3(R2Y) the set of functions f such that

// (z,0)|(1 + |2* + |v]*)dzdv < +o0,
R2N

x,v

our main result then reads

Theorem 1. Let N > 2 and fo € L5(R2Y) be such that 0 < fo < 1. There exists a weak solution
f € C(0,00); D' (R2Y))NL>((0, 00); Ll(RiJX)) to the LFD equation with initial data fo, in the sense
of Definition 1, which satisfies, for a.e. t >0,

1) Pauli exclusion principle:

0< f(t) <1

2) Conservation of mass and linear momentum:

//f(t,x,v)dxdvz//fo(x,v)dxdv,

//f(t,x,v)vidxdv:/ folx,v)v; dedv  Vie{l,--- N}

3) Decay of kinetic energy and moment of inertia:

//f(t,x,u)\v\2dxdv§/ fo(z,v)|v]? dadv,

//f(t,x,v)|x—tv\2dxdv§/ folz,v)|z — tv|? dedo.

4) Entropy inequality:

//s(t,m,v) dscdv+/0t//d(7',x,v) dxdvdr < //s(O,x,v) dzdv,

S(tax7v) :flogf+(17f)log(17f)

where

s the quantum entropy and

®2

Vof Vb |®

f( _f) f*(l_f*>

() d(t,z,0) = / a(v —v)f(1— )f(1— f)

is the quantum entropy dissipation.
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Remark 1. Given that weak solutions may have no reqularity in v, one might wonder what ex-
pression (7) above means. In the proof of the entropy inequality, we will see that the integral
f(f [ d(7,z,v) dzdvdr is a notation for the L*((0,t) x RY x RY x RY') norm of

div, {\/a(v —v)\/f.(1 = f.) arcsin \/ﬂ — div,, {\/a(v —v)V/f(1 = f) arcsin f*}
— div, (\/a(v - v*)) Vf(1 = f.)arcsin\/f + div,, (\/a(v - ’U*)) Vf(1 = f)arcsin /.,

J Ov
expression (7) is that if f has some regularity in v, then the two expressions are equal, which we will
see later in the proof.

where the divergence of a matriz A is defined as div, A =

The motivation for using the

We have divided the text into three sections. In Section 3, we will prove a compactness result for
the solutions of LFD-like equations, which involves studying the parabolic and transport parts of
this equation separately in order to achieve compactness for the sequence of solutions.

Moving on to Section 4, we will show the existence of solutions to an approximate equation.
We will define the approximation to be used and construct solutions for it that will exhibit better
integrability and regularity, which we will use to show that they satisfy the conservation laws (mass,
momentum, energy, ...) in an approximate sense.

Lastly, in Section 5 we construct a sequence of regularized solutions with progressively weaker
regularization. This approximation scheme will be compatible with the compactness theorem of
Section 3, which will allow us to pass to the limit and show that it is indeed a solution of the LFD
equation obeying the conservation laws and inequalities.

3. A COMPACTNESS RESULT FOR THE LFD EQUATION

Throughout the whole paper, we will use the notation f for the integral [] fR2 N dxdv. In this

section, our main goal is to prove the followmg compactness result for LED-like equatlons We will
use the space L7 ((0,00) x RY; HY (R])) of L7, ((0,00) x R2Y) functions whose v derivatives in

the sense of distributions g can be identified to L7, ((0,00) x R2%) functions.

Proposition 1. Let A", 6A7 B, %B be Ljs.((0,00) x R2Y) functions and (g™)n be a sequence of
weak solutions in L?, ((0,00) x RY; HlloP(RvN))

99" . Vg™ = div [Z"v "+ B g"(1— ")}

9" =0 = 95

in the sense of Definition 1, such that, for every n € RY and R,R' > 0 there exists some v =
v(R,R’) > 0 such that

O T [ vl—(“‘”* )|n|2 21— g% dv., Vo € R, Ju] < R
|va | <R ]

v —v.]

Suppose moreover that (g™),, satisfies

sup [ g"(1+ Lo = ot 4 o) < €.
t>0 Jzo

0<g" <1
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IfA", aaii_j B, % are uniformly bounded in L, ((0,00) x RZY)  then the sequence (g")n is
J i ’

compact in L}, ((0,00); L*(R2Y)).

loc

Our approach to proving this proposition will be to achieve compactness bit by bit. First, we use
the transport structure of the equation to achieve compactness in space-time of averages in velocity,
which are the now famous velocity averaging results. In a second step, we study the parabolic part
of the equation to deduce a certain compactness in the velocity variable. Finally, we unify this two
compactness properties with a proposition, leading the "full" compactness, in all three variables.

3.1. Velocity averages: compactness in time and position. Velocity averaging is a very com-
mon technique in the study of transport equations, and in particular kinetic equations, which allows
us to find a certain type of compactness for the velocity averages of the solutions of that equation.

The main idea is that if f = f(¢,z,v) is a solution of the transport equation Oy f + v -V, f = g,
then the velocity average [ fo(v) dv, where ¢ € C°(RY), is shown to be more regular than f
and g themselves. For a sequence of solutions f™, this translates into compactness for the averaged
sequence [ f™p(v) dv.

The first results in this direction were shown independently in the mid-80’s by Agoshkov [1] and
Golse, Perthame and Sentis in [10] in an L? setting. We will use a generalized version taken from
[5], reproduced here for the reader’s convenience.

Theorem 2 (Theorem 1.1.8 from [5]). Let  be an open set of Ry x RY, a : RM — RN verify
0% € LS, for |a] <m, m €N, and

Vo € SN vu e R |v;a(v) -0 = u| = 0.
Let f,, be a bounded sequence in LY (2 x RM) with p > 1 verifying

Otfr + divg a(v) fr, = Z 8397([1) in Q x RM

lal<m

where the gy(la) are locally bounded in the space of measures Mio.(Q x RM).
Then, for any function ¢ € C°(RM),

pu(t.a) = [ fultswv)oto) do

is compact in L] (Q) for any q < p.

loc

For reasons that will become clear when we discuss the parabolic part of the equation in depth, the
key quantity to show compactness of solutions of this equation are not the solutions g" themselves,
but the quantity g™ (1 — ¢g").

Lemma 1. Let (¢™), be a sequence of solutions to (8) as in Proposition 1. For every ¢ € C°(R
the sequence of velocity averages

o)

/g"(l —g")pdv

is compact in L}, .((0,00) x RY) and moreover, for every R, T > 0, we have

T
—n Og™ Og™
1 A — dt <
( 0) /(; - ij ov; 5Uj = CT7R7

for some constant Cr g > 0, independent of n.
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Proof. Let us notate G™ = g™ (1 — ¢g™). Throughout this proof, we will use the notation ftm for the
integral fooo Jfgen dzdvdt.

Theorem 2 allows us to deduce the compactness of the velocity averages of g", after rewriting
the right-hand side of the equation. However, we are unable to deduce the compactness of velocity
averages of G™ from the compactness of the velocity averages g™ alone. The alternative is then to
write the equation for G™ and apply Theorem 2 to this new one. The process of passing from (8)
to an equation for G™ is not direct, since such a process would require applying a product rule to
g™ (1 — ¢g™), which cannot be justified due to the low regularity in the variables ¢ and z.

The way to overcome this limitation is to consider approximations of the g™ functions. Let
then y = x(t,z) be a C°((0,00) x RY) positive function such that [y dtdz = 1, consider the
mollifying sequence X, (t,z) = m” x(mt, mz) and define g7 = x, * g". We thus have g — ¢g" in

L2 ((0,00) x R%Nv) Take the equation in D’((0, 00) X Rgl\é),
89 0 n Bg —n
T Vg A, =—+B,q" .
or TV Ve T 5y, ( iy, T B9 L=y ))
Applying the approximations we have, commuting convolutions with derivatives
m - — m AL m (B nl — n)-
5t I = 0. [x *( ”avjﬂ” *(B;g"(1—g")

Multiplying both sides of the equation by (1 — 2¢7,) and noting G7}, = g/ (1 — gI%,), we have

8Gn n 0 —n ag —n 89” 8921
ot +v- V.G, = 90 |:Xm * (Aij (%J) (1 2gm)} + 2xm * (Aij 81)]) D0,

2 [ (1= ) 120 20 (B ) 2

We multiply this equation on both sides by ¢ € D((0, 00) x Rff\{)) and integrate by parts to find
a formulation in the sense of distributions

Op Jp —n Og" Oy
- n (L mx (A=) (1= 2g™
/t Grn ot /tzv va/ami /txv Xm * < 1) 8,Uj ( nL)an
2 x (AL ) e, m* (Brg™(1—g™)) (1 —2g"
+ /mx7 *( ”3Uj> 90, ¥ /mx *( 9" (1—g ))( Im) "
—n ﬁg”
9 m B.a"(1 — g™ m
+/mx *<zg( g))(%isa

and by the standard theorems of approximation by convolution, we have that, passing to the limit

m — o0,
- 09" dp —n Og™ Og"
G” G, A9 (1~ 9gn a9
/ . . axz / ' Qu; 95, /m v, Ov; ¥

— B, g"(1—¢")(1—-2¢9")=— 42 B, g"(1—g" .
| Bra-ma-2wngtar [ Blea-oge

txv

Now, since we have ¢g",1 — g™ € L? ((0,00) x RY; HL (RL)), the product rule is valid. We have

