GLOBAL SOLUTIONS TO THE LANDAU-FERMI-DIRAC EQUATION

PAULO SAMPAIO

AssTrACT. In this work, we prove the existence of global weak solutions to the non-homogeneous
Landau-Fermi-Dirac (LFD) equation in the case of a Coulomb potential, as well as modified weak
solutions in the case of very soft potentials. A compactness result for Landau-like hypoelliptic
equations is established by combining the partial ellipticity of the collision kernel with velocity
averaging results for transport equations. Then, by constructing global solutions to a regularized
approximate equation, we use this compactness to pass to the limit.

A major obstacle in this process is the Fermi-Dirac saturation effect, which eliminates velocity
diffusion and prevents global strong compactness. For general initial data and very soft potentials,
we obtain a weak solution to a modified LFD equation containing an indicator function that
excludes the fully saturated regions. In the specific case of the Coulomb potential, we show
that strictly non-saturated initial data never completely saturates, allowing us to maintain strong
compactness and obtain a standard global weak solution.
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1. INTRODUCTION

Kinetic theory aims to describe the dynamics of a gas through a particle number density function
f = f(t,z,v). That is, at each time ¢, f(¢,z,v)dzdv represents the number of particles within an
infinitesimal spatial volume dx centered at x, with velocities in an infinitesimal range dv centered
at v.

The evolution of f is traditionally described by the Boltzmann equation. However, hot gases
of charged particles, such as plasmas, present a regime where long-range Coulomb interactions
dominate, rendering this model inadequate. To address this, Lev Landau [2] introduced in 1936 a
specialized kinetic equation, now known as the Landau equation.

Despite its success, Landau’s original formulation remains a purely classical model governed by
Maxwell-Boltzmann statistics. However, in many situations of interest, the particles are fermions,
which obey Fermi-Dirac statistics. For these systems, quantum effects like the Pauli exclusion
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principle become significant and must be incorporated, leading to the Landau-Fermi-Dirac (LFD)
equation.
In this paper, we study the Cauchy problem for this equation. Specifically, given initial data fy,
we seek a function f satisfying
0
W a—{ +u-V,f = div, Ua(v - v*)(f*(l CSfIVf — f(1— 6f)Vv*f*)dv*} ,
fli=o = fo.

Throughout, we adopt the standard shorthand notation f = f(t,z,v) and f. = f(t,z,vs). The
collision kernel a = (a;;); is given by

2) o) = (1) (1 - ‘ﬁ’) ,

where the cross section I" depends on the type of interaction between the particles. The parameter
0 > 0 is proportional to the cube of Planck’s constant A, and thus quantifies the quantum effects
within the system. Accordingly, we recover the classical Landau equation in the limit § — 0.

If the particle interaction arises from a power law potential in N dimensions, the cross section is
given by

(3) T(]z]) = |2™2, with — N <~y <1

In the kinetic theory literature, we find that these interactions are classified according to the range
of «v. The case 0 < v <1 corresponds to hard potentials, while v = 0 defines Maxwellian molecules.
For negative values, the potential is classified as moderately soft when —2 < v < 0, and very soft
when —N < v < —2. Finally, the most singular cross section dealt with in the literature is when
v = —N, which corresponds to a Coulomb potential.

Just as in the classical Landau equation, the structure of the collision kernel a allows us to formally

deduce the conservation laws p
7 //f(t)godxdv =0

for ¢ = 1,v;, [v|? or |z —vt|?. These choices correspond physically to the conservation of mass, linear
momentum, kinetic energy and moment of inertia, respectively.
Furthermore, introducing the quantum entropy,

S(t) = %//w log(8f) + (1 — 5) log(1 — 6 ) dxdv,

it follows that, at least formally, this quantity should be non-increasing in time.

Since these quantities are either conserved or dissipated, they remain uniformly bounded for all
t > 0, provided they are finite at time t = 0. Therefore, it is natural to expect that any physically
meaningful solution to the Cauchy problem will satisfy the uniform a priori bound

(4) sup//f(l + |z — vt|? + |v|* + log f) dzdv < +o0.
>0

For the Landau equation with highly singular kernels, most notably in the Coulomb case (v =
—N), the bounds implied by (4) are insufficient to define a weak solution, even in the sense of
distributions. To overcome this problem, Lions [20] introduced the notion of a renormalized solution,
in the same spirit as his earlier work with DiPerna for the Boltzmann equation [10].

To establish the existence of such solutions, a standard strategy for nonlinear PDEs is to derive
a sequential stability result. This entails proving that any sequence of solutions to this equation
is compact in some suitable topological space. By constructing smooth solutions to a well-chosen
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approximation scheme, such a compactness result allows us to pass to the limit and recover a solution
to the original, unregularized problem.

However, a significant difficulty arises for the Landau equation. While a sequential stability result
for its solutions exists [20], the nonlinear structure of the renormalized formulation complicates the
passage to the limit. As demonstrated by Villani [25], this limiting process gives rise to a defect
measure, necessitating an even weaker notion of solution.

Fermions, on the other hand, obey the Pauli Exclusion Principle, which states that no two par-
ticles can occupy the same quantum state simultaneously. Mathematically, this constraint imposes
a saturation limit on the distribution function, expressed as
(®) 0<f<

S

This additional L>° estimate for the solutions provides sufficient control to ensure that the collision
integral of LFD is well-defined even in the presence of the Coulomb singularity. Therefore, for the
Landau-Fermi-Dirac equation, this saturating effect suggests that the existence of solutions can be
established in the typical weak setting, avoiding both the nonlinear complications of a renormalized
formulation and the appearance of defect measures.

The mathematical study of the Cauchy problem for quantum fluids dates back to the work of
Dolbeault [11], who established existence and uniqueness of solutions to the Boltzmann-Fermi-Dirac
(BFD) equation with cutoff satisfying the conservation laws and decay of entropy. Subsequently,
Alexandre [4] extended these results to the non-cutoff BFD equation.