M € L},.((0,00) x R2Y) for every k =1,2,...,N and

vy
ag"(1—-g")) _ ny 09"
81)k - <1 29 )ka '
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Let ¥y, = ¥m(t,z,v) be a mollifying sequence and consider (ZZ)m = Yy, * ZZ This way,
we have (4), — A, and oA )m _, OA;

ii . . — N 0
o ol in LY ((0,00) x Ri%), p < oo. Since (Aij)maTi €
C2°((0,00) x R2%), we then have, by the definition of weak derivative,

sy 99" o o a0 g"(L—g") 5n, O¢
/m(Aij Jm v, (-2 )(%i B /m Ov; (i )mavi

na g2 (@, 2%

_ mn 1 . n ] _ n 1 . n A m
/mg (1—g )78% 7, /mg (1—9")(4;) Foidv;
thus passing to the limit m — oo, we have

n Og" Op 8Z?v Op —n 0%p
A =2 (1 —=29™ I nl— g™ J _ nl— g™ -
|G a-aniE e [ - Tegl - [ - mse

and similarly, one can show that

n

/tm B (1 g ai- o= %Ji; <(g”)2 B (g")3> o /mgn ((g”)2 (9")3) de

2 3

meaning the equation can be rewritten as

o Ao —n 0% / oA, Ao
11) - G"— — G"v; = Ag"(1—g" Lg™(1—g"
( ) txv at tzv ! 8.%‘1' txv ng ( g )aviavj " tzv 8Uj g ( g )6’01
—n g™ Og™ / —n dp
2 g —p— B, g"(1—g¢")(1—-2¢")—
2 A e ), B (1—9")(1—2g )6%
8§" n\2 n\3 — n\2 n\3 o
Ly z((g)_(9)>@_2/Bi((g)_(9)>so.
txv (%i 2 3 trv 2 3 (911,'
Then, rearranging the equation and using that 0 < ¢ < 1, we have
—n Dg™ Dg" 9 OA;; ]
/ Aij ai_ ai_@dwdv SH(;; + v Vel + av.] ’af
twv v L Tl supp ) ' E
—n 0? —n 0
|3 \ a1 °
L1 (supp @) || O0;00; || [ oo Li(supp ) || OV; || oo
oB;
+2| 5 =
L1 (supp ¢)

and thus, given the uniform boundedness of the coefficients, the inequality (10) follows by taking
@ such that ¢ = 1 in [0,T] x Br x Bg. In particular, this implies that 7;%% is uniformly
bounded in L}, ((0,T) x R2Y).
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Now we prove the compactness of the velocity averages. Note that the equality (11) means we
have

oG™ oG™ 02

o " on  ouow, [Aijg (I1-g ﬂ
8 =N n n n 8ZZ n " —n (gn)2 (gn)g
* o Big(l—g)(1—2g)—a—ng (1—g)+231< - >

o agn (99” aﬁn (gn)Q (gn)3
24, -2

* * 8% 3vj 8111‘ <

in D’((0,00) x R2Y). Since we have that 0 < g™ < 1 for all n, it follows that

|A¢j9n(1 -g")| < |Aij|

B OA; s (@ @] g |94
Bl g"(1—g")(1—2g") — —2g"(1 - g") + 2B, - <3|B)|+| =Y
g 20" = G )+ 2B (- O < aim |
09" 0g" 9By ((9") _(¢")| o 4n 09" 09" | |0B;
i avi 8'Uj Bvi 2 3 = 8vi 81)]- avi ’

implying each of this sequences of functions is uniformly bounded in L}, ((0,00) x Ri%) Thus,
Theorem 2 applies and we have that the velocity averages of g™ (1 — g™) are compact. O

3.2. Quasi-ellipticity of the diffusion matrix: compactness in velocity. Here we will begin
to explore the parabolic part of the equation in order to find compactness in the v derivatives of g™.

The technique here is hugely inspired by the parabolic case. Indeed, if the equations (8) were
uniformly parabolic, then the matrices A" would be uniformly elliptic, implying there exists some
6 > 0 such that ZZ—nmj > 0|n|? for every n € RY.

This, together with inequality (10), gives directly a bound for the v derivatives or the sequence
g™, which would then imply compactness in the v variable. Thus, one may seek to show some kind
of ellipticity estimate uniform in n for the sequence @a" = (a@}};)i; = (aij *» f(1 — f))i; of the LFD
equation.

For the homogeneous case Bagland [4] has shown that the a priori bounds for entropy, mass and
kinetic energy can control the size of g(1 — g) from below, allowing us to prove an ellipticity estimate
using the techniques from Desvillettes-Villani [6]. However, this technique doesn’t translate to the
non-homogeneous case, and we weren’t able to prove this type of ellipticity using just the a priori
estimates. Following Lions [14], we will prove a weaker, more specific, kind of ellipticity that turns
out to be enough for reaching compactness.

Let then 7 € RY. The estimate (9) gives us that

Zijnmj > /

2
ler v [1 - (UU* N ) ] In2g™(1 — g7) dv,, Yo € RN, [u] < R

lv—v.| In|

Here we see that there are essentially two problems preventing the right-hand side from being
elliptic: an angular problem, when we have a large angle between v — v, and n and a quantum
vacuum one, when the functions g(1 — g) are too small.

The first one is purely geometrical and can be dealt with truncation arguments. The second one,
on the other hand, depends entirely on the behavior of the functions g (1 — g™).

Define G™ = g"(1 — g™). Intuitively, we expect that for n sufficiently large, we have Z?j elliptic
in the regions where G" is strictly positive. Asymptotically, one then expects the uniform elliptical
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behavior of the sequence ZZ— to be described by some limit of the G", say, G. The following result
establishes that, in the regions of space-time where G is not a vacuum (i.e., the density p is strictly
greater than some « > 0), then we have some asymptotically uniform ellipticity, with the constant
depending on «, up to some set of small measure.

Lemma 2. Fiz T,R> 0. Let G" = g"(1—g") be a sequence and G a function of L>((0,T) x R2Y)
such that

/G"gpdv — /Ggpdv in L'([0,T] x Bgr)
for every ¢ € LY(RY). Moreover, let

K, ={(t,z) € [0,T] x Bg : p(t,z) > a},
where p(t,z) = [ Gdv and let A" be a sequence satisfying (9). Then, for every a,e > 0 there exists
a measurable set |E| < e such that

Z:’;(tv €, '0)77i77j > O(av 5)|77‘2a

for (x,t,v,m) € (Ko N ES) x B x RY and n > ny(e, a).
Proof. We can suppose, without loss of generality, that n € S¥—1.
To deal with the angular problem impeaching ellipticity, we introduce the parameter u € [0,1)

and define the following set, which imposes the R’ constraint and truncates the "bad" angles,

UV — Uy

< pand o] < (1= 07}

V(v,p,m) = 3 v. € RN st
v —v.

and the truncation of the limit p,

Pu(xatﬂ%n) :/]]-V(U,u,n)(v*)G(v*)dv*'

This way, the uniform quasi-ellipticity estimate (9) implies that for every p € (0,1) there exists
a v(u) such that

Atz o)y > v(w) / 1y (o) (02) G s

We then define the approximated quantum density and its V' truncation:

() = / G dv,, p(t,0,m) = / Ly (o pom (0)G o

Notice that p, and pj, are continuous in (v,n) by dominated convergence.
First, as ' 1, we have V(¢,z,v,7) / RY \ (v + Ry), and thus by Beppo Levi’s lemma,

pu(t,z,v,m) — p(t,z) ae. (t,x) € (0,T) x Bg, Y(v,n) € Br X gN-1

and we upgrade the pointwise convergence in the (v,n) variables to a uniform convergence by Dini’s
theorem.

To obtain uniformity in (¢,2) we have, by Egorov’s theorem, that there exists a measurable set
By, with |Eq| < /2, such that the convergence above is uniform in E{ x Bg x S¥~1. Thus, we have
that there exists a p10 = (e, @) such that p, > a/2 in (K,NE) x B x SN~ for every p € [po, 1).
We then fix such a p.

Next, by the hypothesis over G™, we have that

(12) pp(t,z,v,n) = pu(t,z,v,n) ae. (t,x) € (0,T) x Bg, ¥(v,n) € Bg x SN,
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We argue that the sequence pj; is uniformly equicontinuous in (v,m). Indeed, for some &’ > 0 we
have, by uniform continuity of

BRXSN_l —>L°°(RUN)
(Uﬂ?) = ]]'VI),;L,T[
that

[(v2,m2) = (v1,m)| <6 = 1 Lvuapm) = Lv ) llze <€
for some & > 0, and therefore

(@, t,v2,m2) — ppu(, t,v1,m)| < / |1V (v pime) — L (on )| 92 dvs
< 6/|B(1_u)71|.

This in turn implies that the convergence (12) is uniform in (v,7). One more application of
Egorov’s theorem as before implies that there exists a measurable set Fy with |E2| < £/2 and an
ng = ng(e, @) such that

Py > % in (K, NE®) x Br x SN=1 wn > n,
where E = E; U B3 and |E| < €. The result then follows. O

3.3. Almost everywhere compactness. Intuitively, we can interpret the velocity averaging result,
Lemma 1, as a "compactness in ¢, 2", provided by the transport operator. In this way, it is expected
that if we can find some compactness result in the variable v, then we must have compactness for
the sequence of functions as a whole.

In this section we show that this intuitive notion indeed holds. That is, that velocity averaging
together with compactness in v actually imply compactness almost everywhere for the sequence of
functions. Even more, we were able to alleviate the need for a "complete compactness" in v to
achieve a more general, if more technical, result.

This extra generality, however, is necessary for our application since the diffusion matrix of the
equation is not uniformly elliptic, as seen in the Section 3.2.

Proposition 2. Let (®"), be a sequence of functions such that ®" =~ & in L°((0,00) x RZY).
Suppose that, for each T, R > 0,
1) Quasi-bounded in v: For every e, > 0, there exists a C = C(e,a) and a measurable set E,

with |E| < e such that
/// |V, ®"|? dtdxdv < C(e, a)
(KaNE®)X Br

where Ko = {(t,z) € [0,T] x Bg : [ ®dv > a},
2) Velocity averages: for every p € C(RY), ([ ®"¢dv), is compact in L' ([0,T] x Bg).
Thus, passing to a subsequence, we have @™ — & almost everywhere in (0, 00) X ]RE,JX

Proof. For each T, R > 0 and ¢ € C°(RY) we have, passing to a subsequence and using uniqueness
of the weak limit, that

(13) /(D"godv — /<1><de in L'([0,T] x Bg).

So far, the subsequence we take depends on the function ¢ chosen, but we can construct a
subsequence that works for all ¢. Indeed, using that C°(RY) is dense in L'(R%) and a diagonal
argument we may suppose that ¢ € L'(RY). Next, taking a Schauder basis of L!(R.') and applying
another diagonal argument, we may assume that the convergence (13) holds for every ¢ € L' (RY).
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Notice however that at this stage the subsequence we take still depends on the 7" and R chosen.
We could, of course, get rid of this limitation by a further diagonal extraction argument, which will
give us a sequence converging in L} ((0,00) x RY), but this is not necessary at the moment for the
argument, and we will save this approach for the last part of the proof, where we will also deal with
the v variable.

Let n € C(RY) be a positive function with [ndv = 1, supported in the unit ball of v and
consider the mollifier ns(v) = (%Nn (%) We will note ®} := ®" %, 15 and &5 := & *, n5. Pick an
Ry > 0 and consider Ry = Ry + 1. The velocity averaging result (13), applied to a 7' > 0 and
R = R; implies we have, for every § > 0,

(Dg — ®;5 a.e. in [O,T] X BR1 X BR1

and thus by dominated convergence, (®%),, converges in L'((0,T) x Bg, X Bg,).
Now, by the definition of ®}, we have

1 v
" — "dv:/ @"U—/ —n (=) " (v — v, dv,
[, o -wa= [ erwr - [ S () e

1 Ve
_/BRO/Bs 6N77(5)| (U U) (U)|d1} dv

dv

By the mean value theorem, it follows that this is bounded by

/ // * |V D" (v — Tv,)||vs| dTdvd.
Br, / Bs

If § is sufficiently small, then v — 7v. € Bp,, for every v € Bg, and 7 € [0,1]. This way, the
above integral is smaller than

1 Vs
o «| dTdvedo <6 2 P" —n|—=) dv. | d
/BR/BJW Voo drdvdo <5 [ 9.0 ([ gen () ) o

=0 |V, @" (v)|
B,

Further integrating in (¢,2) € K, N E° we have, by the Cauchy-Schwarz inequality,

/// |®" — ®F| dtdxdv < 5/// |V, ®"| dtdxdv
(KaME®)xBr, (KaNE®)XBp,

< 8(C(e, a))V2(| Ko N E°||BR, )"/
< Cl(é‘,Oé)(S,

for 6 > 0 sufficiently small and n > ng(«, €).
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From there, we can show that (®"),, is a Cauchy sequence in L'((0,T) x Bg, x Bg,), because

/// [®" — ™| dtdxdv < /// [®" — & dtdxdv
(07T)><BRD><BR0 (07T)><BRO><BR1
= // / |®" — ™| dtdaxdv + // / |®" — @™ dtdxdv
K; BRO E BRO
+// / |®" — DF| 4 |9 — DF| dtdxdv
E¢NK, J Br,

+ // / |5 — @F| dtdxdv
E°nK, J Bg,

=L+ L+ I3+ 1,

For I, Velocity averaging implies that | By " / 5, ©, thus
0 0

limsup I; < limsup // / " 4+ O™ dtdxdv
& Y Brg

n,m—00 n,Mm—00

= 2// / ® dvdtdz < 2aT|Bg,|.
& BRO

For I, we use that |®"| < M to show it’s bounded by 2M|Bg,||E| < 2M|Bgr,|e. We bound I3
with (14) and lastly

limsup Iy < limsup ||®§ — @?HLI((O’T)XBRl xBg,) =0,
n,m— 00 n,Mm—00
since (®}),, is a Cauchy sequence.
Finally, we have shown that

hm&m/’ @™ — ®™| dtdwdv < 207T|Br, | + 2M|Bp,|e + 2C1 (, £)6
(0,T)xBry X Bry,

n,Mm—00

and taking § — 0, then a, e — 0, we find that ®* — ® in L'((0,T) x Bg, X Br,)-

Since the Ry > 0 and the T' > 0 are arbitrary, we can do a diagonal extraction to arrive at a
subsequence such that ®" — ® in L} .((0,00) x R2Y), which passing to a further subsequence if
necessary, implies convergence almost everywhere. O

Now we bring everything together for a proof of the main proposition of this section.

Proof of Proposition 1. The integral bounds obeyed by the sequence g™, together with the fact that
0 < g™ <1 for every n allows us, using Dunford-Pettis, to extract a subsequence converging weakly
in L,.((0,00); L' (R2Y)). By Scheffé’s lemma, to show the full convergence in L', we just need to
show a.e. convergence.

Lemma 1 gives us directly that the velocity averages are compact. On the other hand inequality
(10), together with Lemma 2, gives us that for each R,e,a > 0 there exists C,ng > 0 and a

measurable set F, with |E| < ¢, such that

/// |V,g"|? dtdzdv < C,
(KaNE°)xBgr

for every n > ng. Proposition 2 then applies and we can further extract an a.e. convergent sequence,
thus proving the result. O
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4. CAUCHY THEORY FOR THE APPROXIMATED EQUATION

In this section, we will define an equation that approximates LFD and construct solutions to
it. The main goal here is to construct an approximation scheme that satisfies the hypothesis from
Proposition 1 and then pass to the limit to recover LFD, which we will do in Section 5.

We define this approximated equation by considering a smooth collision kernel a, smooth initial
data fy and by adding a vanishing viscosity term €A, f, which will guarantee some regularity for
the solutions of this equation.

However, we still need our approximate collision kernel to respect the conservation laws, and for
this we need it to satisfy

(15) a(z) >0, a(—z) = a(z) and a(z)z - z = 0,

for every z € RV.
Our main objective, for this section, will be to show the following result:

Proposition 3. Let a € S(RY) be a collision kernel satisfying (15) and fo € S(R2Y) an initial
data such that, for some C7,Ch, ap > 0,
Cpe—aollal>+1of?)
< .
= 1+ Che—ao(aF+)

Then, there exists a solution f € C((0,00); D'(R2Y))NL?((0,00) xRY; H'(R])) to the approzimated
problem

ClemolelP+1v1*) < £0(z. v)

of _ of _ 0 [ of
(16) ot Z@ZIJZ‘ B (911]‘ i 8111‘

f‘tZO = f0~

in the sense of Definition 1, where Elfj =ax*, (f(1—f)) and Bf = %C:?' *y f.
J

Moreover, for each T > 0 there exists a C > 0 such that

///( e ea(lz\2+|v\2)‘vvf|2 dedvdt < C
0,T)xRZN,

and there exist C,Cy, a0 > 0 such that

—@f@—fﬁ+«AJ

—a(lz*+[v]?)
—ajal*+o[?) Cae
Cle < f(t,l’,l)) < 1+ 0267a(\m|2+\v|2)

for a.e. (t,x,v) € (0,T) x R2.

Our approach will be to construct an iterative scheme in a linear equation. Given fy,g €
C>((0,T) x Rﬁ%), consider the linear approximated problem

of | Of 0 [ Of\ o o Of O

f‘t:O = f0~

We construct an approximation scheme to equation (16) by induction, taking f"**! as the solution
of (17) when we let g = f™. Then, equation (16) will come as a limit of this scheme when n — co.
This is the core idea to the existence part of Proposition 3, and we will see that in more detail when
we tackle its proof. For now, let us focus on showing some properties of equation (17) that are
independent of g (which in the approximating scheme will imply that they are uniform in n).

It has long been observed that although the diffusion acts only in the v variable, the solutions
to this type of problem are regular in both variables. This behavior, called hypoellipticity, was first
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identified by Kolmogorov [13] for the equation d;f +v-V,f — A, f = 0, while studying an stochastic
process, which he was then able to solve using a fundamental solution.