For the Landau-Fermi-Dirac equation, the first significant results were obtained by Bagland [6],
who proved the existence of solutions for hard potentials in the spatially homogeneous setting. More
recently, multiple results on the Cauchy problem for homogeneous LFD have been proven: Alonso,
Bagland, Desvillettes and Lods [5] established existence for soft potentials, while Golding, Gualdani
and Zamponi [14] have shown existence and smoothness for a Coulomb potential.

The non-homogeneous case of the LFD equation, however, remains poorly understood and, to
the author’s knowledge, there are no results on the Cauchy problem in this case.

In this paper, we establish the existence of global weak solutions to the non-homogeneous LFD
equation. We are primarily interested in the regime where the particles interact through a Coulomb
potential, corresponding to v = —N. This regime serves as the primary focus for Theorem 1, which
yields a standard global existence result for non-saturated initial data. However, our framework also
accommodates general initial data and extends to the range of very soft potentials, at the cost of
obtaining a modified version of the LFD equation in Theorem 2.

2. MAIN RESULTS

Throughout the paper, unless otherwise specified, we will use the repeated index summation
convention. We will also denote the phase space by R%JX = RY x RY. Within this section, the
notation [| dzdv denotes integration over R2Y.

We first observe that the parameter § can be set to 1 without loss of generality. Indeed, relabeling
df as f and a;; as a;;/0, the equation takes the form

(6) %+U.fozaii (aijgfyfj_bif(l_f)>7

where @;; = a;; *, (f(1 — f)) and b; = Oy, aij %y f. Therefore, we shall assume § = 1 throughout the
remainder of the paper to simplify the notation.
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In this work, we focus exclusively on the wvery soft and Coulomb potentials. Specifically, we
consider the cross section I'(|z|) as defined in (3), where the exponent satisfies

—N <y <=2
Let us now state explicitly what we mean by a solution of the equations we study in this paper.

Definition 1. Assume the coefficients A;j, B; belong to Li,.((0,00)xR2Y) and assume that > Oy, Ajj €

L}, for each i.
A function f = f(t,z,v) in L5, ((0,00) x R2Y) N C([0,00); D' (R2Y)) is called a (global) weak
solution of the equation

loc

of _ 9 (x. 9% B
E"‘U vwf_v-(A”&w Blf<1 f))

with initial data fo if, for every t > 0 and every test function ¢ € D([0,00) x RY x RY), we have

ot [ [ | i
/// ”fa .0, dxd”dTJf///(aA”erBf(l—f)) 2 dedvdr

To show the existence of weak solutions to the LFD equation, we proceed by a compactness
method. First, we construct solutions to a well-behaved approximate equation. After establishing
the compactness of these solutions in an appropriate topological space, we pass to the limit in the
approximate equation.

One major obstacle for the LED equation, which is not present in its classical Landau counterpart,
is the saturation effect. When f — 1, the coefficient @ vanishes and the LFD equation loses its
diffusion in the v variable. As a consequence, we cannot expect to establish strong compactness in
the saturated case.

This effect was previously observed by Lu [21] in the context of the Boltzmann-Fermi-Dirac
equation. Nevertheless, he succeeded in constructing solutions to the BFD equation using only weak
compactness [22], a result made possible because the nonlinear products within the BFD collision
operator are non-local in the velocity variable.

For the LFD equation, however, the nonlinear terms f(1 — f) are all evaluated at the same
velocity point. Weak convergence f™ — f implies f™(1 — f™) — f(1— f) if and only if the sequence
converges strongly. Therefore, a priori, we cannot pass the whole equation to the limit without
strong convergence.

This loss of compactness can be taken to its extreme by considering fully saturated solutions. For
any E C R2) bounded and measurable, observe that the function

f,z,v) = 1g(x —tu,v)

annihilates the right-hand side of (6). Because it is also a solution to the free transport equation
Oy f +v -V, f =0, this provides an example of a weak solution of LFD that has constant quantum
entropy and satisfies all conservation laws, but lacks diffusion everywhere.

Since arbitrary weak-* limits of such indicator functions do not generally solve the LFD equation,
a universal framework is out of reach, indicating that strong compactness may only be reachable by
restricting the scope of the problem.

One possible alternative is to show that if the initial data is strictly non-saturated (fo < 1 —9),
then the solutions stay non-saturated, thus preserving strong compactness. Specifically, the sequence
of approximate solutions converges strongly in L} ((0,00); L* (Ri]g)), allowing us to pass to the limit
everywhere.

loc
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To propagate this non-saturation, we apply a maximum principle to an approximate equation.
Interestingly, this approach relies on the boundedness of certain terms of the equation, which we are
only able to guarantee in the Coulomb case (y = —N). It remains unclear at present whether the
inability to propagate the non-saturation to the class of very soft potentials is a limitation of the
techniques used here or a fundamental physical feature of the equation.

Our first result then establishes the existence of global weak solutions strictly for the Coulomb
potential, provided the initial data is uniformly non-saturated.

Theorem 1. Let N > 3 and fo € LY(R2N: (1 + |z|? + |v|?)dadv) be such that 0 < fo < 1 -4,

T,V

Jor some § > 0. There exists a weak solution f € C((0,00); D'(R2Y)) N L>((0,00); L*(R2Y)) to

T,v
the LFD equation in the Coulomb case (v = —N ) with initial data fo, in the sense of Definition 1,
which satisfies, for a.e. t >0,
1) Pauli exclusion principle:
0<f(t) <1

2) Conservation of mass and linear momentum:

//f(t,x,v)da:dv:/ fo(x,v) dadv,

//f(t,z,v)vidxdv: //fo(a:,v)vid:cdv Vie{l,---,N}.

3) Decay of kinetic energy and moment of inertia:

//f(t,x7v)|v\2da:dv§//fo(x,v)|v|2dxdv,
and

//f(t,x,v)|x—tv\2dxdv§/ fo(z,v)|z — tv]? dedo.