The pursuit for fundamental solutions then expanded to a wider class of equations, such as

2

(18) L(f)=— C;f 'ﬁ+aij78 / +aiaf

t axz 6vi8vj 8’Ui
with (a;;);; uniformly elliptic, which were extensively studied in 1951 by Weber [16], then in 1964
by I'in [12], who constructed fundamental solutions for these equations that imply the existence
of classical solutions. In Hormander’s work, we find a more precise definition of hypoellipticity, in
which the operator £ is called hypoelliptic if f is regular wherever L£(f) is regular. It was even
shown in [11] that equations like (18) with C'*° coefficients are in fact hypoelliptic. Thus, once we
construct a solution (even a weak one) to the equation £(f) = 0in (0,7) x R2Y, it will automatically
be C*°((0,T) x Rfc]}',)

Thus, if g € C°((0,00) x R2Y) and fo € C®(R3Y), we know there exists a solution f €
C>((0,00) x R2Y) to (17), where f(t) — fo when ¢t — 0. Once we have our smooth solution,
by a comparison principle, we can show that if 0 < g < 1, then 0 < f < 1, and thus the linear
approximated equation preserves the Pauli exclusion principle. In particular, the matrix (Efj)ij is
non-negative.

With a little more effort, however, we can use a comparison principle to prove a Gaussian decay
for the f function, independent of g, as is shown in the next lemma

=0,

Lemma 3. Let 0 < g <1 be a smooth function and suppose the initial data fo satisfies
Cle—oo (lz|*+[v]?)
= 14 Che=o(lzP+]v]?)

Then, for every t > 0 there exists constants o, C,Cq,Co > 0, independent of g, such that the
solution f to (17) satisfies

Cpemoole™ ) < fo(w,v) <

Cye—allel*+[of?)

—a(z]®+v|?)
(19) Cre S Jtha) S T e
fort e[0,T].
Proof. We start by showing the inequality on the right side. Define the differential operator
o [_ of - of  Ob; af of
=—qa;=— ¢ —bi(1—2g Lg(1— Ayf——= - ,
£ = 54 {‘”aui} (1 =29)5,- = gy, 9 = N Febof = 5 —vig

where, for brevity, we have dropped the reference to ¢ in @ and b.
Let ¢ € C>((0,00) x R2Y). We have that

_SXPY ) _ R 9o\ Jag dp Py dp dp
L(l—i—expgp) = exp(= ){68 2 ((%i) * Ov; Ov; +a”8viav Y5 9o, v

Op o Op Oy % exp
v “Ox; Ot Ov; ITF exp

—bi(1—29) 5

and thus, since @ is a non-negative matrix,

exp 0% dp\* Oy o PP
P E ) < Zr_
£ (1 + exp cp) £(7) = exp(= )[53 2 <8vi> - dv; O, ta 81}18%

dy % 7@_&0 (24
v,  ov;0 " Vo, ot

— (1 —29)=2
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Then choosing ¢ = kg + kit — ko e , it follows, using Young’s inequality,

1+t
€xXp @ 2k2 2k2 2 2 2k2
TP < - —eN - 0o b 0o
£ (1220 ) - () < expl) | - eN 222 e (B2 ) o (19l + [Fe) 5 o
7 ko |22 + Jv]?
Vub|lso — k) —kyg————
HIVoblloo + 5 12llvl = k1 — ke e

1 _ — - 1 z|?
< exp(=9) | (V0 + ) + 19,8l + 5 lol? = b1 = b 2.

Therefore, choosing k1 > 5= (|| V@l oo + [|b]|oc)? + [Vublloo and ko > %, the above quantity
is negative, for ¢ € [0, 7.

Finally, choosing kg = log C4 and further taking ko > «agp, we have that fy < 1_?_’;5’(50% and the

comparison principle implies, for ¢ € [0,T],

k
Céekltefl—&(|m‘2+|v‘2) 1+T(‘w\ +|'u\ )

<

1+ Cyekrte— i (2l +0}2) = 1+cgek1Te—
Letting Cy = CeM” and a = ﬁ the first inequality follows. We now turn to prove the left
inequality. Notice that
9% oo \?>  a;; Oy 9% 0y 9y
L = — 4 a
(exp o) = QXW[% 7 T¢ (81},) * B0 90, T % 9u00, T Y50, 00,
<9<p ob; Oy 8@]

Choosing ¢ = ko — kit — ka(1 + t)(|z|? + |v]?), it follows, using Young’s inequality,

o,
L(exp ) > exp [ — 2k (1+ )N + c4k2(1 + )2[v]? — %kz(l +1)20; — @2k (1 + 1)y

_ b,
+ (1 —29)ka(1 + t)2v; + a—v?g + ko (14 £)2v2; + by + k(|22 + v|2)]
J

1 —
> exp ¢ { =2k (1+ N = = ([Volloo + [Blloo)® = lloc2k2(1 + 1)

- 1
= Blloe = o121 + k1 + Ko (Jal” + [0]) |

Thus, choosing ky > 2% and k sufficiently large, we have L(expy) > 0 > L(f). Further, we
can suppose ks > «p and choose ko = log C%, which ensures fy > exp ¢y and thus the comparison
principle implies that, for ¢ € [0, T]

f>Cle® —k2 (1+8) (2| +]v|*) > Cle M T o~ 5 (P +vl*)

and the left inequality follows by letting Cy = Cje %17,
Note that the constants ko, k1 and k2 we choose for each of the inequalities depend only on ¢ and
the L*° norms of @, b and their derivatives with respect to v, and thus these constants are uniform

with respect to g. O

We will also need decay estimates on the derivatives of f, uniform in g. However, these estimates
are very difficult to obtain by means of a comparison principle. Here, we use energy methods to
deduce a uniform estimate with weights, which will be enough for what we need.
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Lemma 4. Suppose f is a solution of (17) such that f and g both satisfy inequality (19), with the
same constants. Then, for every T > 0 there exists a C > 0, independent of g, such that

(20) /// eI+ £12 dadvdt < C,
(0,T)xR2N,

where this a is the same one as in Lemma 3.

Proof. Since we don’t have decay estimates for the derivatives of f, in order to justify the following
integrals, let " = ¢™(z,v) be such that ¢" = ¥(-/n), where ¢ € CZ(R2Y), ¥(0) = 1 and
[ ¥ dadv = 1.

For brevity, we will define A;; = @;; +£d;;. Multiplying (17) by e(zP*+1v*) £y and integrating in
x,v, we have,

1 d 2 2 8f 2 2 a —_ af 2 2
a4 a(je]*+[v]?) p2,m OF jallaP+ol?) gy — [ 9 a|e*+[v]?) fym
(21) 5 qi /me N +/mvzaxie J /1 {A”avz}e fv

v 811j

_/ 7 (1_29);{ allaf +ol?) pyn _ gb g(1— fyeatleP+ul) pyn

j
For the first integral on the right-hand side of (21) we have, integratlng by parts in v,

/ 5 {Am gf } e+ pym = —9q [ A gf pjelalHeyn

v (9’[)]‘ v

[ 7.9 OF azp+) n_/ 7. OF o aqel4o?) 00"
/ AU ({9’01 811] w v A” 8’l)i fe (%i ’

Using the ellipticity of the matrix A, the first two integrals are bounded by
2 2
20 [ () || fllslen = 0gn — e [ |9, pestertietiyn

v
and by Young’s inequality, thls is bounded by
2a2N? 2 21 2ealls+Ho)yn _ € 2 gox(fal*+1ol?) gy
[AlIS | [fFv]"e (8 Vo fl e P".
v 2 v
Again using Young’s inequality, we have

_ of — 2 2
[ Bllt-2glifl | | extetsotyn < £ [ g, ppeetelsityn Ty, [ ety

and since 0 < f <1,

J

8b a(|z]?+]v|? n T a(|z|?+|v]? n
[ (] lslin = flisiee=4Pgm < N9 Bl [ lgllflenter
v J v
Finally, integration by parts, we get
2 n
/ 0 2 cattal 4ol pyn = [ ppeatal+oP g — [ I e 9"
v 15) i zv 2 8’Ui
and thus that there exists a C' > 0 such that
d f2 a(lx\2+|'u\2) n 3 2 2 2
il J < _= a(lz]*+|v[*)
il 5 =5 [ v v

€ [ (1l + lalle] + )7 + gl 7] e oyn 4 R
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where the remainder R" is given by

n 2 n
anf/ 591 fea<|z|2+\v|2>%+/ I el 2"
TV avi v 2

i
J 8’1)1' 8’01'

Integrating over ¢ € (0,7, we have that

@) [ Wugpet Tty <2 (07 ety
txv txv
4C s s 4 [T
| (el + fello] + 1) f2 + gl f]) ey 4 - / R,
txv 0

where we have used [, to denote fOT [, dt.

Now we release the truncation. The bound (19), satisfied by f and g, imply that the first two
integrals are uniformly bounded in n. Let us show that the remainder [ R™ vanishes in the limit
n — 00. Indeed, integrating by parts and using the definition of ",

2 n ) A 2
/ a4, <f> gallz+) 0" _ _l/ 94ij I° o+ OY (2)
teo OV \ 2 ov; n Jo,r)xByxB, OVi 2 Ovj \n
_ %/ Ay fropectal o) 00 (7)
" J(0,T)x By, x By, dvj \n

2 2
_ i/ A, L cottap iy 90 (7) .
12 J0.1)x B, x B, 2 Ov;0v; \n

These integrals are uniformly bounded in n from the estimates (19), and thus this quantity converges
to zero. Similarly,

2 n 2
/ I preata 1o 00" l/ L7 callel?+102) 9% (—)
txv 2 ‘ '

ov; " J(0,T)x By x By 2 ov; \n

also converges to zero. Thus, we can pass to the limit in (22), leading |V, f|2e(=I*+1v*) ¢ L1((0,T) x
RiNv) Notice this integral is independent of the function g, as long as it obeys the bound (19). O

Now, we can use the bounds shown above to build an iterative process, which we will show
converges to a solution of the approximate problem (16).

Proof of Proposition 8. Throughout this proof, we will notate, for every p € [1,00], LP the space
LY ((0,00); LP(R%NU)), LY thespace L} ((0,00) XR%NU) and L7, H} the space L}, ((0,00); L2(RY; HY(RL'))).
Notice all of these spaces are local in time.

Part 1: The iterative process

The existence for the nonlinear regularized equation is obtained through an iterative process. Let
f° be the solution of the Kolmogorov equation 0;f + v -V, f — €A, f = 0, with initial data fq. For
k > 1, let f* be the solution of problem (17) with g = f*~1, that is, solution to the equation with

c _ k-1 . _pk— —fkt . .
initial data fo, where we note @*~' and b instead of @ and bf , respectively. That is, we
consider the iterative process

aifk +vafk _ i ak,137ﬂ€ _Bk71(1 _ 2fk—1)87fk o agz?ilfk—l(l _ fk) T+ eA fk
(23) ot ! 633‘1 N (9’Uj gl 81},‘ J (9’Uj 6’Uj £5v

fFli=o = fo-
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As mentioned at the beginning of the section we know that for every k € N, this problem has a
solution f* € C>((0,00) x R2%Y). We can extend this function to C([0,00) x R2%) by continuity
and this will imply f*(0) = fo.

Note that the bounds (19) and (20) found earlier, being independent of g, in this process become
uniform in k. That is, for each T" > 0 we have

Ce—allal*+lvl?)

—a(lzP+[vl?) < rk
29 Cre < flbav) < 1+ Coe—(lz+v)
and
(25) /// e+ ) 17 £ 2 drdudt < C,
(O,T)XR?;{\L

for constants C, Cy, Cs, a > 0 depending on 7" but not on k.

We will then use the same techniques as in Section 2 to achieve compactness for this sequence of
functions, i.e. we will use Proposition 2 to extract an a.e. convergent sequence. In this case, the
extra regularity plays in our favor and this result is easily applied. Indeed, inequality (25) already
shows us that the derivatives in v are bounded, and so we only have to show the compactness of the
velocity averages.

Once again we will use Theorem 2, rewriting equation (23) as

ot oft _ OH;
ot " Uor,  ou

Using that 0 < fk <1, we have that

- H.

L 6fk 8fk
_ly=k—1
|H;| = |(a;;~ + 552’]’)78% < 1+ lailzr) ‘81}1
k1
k=1 k—1 ofr 5'bj k—1 k Oayj ofk 62aij
H|=|p, (1-2 a7 1— DR N A | ST
| | bj ( f )81)]- + 81)]- f ( f) - 01)@- 1 8'Uj + 81)1-81)]- 1

and thus these functions are uniformly bounded in L} ., which implies the velocity averages are

compact.

Thus, Proposition 2 applies and there exists a subsequence, noted f*, such that f* 2o, f

almost everywhere in (0, 00) x R%Nv Moreover, the bound from inequality (24) implies this conver-
gence holds in L' by dominated convergence. This, however, is not sufficient to pass the equation to
the limit [ — 0o, as the coefficients of the equation in f* depend on f¥~! which we do not know
to be compact.

The solution to this non-synchrony problem is then to consider the equation for f**!. The same
argument as before gives us that this sequence of functions is compact, and therefore passing once
more to a subsequence, with indices in m, we have that f=*1 is a convergent sequence. Further,
since f*m is a subsequence of f¥', it is also convergent.

Since this sequence is uniformly bounded, it follows by interpolation that f*= — f in LP, for
every p < 0o. Also, by the uniform estimate (25), we may suppose, using Banach-Alaoglu, that this
sequence converges weakly in L? H}.

xr
Relabeling this last sequence simply as f* we have, to summarize,

f¥ = f inL?P ((O,m);LP(Ri%)), for every p < oo

loc

¥ = f i Li.((0,00); L2 (RY; HY (R]))),
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and we may as well suppose (possibly passing to a subsequence) that

) = f(t) in Ll(Rif\f)), for a.e. t > 0.

Part 2: Passing the equation to the limit

We integrate this equation by parts against a test function ¢ € D([0,00) x R2Y) to obtain that,
for every t > 0,

o [ o[ [ #5[ ] i
// e f kaai%j // < v1(12fk1)> fkai

81}]‘
_ g fk-1 2b 13fk ! k 852?—1 k=11 k
[ (e -G

Now, we want to pass equation (26) to the limit. We have, from the convergence of (f*); that the
left hand side of this equation converges for almost every t > 0 to

[rwso= [ s [[ [ 155 [ [ o5t

For the right hand side, define @;; = a;j *, (f(1— f)) and b; = aa” *, f. From Young’s inequality

. —  8aF

for convolutions, we deduce from the convergence of ( f* )i that at —a,., b —b;, 5L — aa’? and
17 J J v Ov;

b}

av — auJ in LP, for every p < co. This in turn implies that

( i 1+5513)f — (au +55w)f
gay ' ke k—1 k Jai; | -
(811 52 ) o (G - £

o’ L 0%,
do, (1—2f1 % — 871)3(1 -2f)f
—k—1 _
b kg Ky . Ob;
o, f (1—f)—>87jf(1—f)

in L'. For the last con te that Ekilfk — b;f and of" L Of iy [2 thus b
. vergence, we note that b; jf and G- go; i L7, thus by a
weak-strong result, we have that

k-1, 0fF _ Of . |
L AN B A
bj f 8Uj bjf@vj III
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Thus, taking the limit ¥ — oo of (26), leads

en [ s~ [ nsto) // / ude =
/o/m@“% e 8% //( L f>) e
// Kav]12f)2baf>fjf( “nle

for almost every ¢ > 0. The integrals in (0, t) being obviously continuous functions of ¢, imply that
for every ¢ € D(RZY),

0,

o) —R
- / (1)

is a continuous function. The equality (27) is then valid for every ¢ > 0.

Let ¢ € D(R2Y) and choose ¢ such that o(t,z,v) = ¢ (z,v) for every (t,z,v) € [0,1] x R2Y in
(27). The above continuity then implies that f € C((0,00); D'(R2%)). Also, if we take the equation
(27) to the limit ¢ — 0T, we conclude

/ f(®) 20, fowa

that is, we have convergence to the initial data and therefore f is a solution in the sense of Definition
1. Finally, the estimates (24) and (25), being uniform in k, are therefore still valid in the limit. O

We will now show that the conservation laws are approximately obeyed by the solutions of the
approximate equation, a result that will be useful for deducing the conservation laws obeyed by the
LFD solution we will construct.

Proposition 4. The approzimated solution f € C((0,00); D'(R2Y)) N L2((0,00) x RY; H'(R])) to
(16) constructed in Proposition 3 satisfies, for almost every t > 0,
1) Conservation of mass and linear momentum:

//f(t,x,v)da:dvz/ fo(z,v) dxdv,

//f(t,x,v)vi dxdv z/ folz,v)v; dedvVi € {1,--- | N}.

2) Kinetic energy:

//|v\2f(t,m,v)dxdvz/ |v|? fo(x,v) dedv + 2¢t|| fol| L1 -

3) Moment of inertia:

3
//f(t,m,v)\x—tvﬁdxdv:/ fo(m,v)\x|2dxdv+%\\fOHLL

4) Entropy inequality:

//s(t,x,v) dxdv—k/ot/ d(t,z,v) < //S(O,x,v) dxdv,

s(t,m,v)zflogf+(1—f)log(1—f)

where
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and

®2
d(t, z,v) :/a(v_v*)f(l_f)f*( = fi) f(v_ff) - f*(vlv*_f}*) dvs,

with the usual notations f = f(t,z,v) and f. = f(t,x,v.).

Proof. As in the proof of Proposition 3 we will notate, for brevity, L? and L} _ for L}
and L} ((0,00) x R2Y), respectively.

Let (¢™), be a sequence of smooth truncations, with " (z,v) = ((z,v)/n), (0) =1,0< o < 1,
this way suppga C B, and ¢" — 1 a.e. Let v = 9(t,z,v) be a smooth function such that
eIzl +11) (|| 4- View|+|Vi, %) € L? and consider (f*); be the sequence of solutions to (23)
constructed in the proof of Proposmon 3.

Multiplying equation (23) by ¢™ we have, after integrating by parts,

E(t)or v ((0(0")) ™)\ k10 (™)
(28) /f () /fogowo—/ f< 2 2 )—/mAij B
[ Bramapn gy [ f’” - Mg

txv

77k 1

((0, 00); LP(RZY))

T,V

where we note [, the integral fot J..,» depending on ¢, and Zij +ed;j.
Let us pass each of the integrals to the limit n — oo. The first two converge to

L 1 - / oo

by dominated convergence, given the uniform bounds (19). Next, we have

" ("™ 0 0
[ G PG = (o r0) ()

oy o
k. n [ YV
- tacvf 4 (at - laxl)

Given the uniform bounds (19), the first integral is bounded independently of n, and thus the
first term of the right-hand side vanishes in the limit. The second term converges by dominated
convergence and the right-hand side tends to

K [(OY oY
/tawf <+ zaajl)

Developing the next integral in (28),

k n k k
/ T 10f% 0(¢"y) l/ Z1‘6‘18f 6@ Ak 18f o
- e T OU; 8vj oo 3% 81;]

Y Ovg vy n

the first integral is uniformly bounded, and thus the first term converges to zero. Using dominated
convergence on the second term, we have that the above expression converges to

/ S10f* o
txv g avi aUj.