4) Entropy inequality:

//s(t,x,v) dxdv—i—/ot//d(ﬂx,v) dxdvdr < //S(O,x,v) dzdv,

s(t,x,v):flogf+(1—f)log(1—f)

where

s the quantum entropy and
O, O, ; [«
dto) = [ |eto—vara - pra- £ (7555 - 7505

(s natm) |
fa—f fa-f)1"

is the quantum entropy dissipation.

(7)

Remark 1. Given that weak solutions may have no regqularity in v, one might wonder what the
expression in (7) means. In the proof of the entropy inequality, we will see that the integral
fg [ d(7,z,v) dudvdr represents the L*((0,t) x RY x RY x RY) norm of

2div, [\/a(fu — v )\ fo(1 — f,) arcsin \/ﬂ — 2div,, [\/a(v —v)V f(1 = f) arcsin f*}
— 2div, (\/a(v - v*)) V(1= f.)arcsin \/f + 2div,, (\/a(v - v*)) V(1 = f)arcsin \/f.,
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BALJ
J Ovj
in v, these two expressions coincide, which justifies the formal notation in (7).

where the divergence of a matriz A is defined as div, A = . If f possesses sufficient reqularity

If we include the range of very soft potentials or if we remove the strict non-saturation assumption
on the initial data, strong compactness can no longer be guaranteed everywhere. Because of this, we
rely on a weaker argument where the strong convergence in Lllo . is only guaranteed on the restricted
domain S x RY where S is a specific subset of the time-space coordinates. Outside of this set, we
only have weak convergence, and an indicator function then appears in the limit equation.
Theorem 2. Let N > 3 and fo € L*(R2Y; (1 + |z|? + |v|?)dzdv) be such that 0 < fo < 1. There

T,V

exists a measurable set S C {(t,x) € (0,00) xRY : [ f(1=f)dv >0 or [pn fdv=0} and a weak
solution f € C((0,00); D'(R2Y)) N L>®((0,00); L' (R2Y)) to the equation

of 9 (_ of +

—= Vef =1ls(t,x)=— |a;;=—— — b f(1 —

o 0Vt = 1s(ta) - (w5 B0 1)

with initial data fy, in the sense of Definition 1. This solution satisfies, for a.e. t > 0, the properties
1) through 4) of Theorem 1, with the modified quantum entropy dissipation

d(t,z,v) = 1s(t,z) / {an(v —v)f(1 = f)f(1=f.) < f(?“i_f i f*?’fif}*ﬂ

(75 - 7527)]
X — dv,.
fA=f) L= 1)

The remainder of the paper is organized as follows. In Section 3, we prove a compactness result
for the solutions of LFD-like equations, reminiscent of the works of Lions [20] and Villani [25] on
renormalized solutions of the Landau equation. This involves studying the parabolic and transport
parts of this equation separately in order to achieve compactness for the sequence of solutions.

In Section 4, we study the Cauchy problem for an approximate equation. We construct regular
solutions to this equation and prove that they satisfy the conservation laws (mass, linear momentum,
kinetic energy and moment of inertia) in an approximate sense, as well as an entropy inequality.

We conclude by proving the main theorems in reverse order. In Section 5, we prove Theorem 2.
By taking a sequence of approximate solutions constructed in Section 4 with progressively weaker
regularization, we apply the compactness result of Section 3 to pass to the limit. Finally, in Section
6 we prove Theorem 1 by propagating the non-saturation of the initial data for any finite time,
demonstrating that the set S from Theorem 2 is, in fact, the entire space (0,00) x RY.

3. A COMPACTNESS RESULT FOR THE LFD EQUATION

We begin by establishing several notational conventions that will be used throughout the re-
mainder of the paper. First, the integral over the full phase space Ri% will be denoted simply by
f;z:'u'

Next, for any matrix-valued function A = (A4;;(v))i;, we define its divergence div, A as the
vector whose i-th component is given by the row-wise divergence (div, A); = Zjvzl Oy, Aij, for every
i =1,2,...,N. Finally, we denote by (z,v) = (1 + |z|> + |v|?)}/? the Japanese bracket in two
variables x and v.

In this section, our main goal is to prove the following compactness result for LED-like equations.
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Proposition 1. Let (¢"), be a sequence of weak solutions in L7 ((0,00) x RY; HL (RY)) to the
equation
99" n_ gio IO g T n n
(8) o TV Vag" =divy |4 Vg —Bg(l—g)]
9" lt=0 = 90,

where the coefficients A", div, A", B", div, B" belong to L2 ((0,00) x Riﬁ'})

loc

Assume that the following hypotheses hold uniformly in n:
a. For every T > 0, there exists a constant C > 0 such that

(9) sup / "I+ |z —vtP + ) <C, and 0< g™ <1.
tE[O,T] Tv
b. For every T,R,R' > 0 and ¢ > 0, there exists a v = v(R,R’,e) > 0, a measurable set
E C [0,T] x Bg with |E| < € and an integer ng such that for all (t,z,v) € E¢ x Bg, n € RN
and n > ng,

2
—n UV — Vg n
(10) Agming > u/ 1— ( )
7 |ve| <R’ |v— v 0]

c. The sequences (A" ), (divy A" ), (B )y, and (div, B"), are uniformly bounded in the space
L},.((0,00) x R2T).

loc

Suppose g"(1 — g") = G weakly-* in L>=((0,00) x R2N). Then the sequence (g"(1 — g"))n is
strongly compact in L}, ((0,00); L*(R2)). For every T > 0, the sequence (g™)y is weakly compact
in L},.((0,00); LY(R2R)) and strongly compact in L*(Rp x R)), where Ry = {(t,x) € (0,T) x RY :

JGdv>0or [gdv=0}.

Our approach to proving this proposition will be to achieve compactness step by step. First,
we use the transport structure of the equation to achieve compactness in space-time of averages in
velocity, by means of the now famous velocity averaging results. In a second step, we study the
parabolic part of the equation to deduce a certain compactness in the velocity variable. Finally, we
unify these two compactness properties with a proposition, leading to the “full” compactness, in all
three variables.