Once again by dominated convergence, the last two integrals in (28) converge to

—k—1

i o 8()
—/t oy [ B e gy,

dv; tzv av]
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thus, in the limit n — oo equation (28) becomes

. A 1 OfF 0
@) [ trove- [ s [ (5udt) —f/mAij o,
_/ Bf_l(l_ka 1 / fk 1 fk)¢

We know that f* — f almost everywhere. Since the terms A b ai are all uniformly bounded

in L* with respect to k, the integrands are all dominated by 1ntegrable ‘functions independent of k,
by the bound (19), Wlth the exception of

ofk
0vj

719

by (1 —2f T

which contains a derivative of f*. Nevertheless we have that

—k—1 =1\ T (1 k1 k-1 Th=1 =
b -2 -na-2)|| <25 s bl
and thus, by the weak-strong result,
—k—1 N T of
b, (1—2fF" 1) = bi(1 —2f) =
(12 )5 = b1 - 2) 5

in weak L', which implies the convergence of the integral.
This way, we can pass equation (29) to the limit k¥ — oo, which gives

[ [ oo |1 (G vwti) == L A,

of 5%,
- / Ba-2nghe- [ -

txv

Expanding the convolutions and symmetrizing the collision integral, we have

oo = [ [ (5o f [ e

of of. Y O,
—/O/W*aijw—v*)(f*( - 15E - s0 f)av*’j)(aw—av*’i).

Taking 1 = 1 we have the conservation of mass and for v» = v, we have the conservation of linear
momentum. For ¢ = |v|2, it follows, since a satisfies (15),

/mf(t)|v|2_/xvfo|v|2:25/()t/mf=2at/xvf0.

Next, for ¢ = |z — tv|?, we also have from (15) that

Rl s R Ay
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Now we pass to the proof of the entropy inequality. Multiplying (23) by log ( T f ’ - ) and integrating

in z,v leads,

ort [ f* o (L FE N[0 [ a0f #*
L5 () + Lo s (750) = Lo 475 3 oo (5)

k
/ bk 1 (1— 2% 1) af* log(lffk>
-1 k . fE
) e s ()
The first integral in the left-hand side equals

8b
(f’“logf’“ + (1= f")log(1 — f*)).

- [ T (5

rv

dt

The second one, from the decay estimates for f* leads

/ 3‘2 [vi(f*log f* + (1 = f*)log(1 — f*))] =0

Integrating by parts, the right-hand side becomes

LA [ e Off (g
_/ma”lf’“(l—f’“)@vz@vj /mbj (-2f ’wlog<1—fk)

81) -t fk |vvfk|2
~ ey 0 _fk)10g<1—f'f)_5 o A=)

v

which is smaller than

& 1 8fk3fk 1 f fk
(30) _/M“”‘lfk(l—f’c du; o, /” —21 N5, g(l—fk>

-1

3b k
[ G fk>log(1ffk).

Finally, integrating in ¢ € (0,7) we end up with
e 1 afk ofr
k) — < — R
e [ o= <= A g G
1

—/ 5’“*1(1—2f’“‘1)af lo ( /" >—/ o, —L— (1= M)lo ( I )
ta:vj 8’UJ & l_fk taxv 81}] : 1_fk ’

where s(z) = zlogx + (1 — x) log(1l — ).

Let’s pass each of these integrals to the limit. Starting with the right-hand side, notice that since
@" converges in L' there exists a function F' € L' such that |a | < F for every k, up to extraction of
a subsequence. By the equivalence of matrix norms, we conclude that there exists a constant C' > 0
such that (ﬁ)ij < CF'Y/2, where Va* is the (matrix) square root of a.

Indeed, let | - |, be the [” norm in finite dimension. We have, for every v € RY and positive
semi-definite matrix A,

[VAv|, = (VAv, VAv)s = (Av,v)s < |Av|o|v]o.

=



GLOBAL SOLUTIONS TO THE LANDAU-FERMI-DIRAC EQUATION 25

‘M'U‘Q
[v]2

Denote ||M|lop = Sup,cgrw the operator norm of a matrix M. The above inequality then
implies H\/ETC Hip < ||@*||op. Since all norms in finite dimension are equivalent, there exist a C' > 0
such that |\/§7‘io < C‘Ekaﬂ that is, (ﬁ)ij < CY2F1/2 for every k € N.
The bounds on f* imply that
252

and thus

< 01/2 1+ C2F1/2
— Cl )

(Va1).. 1 e—a/2(z P +ul?)
P
which is an L? function. Also, we have that @¥, converges to @;; and f* to f almost everywhere,
(%] g J
which implies, by dominated convergence, that

N 7k—1 1 —a/2(|z|*+|v|?) = ; —a/2(|z*+|vl*) 1, 72
Ve BN =k e

The bound of the derivative give us that, passing to a subsequence if necessary,

k
(32) o212+ 00" a2z OF L o

3vi Vi

and thus by weak-strong convergence,
- 1 ork - 1 of .
Va1 — (V@) ———=-" in L?
YV o Y o

The lower semi-continuity of the norm under weak convergence implies

2 2
- 1 af . = 1 af*
Va), ——— < liminf \/ak—l)..i
H( Jo rapo|,, =RV R
but since )
— 1 of _ 1 of of
Va), | g, L 0707
|( )U,/f(l—f) ov; Jf(l—f) ov; 81}]‘
we have that
_ 1 of of L. k1 1 afk ofk
R A P e i S
(33) /tacv i f(l - f) v, avj N hkniloréf txv i fk(l - fk) ov; avj
For the second integral, the bounds on f* give us that
fk 2 2
Ty < Oye (2l +vl®)
and thus
34 1 I | < gearzta+ir?)

—k—1 . - .
for some C' > 0. We have that b; ~ converges almost everywhere and in L? to bj, and is thus
dominated by an L? function F,. But since

D

J

k
(1 _ 2fk—1>e—a/2(|$‘2+|v‘2) log <1 f fk?) ’ S CFQ,
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it follows that the term in the absolute value converges in L2. This together with the convergence
(32) leads

k-1 N * 7 of f
/twvbj (1_2f 1)8U31g(1_fk>_>x/tzvbj(l 2f)avj 10g<1_f>

Finally, for the last integral,

6bk 1 I
/ -1 —f"“)log<1_fk>,

is uniformly bounded in L>. Using the bounds we have on f*, uniform in k, we

—k—1

we use that

have
k

fk—l log (1 = fk

and thus the integrand is uniformly bounded by C’e‘“/2(|5”|2+‘v|2), which is integrable. Since this in-
tegrand converges almost everywhere, we have by dominated convergence that the integral converges

to _
9b; f
tfm;aivj (1_f)10g<1f>

Finally, let us pass the integrals in the left-hand side of (31) to the limit. We have that
s(f¥(t,x,v)) = s(f(t,x,v)) for ae. (t,x,v) € (0,T) x R2Y. Also, since

k k
fkl%(lffk) log<1ffk>D

we have, from (34) and the uniform bound on f*,

2 2
[s(F4)] < Qe 2l ol

)’ < Cee/2(Ial*+1ol?)

|s(f*)| <

+ llog(1— £5)] < |f¥| <1+

for some C’ > 0, and thus the left-hand side converges, for a.e. ¢t € (0,7, to

[ st = [ st

Finally, taking the liminf in (31), it follows

oft o
/ms(f(t)) - /MS(fO) = _hkrii%f/ a?j_lk(l_k)afviaij

foo(f a5, f
/”1‘”7 ( f)_mavj(l_f)log(l—f)'

which, from (33), is smaller than

1 of of f a5, f
@) ~ [ mgr “Honon  Ju, 07 k’g(l f)_maé(l‘f“"g<1—f>'

Since {z — x(1 — )} is a smooth function and f is bounded, we have that
of _o(f(1—1J))
1-2 —_
( Naw ov; ov;
and since b; is smooth in the v variable, we can justify the product rule with f(1 — f), leading

5 20— 1) ;1 = 1)
J ﬁvj avj ’

ab;
o0, /0=
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then (35) equals

L ()
txv 7‘]f(l_f) avi 8’03‘ txv 811]‘ & 1_f .

! ) is H! in the v variable, since the uniform bounds (19) imply, after

Now, notice that log (ﬁ

passing to the limit in k,
1

fA=1)
for some C” > 0. Then the bound (20), which is still valid in the limit ¥ — oo by (32), implies we

can justify the chain rule,
9 fg( Y| oot o
o [ P\1=7)] ~ Fa=F)ov

is bounded in L2. Thus finally, by the definition of weak derivative, (35) equals
_ 1 or of 7 of
— Qi ———— + bi——.
/ta:'u ! f(l - f) Ov; an tzv ! an
Then, expanding the convolutions, this equals

7/ a--(va ) <f*(]-_f*) afﬁi af* af)
trv * * f(l—f) 6vi (%j 8’0*7i 6vj

< eollal+ol?),

which, by symmetrization and (15), leads

1 ®2

3 / a(v —v)f(1— ))f.(1- £)

the desired dissipation.

Vo f Vo, [«

5. THE EXISTENCE THEOREM

Now we will use the Proposition 1 to prove Theorem 1. We’ve divided this proof into a few
steps. First, we will construct a sequence of initial data and approximate collision kernels, thus
obtaining approximate solutions using Proposition 3. Then, in a second step we will use these
solutions together with Proposition 1 to construct a global solution for LFD. Finally, we will prove
that this solution obeys the conservation laws stated in Theorem 1, as well as the entropy inequality.

Proof of Theorem 1. Part 1: Approximated initial data and collision kernels

We start by defining a sequence of approximated initial data. Take fo such that fo(1+|2|?+[v|?) €
LY(R2Y) and 0 < fo < 1. Let x € C2°(R2Y) be a positive function such that [ x =1 and consider
X" (x,v) = n*Nx(nz,nv). Then, the convolution satisfies 0 < fo * x" < 1.

Also let ¢ € CSO(R?LNU) be a radially decreasing function such that 0 < ¢ < 1, ¢(0) = 1,

supp ¢ C Bj and consider ¢"(z,v) = ¢ (%, %) This way, ¢™ is an increasing sequence of positive
functions in C2°(R2Y) such that ¢ — 1 pointwise. Therefore, (fo*x™)¢" is a sequence of C°(R2Y)

which tends to fy almost everywhere, which in turn implies that the sequence of functions

Le= (2l 1 (fo 4 x™) "
1+2

0 =

converges a.e. to fo and satisfies 0 < f§' < 1.
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Let us show that
(36) [+ + o?) = fo(+ [z]* + [vf*) in L'(RZY),

Indeed, writing (z,v) = (1 + |z|* + |v|?), we have

/ |f0 fol(z,v) < +2 7(\w\2+|v\2)<$’v>+ni”/ folz,v)
/Xh*xmfwuxv+4—f/| ~ fol(z,v).

The first two terms in the right-hand side converge to 0 and the third is bounded by

| a=¢eo.

which converges to 0 by Beppo-Levi. Hence, we just need to show that

(fo* x"){z,v) = fo(z,v) in Ll(Ri{\[)).

+

n+2

We write
/I%*W%JW%MS/\Mw%WLW*meDMﬂ+/I%@w»MW*EmWI

The second integral converges to zero by standard approximation by convolution theorems, since
fo(z,v) € L. For the first one, using that |z|?> < |z — 2'|? + |2/,

|(fox X") (@, v) = (folz,v)) * x"|(z,v)
< ‘/ X" (x —a' v =) fola',v"){x,v) — X" (x — 2’ ;v =) fola',v"){x',v")dz'dv'

\/’ o o= ) ol )22 4 [ol? — [ — o' P)de’de’

7/)( (x— a2, v =)z —2'|? + |v =V |?) fo(a!, v )dx' dv’
= [(X"(z, v)) * fol(x, v).

Hence by Young’s inequality it follows that the first integral is bounded by ||x™(x, v)||z1 || follL1, but
since ||[x"(z,v)|1 = Zzllx{z,v)||11, it must converge to zero and therefore we have f§(z,v) —
fol,v) in LH(R2Y).

Let us check that these f§' have the decay properties for us to apply Proposition 3. We have,
trivially,

1 2 2
n o —(l=*+vl*)
Jo = n+ 26
On the other hand note that for C,a > 0,
Ce—allzl®+v]?) g

< Ce—ollal+oP),

9= 11 Cealorom 7 T4
So, let C,, > 0 be such that (fo * x™)™ < Cre~ e’ +1v1*) We have that

.'L‘2 2 n n
i _ #*”+M>+mﬂx>w
L= f8 12— e (el — (fo sy
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but since 1 + 2 — %e’(mz*‘”'z) — (foxx™)¢™ > L, it follows
f(;l —(|z|? 2 ; , 12102
IO <o) o (fo % )" < (nCy, + 1)~ (2 H 10
< Fnlfox X" < (nCy + 1)
which shows f§' has the desired decay.
We now approximate the collision kernel of the equation. In order to apply Proposition 1 to

solutions constructed with Proposition 3, we need to find a sequence a™ € S(RY) satisfying property
(15) for each n and such that ZZ- =a" %, (f"(1 — f™)) satisfies (9).

Let P(z) = (I - Tﬁf) and consider its approximation

| 2|2 z2Q® z
IRERE S VR VN

Let n € C°(RYM) be a positive, radial function such that suppn C [-1,1], [ndz = 1 and
condider 7,,(2) = n¥n(nz), a radially symmetric mollifier in C>°(RY) with suppn, C By Also,
let 1 € S(RY) be a radial function such that 1) > 0 and 1/(0) = 1, in such a way that ¥"(z) = 1(z/n)
converges almost everywhere to 1.

We denote the mollification I'™(z) = [['(] - |) * n,](2), which is radial as convolution of radially
symmetric functions, and converges to I'(|z]) in L"(R™) 4+ L>*(RY). Passing to a subsequence in
n, we can suppose that I'™ is dominated by an L"(RY) + L*°(RY) function. The collision kernel is
then approximated as

(38) a"(z) =T"(2)9" () P" (2)-

Notice this is indeed a symmetric matrix satisfying (15). Also, for each n we have that a” € S(RV),
as the product of C*°(RY), bounded functions with a function in S(RY).

Next, we show that this approximation preserves the quasi-ellipticity of the matrix a(z). Notice
that our approximation P" is such that P"(z) > P(z) for every n € N and every z € RV hence

a"(z) 2 T"(2)9" (2) P(2).

Now, let 0 < R < 1 and notice that supp#n, C B for every n. If |z| < R then from (5) we
conclude

(37) Pr(2)

[ - 1) ] (2) = /F(\Z = 2:[)1in(24) dze > Kap,

and since v, is also lower bounded in this set, we have that for every R > 0 there exists some
constant Cr > 0 such that

(39) a"(2) > Cr (1 Foz

P

) , V|z] <R.

The last property we want to show about this approximation is that aj; and 8;;7 converge in
J

LYRN) + L=+ (RYN). We say that a sequence ¥" converges in LP(RY) + L>*(RY), for some

1 < p < oo, if we can decompose it as a™ + 3", where a™ converges strongly LP(RY) and 3"

converges *-weakly in L°°(RY), that is,

(z) = az) + 0"
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The convergence of a™ follows from standard theorems of regularization by convolution. Indeed,
the right-hand side of (38) converges almost everywhere to I'(|z|)P(z) and, up to extraction of a
subsequence in n, we have that it’s dominated by a function in L"(RY) + L>(RY) ¢ LY(RY) +
L>(RY), therefore converging in LYRYN) + L°°*(RY) by dominated convergence.

For 8 ” we have, differentiating (38),

oal y o

(40) 52 = 5 [P () + TR G ).
Now notice that if ¥ : RY — R is a smooth, radial function then we have that for every ¢ > 0,
2 o
(1) o |9 (st~ ks ) | - ves e 2
where
|2
&(l2]) = —=(N = 3)m~

Hence it follows that

a n n n n
5 [T GPLE]0" () = T @enll=Dv" () s

which is dominated in L'(RY) + L (R¥), therefore converges in L'(RY) + L>>*(RY) to

Z 3a,;j

J
Meanwhile, the second term of (40) equals

PG (2) 2,

n 0z;

and similarly one can see that this converges to 0 in L1 (RY)+L>*(RY). Hence, we have {?} Yoy P
in LY(RY) + L>*(RY).

In this next step, we use the approximate data to obtain approximate solutions using Proposition
3, for which we can obtain compactness using Proposition 1.

Part 2: Approximate solutions

Let €, — 0. For each n, let f™ to be the global solution to (16) given by Proposition 3 using the
a™ and the f§ constructed in Part 1. We have, for every ¢ € D((0,00) x R2%),

o [ o= [ [ oG- [ [reg = [ e earag
//( ”+b 1—2f”))f”6v
// Kavj 2f”)—2b"8f >f7l—%f"(1—f")] ¢,

for every t > 0. This cannot be applied directly to Proposition 1, because the form of the equation

is not yet compatible. Given the Hv 1oe Tegularity of f™ and b", we can justify

b, —n —n
| (8%( ~2f7) 98] af) re= [ g (Ba-2m)re
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where we have notated [, the integrals fg [, dt. By definition of weak derivative, we have

0 —n -n a(fncp)
— (b, (1 —=2f" Tp=— b, (1—2f"
| e @a-2m)re=-[ Ba-am=L
f" / on dp
=— bi(1—2fm — b (1—=2f")f"—.
x/txv ( f ) Uj tzv / ( f )f 8Uj
Now, once again the local regularity of f™ in the variable v allows us to write
oft—fm) aof"
- 2 =(1-2f"
8Uj ( f )3vj
and thus the first integral above equals, by definition of weak derivative,
(" (L= ")) ob;
_ [ A S Sy n 1— ny_J n n
| R e [ prasmgtes [ ra- )

txv

where we have used the v regularity of ¢ and b to justify the product rule. We thus have7 finally

/ l(avj( —2f") —2b; >f —aivjjf (l—f)‘|(p_/tmbj(f )287%

Substituting this in (42) leads

@) [ raen-[ rE- [ pregte [ @ eesr gt
dp

* tzv 871}2 * J ( - ) 67113"

which is then in the form (8). Given the approximate a priori estimates from Proposition 4, this
sequence satisfies all the hypothesis for Proposition 1 and thus we have Lj,,((0,00); L' (R2Y)) com-
pactness for the sequence f". Passing to a subsequence we then have

(44) ff=fin L}UC((O,w);LI(Ri{X)) and a.e. in (0, 00) X Ri]g

Part 3: Passing the equation to the limit

We start by studying the convergence of the coefficients of the equation. For this, let us recall
that if A" — A in L'(RY) + L>>*(RY) and F™ — F in L, ((0,00); L*(R2Y)), then one can show
that

A"y F™ — A, F in L,,((0,00) x R2Y).
Therefore, we have
ap; = ap; ko (f"(1—f") = aij *, (f(1 = f)) =@y

in L},.((0,00) x R2Y), for every i,j € {1,2,..., N} and also that

oay; _ Oa N N Oa;; _ Oay
s =as = (G ) w1 - (5) s - = 5
mo aaz 8aij

' 6’()]‘

=
|
*
<
~
3
1

1
in Ly,

((0,00) x R2Y), for every i € {1,2,...,N}.
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We now show that this convergence is sufficient to pass equation (43) to the limit in the sense of
distributions. By dominated convergence, the first three integrals of (43) converge, respectively, to

[ s, [ 55 [ gt

for almost every ¢ > 0.