In[?g2 (1 — g}) dv..

3.1. Velocity averages: compactness in time and position. Velocity averaging is a standard
technique in the study of transport equations, and in particular kinetic equations, which allows us
to establish compactness for the solutions once integrated over the velocity space.

The main idea is that if f = f(¢,z,v) is a solution to the transport equation 0; f+v-V, f = g, the
velocity average [ fo(v) dv, for ¢ € C2°(RY), exhibits higher regularity than f and g themselves. For
a sequence of solutions f”, this translates into compactness for the averaged sequence [ f"p(v) dv.

The first results in this direction were established independently in the mid-1980s by Agoshkov
[3] and Golse, Perthame and Sentis in [15] in an L? setting. We will use a generalized version taken
from [7], which is reproduced here for the reader’s convenience.

Theorem 3 (Theorem 1.1.8 from [7]). Let Q be an open set of Ry x RY, a : RM — RN verify
0% € LS, for |af <m, m €N, and

Vo € SN vu e R |v;a(v) -0 = u| = 0.
Let f,, be a bounded sequence in LY (2 x RM) with p > 1 verifying
Opfr + divg a(v) fr, = Z %9\ in Q x RM

lal<m
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where the ggf‘) are locally bounded in the space of measures Mio.(Q x RM).

Then, for any function 1 € C°(RM),

puta) = [ fultn 0o do

is compact in L] (Q) for any q < p.

loc

The first step in the proof of Proposition 1 is to apply Theorem 3 to establish the compactness
of the velocity averages for both g™ and ¢"(1 — ¢g"™). While the result for g™ is a straightforward
consequence of equation (8), for the nonlinear quantity g™ (1 — g"), we need to find its equation
in the sense of distributions, which we deduce by a standard mollification argument. As a natural
byproduct, the equation for g"(1 — g™) also yields the necessary gradient bound (11).

Lemma 1. Let (g™),, be a sequence of solutions to (8) as in Proposition 1. For every ¢ € C=°(RL),
the sequences of velocity averages

/g”godv and /g"(l—g”)(pdv

are compact in L}, ((0,00) x RY). Moreover, for every R,T > 0, we have

T n n
(11) / /Z” 99" 99" 4y < Oy,
0 v

g 8’Ui 8Uj
for some constant Cp g > 0, independent of n.

Proof. The compactness of the first sequence of velocity averages can be directly obtained by rewrit-
ing equation (8) in the sense of distributions. We have that

99" 0*(Aiyg") 0 (04 ,
7 . gt = — Y 7 n 34 n 1— n .
ot v vzg 3vic%j a’l)i 8vj g + i9 ( g )

Since 0 < g™ < 1, we have from the uniform boundedness of the sequences Zn, div, A" and B" in
L},.((0,00) xR2Y) that the terms inside the derivatives on the right-hand side are uniformly bounded
in this space. By Theorem 3, this implies the compactness of the velocity averages f g"pdvin Lj,,.

To apply Theorem 3, we will need an equation where the transport acts on G" = g"(1 — g").
However, we cannot use (8) directly. The solutions lack sufficient regularity in ¢ and z, meaning we
cannot justify a product rule to compute the derivatives of G™.

To overcome this, we consider smooth approximations of the g™ functions. Let x = x(¢,z) be a
positive C2°((0,00) x RY) function such that [y dtdz = 1. We introduce the mollifying sequence
Xm(t,2) = mNTx(mt,mz) and define g”, = X, * g". Note that to compute this convolution we
extend the functions g™ by zero for ¢ < 0.

We thus have gi — ¢" in L7 ((0,00) x R2Y). Taking equation (8) in D’'((0,00) x R2%) and
applying the approximations we obtain, commuting convolutions with derivatives

889275 +v- Vg, = 8(1 [xm * <AZ§€Z>] - a?}i |:Xm * (E;Lgn(l _gn)>] ,

Multiplying both sides of the equation by (1 — 2¢7,) and denoting GI, = g, (1 — gI*,), we have

G, n_ 0 —n 09" n —n 99"\ 9gp,
0 =N n n n B" n n 6‘92L
—a—vi[xm*(Big (1=g") (L= 2g5)] = 2xm = (Blg"(1 = g) -
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We multiply this equation on both sides by ¢ € D((0, 00) x Rij\;) and integrate by parts to find a
formulation in the sense of distributions. Denoting by [, . the integral [~ [ [ren dxdvdt, we have

[, o5 [ Gl == [ e (T ) a2
w2 o (T50) T
o )
+ /m Xm * (Bi g"(1- g”)) (1- 291;)82
- 2/m Xm * (E?g”(l - g")) %ﬁlw

Applying standard properties of approximation by convolution, we pass to the limit m — oo to find
that

(12)
dp —n g™ dp —n Og™ Og™
- n? i = — A, 1—2g 2 A,
taxv ¢ 8t taxv G axi taxv K a ( >8vl * txv K 81}3 81}1 v, ©
dp —n ag"
B, g"(1—9¢")(1—2g 2 B, g (1 —
- B g"(1—g")( )81)1 . ( )8 .