For the two integrals in the right-hand side of (43), we begin by noticing that f* -~ f and
(1= fm) = f(1 = f) in L=((0,00) x R2%), from dominated convergence. Next, recall that if
A" — Ain L}, ((0,00) x R2Y) and F™ 5 F in L((0,00) x R2Y) then we have A"F" — AF in

loc

D'((0,00) x R2) and therefore

oy n oa: . -
@y f" = @y f and B (1= ) = S D1 )
BU]‘ 81}]‘
in D’((0,00) x R2Y) and we can pass the last two integrals of (43) to the limit, implying that f is
a global weak solution of the LFD equation.

Part 4: A priori estimates

We will now show that the weak solution constructed above obeys the a priori estimates. The
Pauli exclusion principle is clearly valid for the limit function f, given the a.e. convergence in (44),
and therefore f satisfies part 1) of Theorem 1.

Next, the L}, ((0,00); L' (R2Y)) convergence implies (possibly passing to a subsequence) that we
have f"(t) — f(t) in L'(R2Y), for almost every t € (0,00). The conservation of mass for f", given

by Proposition 4, tells us that

/ [T / o for a.e. t € (0,00).

The integral in the left-hand side then converges to [ f(t) and from (36) the right-hand side
converges to fm fo thus obtaining the conservation of mass in the limit. In particular, this implies
that f € L>((0,00); L' (R2Y)).

For the kinetic energy using Proposition 4, we have that ™ satisfies

/ )] = / o l? —|—2t5n/ 13 for a.e. t € (0,00)
v v v

Again from (36), the right-hand side converges to [ folv|* as n — oo, while the limsup of the
left-hand side is lower bounded by [ f(t)|v|?, from Fatou’s lemma, thus giving the kinetic energy
inequality. The same argument can be used to show the moment of inertia inequality.

The conservation of linear momentum is the obtained by interpolation. We have, from Cauchy-
Schwarz that, for every k =1,..., N and almost every t € (0, c0),

[ o= ([ 1ro- f<t>|)1/2 ([ umw+ s "

The second integral on the right-hand side is bounded uniformly in n, from the inequality of kinetic
energy, while the first integral converges to zero for a.e. t € (0,00), since f(t) — f(t) in L* (RiNv)
So, in particular, we have that

/ F(t) vk H/ f(®)vg, for a.e. t € (0,00).
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Part 5: Entropy inequality

In this last part, we prove that the constructed solutions satisfy part (4) of Theorem 1, which
corresponds to the entropy inequality. From Proposition 4, the approximated solution satisfies the
inequality for n, that is, for almost every ¢ > 0,

(45) / s”(t)+/0t /Md”(f)drgfm 57(0)

where s and d" are defined as s and d, but for f” instead of f and a™ instead of a. Now we want
to pass this inequality to the limit.

Let us begin by showing the convergence of the right-hand side. We know that fj — fo almost
everywhere, thus s(0) — s(0) a.e. Since zlogz —z < zlogz+ (1 —z)log(1 — z) for every = € [0, 1],
we have that

s"(0)] = |f¢"log fo' + (1 = f') log(1 — fo')| < [fo'log f5' — fo'l < | /5" log fo'| + fo'-

Thus, since 0 < f' < 1 and zlog (1) < Coy/x for every z € (0,1),

1
(00 < g () + 5
10
= fo'log T 1gp<exp (~|z|-|o)) + fo' 10g I Lyp>exp (—fal—|v) + Jo

< C10 V f(gl]]-félgexp(—\ﬂ—w\) + .f(?(‘x| + |U|) + f(?

< Coexp (=l + o)) + F5(0+ b + o

from the convergence of f§ and f§'(1+ |z[> + [v[?) in L*(R2Y) we have by interpolation that f¢'(1+
|z| + |v]) also converges in L'(R2%), and thus by dominated convergence it follows that

/m 57(0) —>/ms(0).

For the next term, note the same approach as for fy works for the function (z',v) — f™(t, 2’ +
tv,v), leading

1
|s™(t, 2" + tv,v)| < Cpexp (—2(|x’| + |U|)> + [t 2+ to,0) (1 + |2 + |v]).
Then if one considers the variable z = 2’ + tv we conclude
1
5"(0,,0)] < Coewp (=12 = ol 410 ) + £t 0)(1 4o = 0]+ o).

Since the sequence f(1+ |z — tv|* + [v|?) is uniformly bounded in L}, ((0, 00); L*(R2Y)), it follows

loc
by interpolation that f™(1+ |x — tv| + |v|) converges in this space, hence by dominated convergence

we conclude that s™ should also converge in this space which, passing to a subsequence, implies that

for a.e. t > 0.
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We however cannot directly prove convergence for d”, because of the derivatives in f. We will
instead prove a weak convergence result. Notice d” can be written as

@ = (a0~ v VT P oy~ o )

VI = )= £ (fn(vlv;f’}n) B fg?lvifif)) >

where (-, -) denotes the L? inner product.
Since a™ is a positive matrix, let v/a™ be the square root of a”. We can then rewrite d" as

n n 2
Varlo =) V= PR (fn(vff o fnzv*f}n»

e (v e et |
_‘\/ ( *)<\/f*(1 )l /P 7] ﬁl(lﬁl)ﬂ
- i ’\/an(v — V) (\/fﬁ(l — fmM)V, (arcsin / f™) — va* (arcsin ff)) ’2_

The main idea afterwards is to rewrite the terms inside the square in order to pass to the limit in
the sense of distributions. This way, for example, we write

(46) a™ (v — v )/ f1(1 = f1)V,(arcsiny/f7) = div, (\/a”<v — v )/ f2(1 = fr) arcsin f”)
— div, (\/a"(v — m)) Vo1 = fr)arcsin\/fn,

and we notate the limit of this sequence as v/a(v — v.)\/fi(1 — fi)V(arcsin /).
Let R3Y = RY x RY x RY. From uniqueness of the symmetric square root of a positive

LUV

semi-definite matrix, we have that

Var(z) = \/ ") (1 ) PG

1
loc

Var(v — v )V fr(1 — fr)aresin /f* — a(v — v,)/fo(1 — f.) arcsin\/f
in D'((0,00) x R2Y ). Then using (41) we deduce that

div. v/a"(2) = \/rn<z>wn<z> (1 + Z)snuzngg,

which is uniformly bounded in L} (RY). By dominated convergence, one then shows that

nlz|
which converges almost everywhere to
T(eNe( 5 = dive va(z).
Then, using that v/1+ x < 1+ /x for every z > 0 we conclude

’divz \/a"(z)‘ < VT2 (2)6n(]2]) (é + |Z1|2) »

and therefore div, v/a™(z) is dominated by an L}, .(RY) function. Hence from dominated conver-
gence, we have that

div, (\/a"(v - v*)) Vfr(1 = fr)arcsiny/f" — div, (\/a(v — ’u*)> Vf(1 = f.)arcsin\/f
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in D'((0,00) x RN ). Therefore the right hand side of (46) converges in D’((0,00) x R3Y ) to

LUV LUV

div, <\/a(v — v/ f.(1 = f.) arcsin \/J7> — div, <\/a(v - v*)) VI (1= f.)aresin /f

which we will notate, by correspondence with the smooth case, v/a(v — v.)\/fi(1 — i)V, (arcsin /).
Exchanging v and v, we show similarly that
Var (v — v/ fr(1 = f1)V,, (arcsin /) = v/a(v — v.)/ f(1 = f)V,, (arcsiny/f)

in D'((0,00) x RN ) where the distribution on the left is a notation, defined analogously to the

LUV

previous case. Subtracting both convergences, we conclude that
Var(o =) (V2= F)Vo(aresin /%) = /(1= [V, (aresin /J7) ) =
Va(v=v.) (VI = F)Va(aresin /J) = V(1= [V, (arcsin /1))

in D'((0,00) x R2Y ). Notice that inequality (45) implies that the left-hand side of this convergence

LTUVVx
is in fact uniformly bounded in L?((0,00) x R3Y )), hence the convergence above actually holds

LUV

weakly in this space, and the distribution in the right-hand side can be identified to an L? function.
Then, by the lower semi-continuity of the norm under weak convergence, it follows that, for almost

every t > (0, we have
t t
/ / d(7) dr < lim inf/ / d™(r) dr,
0 Jz,v,v. n—oo Jo T,0, V4
where we have defined

d= 1|Vl =0 (VI 1) Ve(aresin/7) — /70— )V, (aresin /) |

Thus passing the liminf in (45), the entropy inequality follows. (I
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