Since ¢g",1 — g™ € L% ((0,00) x RY; HL (RL)), the product rule is valid with respect to the
velocity Varlable. Therefore, dy, (9"(1 — g™)) € L},.((0,00) x R2Y) for every k =1,2,..., N and

a(g"(1 —

J") _ g™
9or =(1-2¢")=—

8vk

Let ¢y, = z/zm(t x,v) be a mollifying sequence and consider the regularized diffusion coefficient

(A”)m = z/Jm*A By standard properties of convolutions, we have (A Dm — A and 0y, (A Vm —

GUkA in L7 ((0,00) x R2Y) for any p < co. Since the product (A”)mavigo belongs to Cé’o((O7 00) X
RQfV ), we then have, by the definition of weak derivative,

—n 99" d¢ g"(1—g")) 5n, O¢
A7 1-2 - RACAAS RPN O i Wit
/tmv( z])m a,U] ( g )8’02 /tmv avj ( zg)mavi

— n 1 _ A\ _— A —_r
[oara-ag (( gt )
8( ) 890 —n 82(,0
= — mn 1-— n n 1-— n A _—.
~/tacvg ( g ) 8UJ Ov; ‘/txvg ( 9 >( ”)mﬁvlﬁvj

Passing to the limit m — oo, we obtain

—n Og" Ao AL 9y —n 0%
AT (1 —2gm - n(l— g X n(l—gMAL —2 .
/m ”auj( g )8% /mg (1-yg )avj Do /mg (1-g") i Goido;

Similarly, we can show that for the B term,

TN L 9B; ((9")? (9")? / =n (g2 (g% 9
Big (1 g )81)1()0_ txv avi ( 2 3 4 txv Bi 2 3 avi.

txv
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Substituting these identities back into (12) yields

[ Oy —n 0% / . —m Oy
Lo ] e =] Tt 500, + (VA= 50

n g™ dg B mey  mviq ooy 0P
(13) +2/MAU8 8U]<p+/m3ig (I1—g")(1—2g )8%
=001 ((g")?  (9")°
+2/mu[d1VB <p—|—BZ§ }( 5 3 .

Before applying the velocity averaging lemma, we pause to note that this formulation conveniently
yields the bound (11). While this bound could be deduced from classical energy estimates on the
original equation, we can rearrange (13) and use that 0 < g™ < 1 to obtain

—n Og™ Og™ dp Dy
AL < Vs H (divA
/tzv " Ov; 8v_j 7= ot + ||U SD”LI + v ) L' (supp ¢) ov; I,00
—n 02 0
+ HAm- o PR L2 :
L (supp ¢) || Ov;0v; 00 L' (supp @) || OV; || oo
+ 2 ||diV§HL1(Supp¢) llollpoe -

Given the uniform boundedness of the coefficients, the inequality (11) follows by taking a nonnegative

test function ¢ such that ¢ =1 in [0,7] x Br x Br and using the nonnegativity of A 00, 9" 0y, 9"
With this bound established, we return to proving the compactness of the ve10c1ty averages.

Equation (13) implies that, in the sense of distributions D’((0,00) x R27), the transport equation

for G™ can be written as
oGr  aGm  O*HJY  9H!
+ v; = + +H

ot (91'1 (%iavj 81;1-
where
H = 459" (1—g™)
n\2 n\3
H' = -B;g"(1—g")(1—2g") - (divA"), ¢g"(1 — g") — 2B; <(92) - (93) >
dg" dg" (g")?  (g")?
=24, 7+ 2(divB -~
Y Qu; Ov; +2( ) ( 2 3
Since 0 < g™ < 1 for all n, it follows that
[H5| < Ay
|HY| < 3[B]| + ](divﬂ"»
—n Og™ Og™
H"| <24 ==L 19
< 24 G B0y T
implying each of these sequences of functions is uniformly bounded in L}, .((0,00) x Ri%) Thus,
Theorem 3 applies and we have that the velocity averages of g (1 — g™) are compact. (I

3.2. Quasi-ellipticity of the diffusion matrix: compactness in velocity. In this section, we
explore the parabolic part of the equation in order to establish compactness for the velocity gradients
Vg™

Our approach is largely inspired by classical parabolic theory. If the equations (8) were uniformly
parabolic, the matrices A" would be uniformly elliptic, meaning there would exist a constant 6 > 0
such that Zanj > 6|n|? for all n € RY. This property, together with the inequality (11), would
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directly yield a bound on the velocity derivatives of g™, which would imply compactness in the v
variable. Naturally, we seek to show an analogous ellipticity estimate uniform in n for the sequence
a" = (@fy)ij = (aij %o f(1 = [f))i; of the LFD equation.

For the homogeneous case, Bagland [6] demonstrated that the a priori bounds on entropy, mass
and kinetic energy control the size of g(1—g) from below, allowing us to prove an ellipticity estimate
using the techniques from Desvillettes and Villani [9]. However, this approach does not readily
translate to the non-homogeneous case, where a priori estimates alone are insufficient to guarantee
such a bound. Following Lions [20], we instead seek a weaker, more specific notion of ellipticity that
suffices to establish compactness.

To this end, consider the estimate (10). This inequality provides a lower bound for the quadratic
form Z?jnmj. Inspecting the structure of the integrand in (10), we can identify essentially two ob-
stacles preventing the right-hand side from being elliptic. The first is an angular problem, occurring
when v — v, and 7 are nearly parallel. This is a purely geometric constraint and can be addressed
with a truncation argument.

The second is a statistical vacuum problem, occurring when the functions G = ¢"(1—g¢") become
too small. Unlike the angular factor, the behavior of G™ depends entirely on the evolution of the
solutions ¢". Intuitively, we expect ZZ to be elliptic in the regions where G™ possesses sufficient

mass. Asymptotically, one then expects the uniform ellipticity of the sequence Z?j to be described
by the behavior of the limit G = lim G™.

The following result formalizes this intuition by establishing that, in the regions of space-time
where G is not a vacuum (i.e., the density p = [ G dv is strictly greater than some « > 0), we have
asymptotically uniform ellipticity outside of a set of arbitrarily small measure.

Lemma 2. Fiz T,R > 0. Let (¢g™), be a sequence of functions such that 0 < g™ < 1 for every
n € N. Consider G" = g"(1 — g") and let G be a function of L>((0,T) x R2Y) such that

/G"cpdv—)/Gapdv a.e. in[0,T] x Br

for every ¢ € LY(RY). Moreover, let
Ko, ={(t,z) €[0,T] X Bg : p(t,x) > a},

where p(t,z) = [ Gdv and let A" be a sequence satisfying (10). Then, for every a,e > 0 there exists
a measurable set E with |E| < € and an integer ng such that,

Atz vy > Clase)nf?,
for (t,z,v,m) € (Ko N ES) x B x RN and n > ny.

Proof. By homogeneity, we may assume without loss of generality that n € S¥~1. To address the
angular singularity impeding uniform ellipticity, we introduce the parameter p € [0,1). We define
the following set, which enforces the R’ constraint from (10) and truncates the problematic angles,

— Uy

o — v

Vv, pu,m) = {v* € RV s.t.

ﬂ<umqu<u—urﬁ.

Next, we define the corresponding truncation of the limit function p,

p#(tvajavan) :/]]-V(v,u,n)(v*)G(tvxav*)dv*'

As pu 1, the sets expand as V (v, u,n) / RY \ (v + Rn). Thus, by Beppo Levi’s lemma we have
that

pu(t,,v,m) = p(t,x) ae. (t,x) € (0,T) x Bg, ¥(v,n) € Bg x SV 1.
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For every fixed (¢,x), the dominated convergence theorem ensures that p, is continuous with
respect to (v,n). Since the limit p is independent of these variables (and thus also continuous), we
can apply Dini’s theorem on the compact domain Br x SN¥~!. This guarantees that for almost every
(t,z), we have p,(t,z,v,n) — p(t,z) uniformly in (v,7).

Applying Egorov’s theorem we conclude that there exists a measurable set £y C [0,T] x Bg, with
|E1| < e/3, such that p, — p uniformly on E§ x B x S¥~1. Therefore, there exists a o = o(e, @)
such that

Py > % in (Ko NES) x B x SY1,

We define the approximated quantum density and its V' truncation by

(b x) = / G dv,, P (tx,0,m) = / Ly (oo (0) G do.

For any fixed (t,7) € [0,T] x Bp, the sequence of functions (o, (t,,","))n is uniformly equicontin-
uous. Indeed, observe that the mapping

Br x SN71 — LYRY)
(1) = v (o pu0,m)

is continuous by the dominated convergence theorem. Since it has a compact domain, this mapping
is uniformly continuous. Therefore, given any ¢ > 0, there exists a § > 0 such that if |(ve,n2) —
(v1,m)| <8, we have || Ly (vy,10.m2) = LV (01,00, |21 < € Because 0 < G < 1, it follows that

|pZO (t’xv V2, 772) - pZO (tvxavla 771)‘ S / |]]'V(U2,,uo,7]2) - ]]'V(Ul,uo,’r]1)| G:} d’l}* S 6/'

We use this equicontinuity to improve the convergence on the variables v and 7. Let D be a
countable dense subset of Br x S¥~1. By the hypothesis on G™, for each fixed (v,n) € D, we have
Pro (5 50,m) = puy (5 -, v,m) almost everywhere in [0, 7] x Bg. Because D is countable, there exists
a single set of full measure in [0,7] x Br where this pointwise convergence holds for all (v,7) € D.
Since the sequence pj (t,x,-,-) is uniformly equicontinuous, the pointwise convergence on this dense
set implies that pj; — p,, uniformly in the (v,7) variables.

By Egorov’s theorem, there exists a measurable set Es C [0,T] X Bg, with |Es| < £/3, such that
Ppio = Ppo uniformly in ES x B x SN=1. Therefore, there exists an integer N; such that for every
n > Ny,

(7 c -
Prio = 7 i (Ko N (By U Ey)?) x B x SV,

The uniform quasi-ellipticity estimate (10) implies that for every € > 0 there exists a v(ug,€) > 0
and a measurable set F3 with |F3| < €/3 and an integer No such that for every (¢,z) € Ef, |v] < R,
n e SM=1 and n > N,, we have

—n
Az] (ta x, U)Uﬂ]g Z V(,U/Oa €)pZO (ta Z,v, 77)

Define ng = max (N7, Na). In light of the preceding estimates, it follows that for every (¢,z) € E°,
(v,n) € Br x S¥~1 and n > ng, we have

— o
AZ (t7 €, 0)77277; Z V(M(L E)Z?

where E = E; U Ep U E5 has measure |E| < e. O
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3.3. Almost everywhere compactness. Intuitively, the velocity averaging result of Lemma 1
provides compactness in the variables (¢, z) through the regularizing effect of the transport operator.
It is therefore natural to expect that combining this with a compactness result in the velocity variable
v will yield compactness for the sequence of functions as a whole.

In this section, we make this intuition rigorous, showing that velocity averaging, combined with
compactness in v, implies almost everywhere convergence for a subsequence. Furthermore, we are
able to relax the standard requirement for global uniform bounds on the velocity gradients. Instead,
we rely on a localized condition that, while technical, yields a more general result.

This extra generality, however, is necessary for our application since the diffusion matrix of the
equation is not uniformly elliptic, as seen in Section 3.2.

Proposition 2. Let (®"),, be a sequence of nonnegative functions such that ®* = & in L>((0, 00) x
RN, Suppose that the velocity averages ([ ®"¢dv),, are compact in L}, ((0,00) x RY).

Let W € L} ((0,00) x R%J\g) be a nonnegative function. Suppose that for every T, R,e,a > 0, there
exists C = C(e,a) > 0 (which may also depend on T and R), an integer ng > 0 and a measurable
set E C [0,T) x Br with |E| < & such that, for every n > no,

/// |V, ®"|? dtdrdv < C
(KaNE°)xBgr

where K, = {(t,:z:) €[0,T)] x Br : f\Ildv > a}, Then, passing to a subsequence, ®* — ® almost
everywhere in {(t,z) € (0,00) x RY : [Wdv > 0} x RY.

Proof. Let us establish the convergence of the velocity averages. Since C2°(RY) is dense in the
separable space L'(RY), we can fix a countable dense subset {¢*}; of L'(RY) such that ¢* €
C>°(RY) for all k. Applying a standard Cantor diagonal extraction, we pass to a subsequence such
that the velocity averages [ ®"¢" dv converge in Lj,.((0,00) x RY') for every k. Because the sequence
®" is uniformly bounded in L>°((0,00) x R2'), we can use a standard density argument to extend
this convergence to all test functions ¢ € L(RY).

Let n € C° (RN) be a positive mollifier with fndv = 1, supported in the unit ball, and define
ns(v) = 5N77( ) We denote ®F := ®" , 15 and P5 := @ %, 15. Moreover, since " 2P in L™, the
sequence is uniformly bounded by some M > 0 almost everywhere.

Fix TRy > 0 and let Ry = Ry + 1. From the convergence of the velocity averages and the
dominated convergence theorem, for every § > 0, (®}),, converges to ®s in L'((0,T) x Br, x Bg,).

By the definition of ®§ and the mean value theorem7 we have

1 Ve
\@"—(bfﬂdvg/ —n(—=)[®"(v—vs) — P"(v)| dvydv
/BRO BRO Bs 5N ((5)

1

1 Ve
< —n =) [Vo®™ (v — Tv4)||vs| dTdvsdu.
/BRO/B&/O(;N (%) 1922w — o)l

If ¢ is sufficiently small, then v — Tv, € Bpg,, for every v € Bg, and 7 € [0,1]. The above integral
can then be bounded as

[ (@) maoaarss [ maror(f) fo(%) a)

=0 [V, 2" (v)| dv.
BRI
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Integrating over (t,z) € K, N E€ and applying the Cauchy-Schwarz inequality, we obtain

/// [®" — ®F| dtdzdv < 5/// |V, ®"| dtdxdv
(KaﬁEC)XBRO (KQOEC)XBRI

< 8(C(e, 0)) /(| Ko (1 E¥|| B, )2
S 01(5, 04)6,

(14)

for § > 0 sufficiently small and n > ny.
We show that ("), is Cauchy in L'(K, x Bpg,). Splitting the space-time integration domain
into K, N E and K, N E°, we obtain that

/// |®" — @™ dtdxdv = // / |®" — O™ dv dtdx
KQXBRU KoNE BRU

+// / B — B[+ | — B du dtda
(15) o Jon,
+// / |F — @F'| dv dtdx
KanEe J B,
=11 + Ir + Is.

From the uniform bound on ®”, we bound the first integral as Iy < 2M|Bgr,|e. Meanwhile, the
second integral can be estimated using (14), yielding I> < 2C (e, «)d. Finally, since for every fixed
d > 0 the sequence (®}),, is Cauchy, we have that

limsup I5 < limsup ||®§ — <I>§T\|L1((0,T)XBR1 xBg,) = 0.
n,m—00 n,Mm—00

Combining the above estimates we obtain, after taking the limsup as n, m — oo,

hmsup/// |®™ — ™| dtdxdv < 2M|Bp,le + 2C1 (g, a)d
n,1Mm—00 Ko xBr,
Taking § — 0 and then € — 0, we find that ®” — & in L'(K, x Bg,). Since {(¢,z) € [0,T] x Bg, :
[Wdv > 0} = U:’;l Ky, and T, Ry are arbitrary, a diagonal argument allows us to extract a
subsequence converging almost everywhere on the positive support of [ ¥ dv. O

Now we bring everything together for a proof of the main proposition of this section.

Proof of Proposition 1. By the Dunford-Pettis theorem, the estimates (9) imply that, passing to
a subsequence, we obtain g" — g in L},.((0,00); L*(R2Y)). Since the sequence G™ = g"(1 — g")
is uniformly bounded in L*°((0,00) x RZIX), passing to a further subsequence we obtain that this
sequence converges weakly-* to a function G. Moreover, using that ¢"(1 — ¢") < ¢", it follows
that G™ also satisfies the estimates (9). Therefore, once again by Dunford-Pettis, we can pass to a
subsequence to obtain that G™ — G in L}, ((0,00); L*(R2Y)).

Lemma 1 gives us directly that the velocity averages [ G dv are compact in L}, .((0,00) x RY).
As in the proof of Proposition 2, we may pass to a subsequence to obtain convergence in this space for
every o € L'(RY). Passing to a further subsequence, we also obtain convergence almost everywhere
in (0,00) x RY for these averages.

This allows us to apply Lemma 2, which together with inequality (11) gives us that for each

R,e,a > 0, there exist constants C,ng > 0 and a measurable set E, with |E| < e, such that

(16) /// |V,g"|? dtdzdv < C
(KaNE<)xBr
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for every n > ng, where K, is defined by
Ko = {(t,x) € [0,7] x Bg : /de > a}.

For T > 0, define Ry = {(t,z) € (0,7) x RY : [Gdv > 0 or [gdv = 0} and let Ro, denote
the corresponding set when 7' = oo. To prove that g" — g almost everywhere on R, x RY, we
partition the domain as Roc = RT URY, where R is the subset where [ G dv > 0 and R is the
subset where [ gdv = 0.

Applying Proposition 2 with " = g™ and ¥ = G, we can pass to a subsequence such that
g" — g almost everywhere on R x RY. On the subset R°, the nonnegativity of g implies that
g = 0 almost everywhere. Since g™ > 0, the weak convergence g™ — 0 in LlloC naturally upgrades to
strong convergence in L}OC(RO x RY). By extracting a further subsequence, we obtain convergence
almost everywhere on R® x RY. Therefore, g" — g almost everywhere on R, x RY. By Scheffé’s
lemma, this implies that g" — g in L'(Rr x RY), for every finite T > 0.

Finally, since |[V,G"| < |1 — 2¢"™||V,g"| < |V,g¢"|, the bound (16) applies to G™ as well. We
partition the space (0,00) x RY into XT U X°, where X7 is the subset where [ G'dv > 0 and X° is
the subset where [ Gdv = 0.

Using Proposition 2 with " = G™ and ¥ = G, we extract a subsequence such that G™ converges
almost everywhere in X+ x RY. On &0, the nonnegativity of G implies G = 0 almost everywhere.
Since G™ > 0, we upgrade the weak convergence G™ — 0 to strong convergence in L}OC(XO x RY).
By passing to a further subsequence, this yields convergence almost everywhere on this set.

Therefore, G™ converges almost everywhere on (0, 00) x Rg%, and a new application of Scheffé’s

lemma yields convergence in L7, ((0, 00); L*(RZY)). O

n

4. CAUCHY THEORY FOR THE APPROXIMATED EQUATION

In this section, we construct an approximation scheme for the LFD equation. Our primary focus
is to develop a sequence of approximate solutions that satisfies the hypotheses from Proposition 1,
allowing us to recover the LFD equation in the limit, a step we will detail in Section 5.

To construct this scheme, we regularize the equation by introducing a smooth collision kernel a
and smooth initial data fy. Additionally, we include a vanishing viscosity term A, f, which will
guarantee sufficient regularity for the resulting solutions.

To ensure our approximations remain consistent with conservation laws, thus satisfying the bounds
in (9), we impose the following minimal hypotheses on the collision kernel a. Specifically, for every
z € RN, we assume that

N
(17) a(z) >0, a(—2)=a(z), a(z)z=0, and Z 8§izjaij(z) <0.
i,j=1
where the notation a(z) > 0 denotes that the matrix a(z) is positive semidefinite.

The first three hypotheses will guarantee (see Proposition 4 below) that the approximate equation
satisfies the approximate conservation laws, as well as the entropy inequality. The final condition
will be important to ensure that the approximate solutions also satisfy the Pauli bound 0 < f <1.

Our primary objective in this section is to establish the following existence result for the regular-
ized problem.

Proposition 3. Suppose a € C*°(RN)NW*>(RN) satisfies (17), and the initial data fo € S(R2Y)
satisfies
Cie—ao(w,v)

as) 0 < fo(z,v) < 1+ Cle—aol@n)
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for some constants C{,a9 > 0. Then, there exists a weak solution f € C([0,00); D' (R2Y)) N
L2((0,00) x RY; HY(RY)) to the approzimated problem

of _ of 0 [ ;Of i,
(19) ot +U18xi " v, { i v, b; f(1 f)} +eA,f
fle=o = fo,

where the coefficients are defined by (21).
The solution f is continuous in [0,00) x R2N and is C? in the velocity variable v, with the second

T,v
derivatives V2 f being locally Holder continuous in (0,00) x Ril\[) Moreover, for every T' > O there
exist constants C,C1,Cao, ¢ > 0 such that f satisfies the uniform derivative bounds

Vo flloe (0.1 xr2x) + Vo fllzoe 0.1y xr2Y) < C1,

as well as the pointwise decay estimates

026—a<w,v)
< < ———————
0 lte) < T et
for a.e. (t,x,v) € (0,T) x R2.
Our approach will be to construct an iterative scheme in a linear equation. Given fy € S(R2Y)
and g € C*((0,T) x Rﬁf\[)), consider the linear approximated problem

O [ OF 0 [ 01\ g, 0F O
(20) ot " Yow, v, {%‘ o [~ bi(l—29) av; ang(l f) +eA,f,
f|t:O = f07
where
a i *0 (9(1—9)) 79 (Ov;Gij) *u g
21 o Gt (9—9) g0 (Quay) g
. YT Tregtt )l T T Trelgt o)

The norm in the denominators is taken with respect to the v variable, meaning | g(¢,z)||,: =
f]RN |g(t7 €, U)‘ dv.

For the remainder of this section, we assume the regularity hypotheses of Proposition 3 hold,
namely that fo € S(RZY) and a € C(RY) n W= (RY).

The solution to the nonlinear problem (19) is obtained by passing to the limit n — oo. To
justify this convergence, we first establish several properties of the linear equation (20) that can be
controlled uniformly.

It has long been observed that although the diffusion acts only in the v variable, the solutions
to this type of problem are regular in all variables (¢,z,v). This behavior, called hypoellipticity,
was first identified by Kolmogorov [19] for the equation 0;f + v - V. f — A, f = 0, while studying a
stochastic process, which he was then able to solve using an explicit fundamental solution.

The pursuit of fundamental solutions then expanded to a wider class of operators, such as

of of *f of
(22) ﬁ(f) - 75 T 8$i + ij (%i@vj ta 8’01'
where the diffusion matrix (a;;);; is uniformly elliptic. Equations of the type £(f) = 0 were ex-
tensively studied in 1951 by Weber [26], then in 1964 by II'in [18], who constructed fundamental
solutions for these equations that guarantee the existence of classical solutions.

In Hérmander’s work, we find a more precise definition of hypoellipticity: the operator L is called
hypoelliptic if f is smooth wherever £(f) is smooth. It was proven in [17] that operators of the form
(22) with C coefficients are indeed hypoelliptic.

+af,
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These classical existence and regularity results imply that if g € C*°((0,00) X R%JX) and fy €
C>°(R27), then there exists a solution f € C*°((0,00) x R2Y) to the linear problem (20) such that
f(t) = fo when t — 0.

To prove Proposition 3, we must first establish a sequence of uniform a priori estimates for these
smooth solutions. The crucial first step is to obtain uniform pointwise control over these smooth
solutions. Using a degenerate parabolic comparison principle, the following lemma establishes a
stability property for our approximation scheme: it defines a specific exponential decay profile such
that, if the background function g respects this profile, the solution f is guaranteed to respect the
exact same bounds.

Lemma 3. Let T > 0 and € < 1. Suppose the initial data fy satisfies the bound

exp(ko — ka(z,v))
(23) 0< fo < Tre

RQN
xp(ko — kalz,v))

for some constants kg, ko > 0.
There exists a constant ky > 0 (depending only on T, €, ko, and the L> norms of a, V,a, and
V2a) such that, defining the envelope

o(t, z,v) = ko + kit — ko exp(—t)(z,v),
the following stability property holds: if the smooth function g satisfies

(24) 0<g< —P¥

<g<——T— on|0,T] x R2Y
1+expy

z,v)

then the corresponding solution f to (20) satisfies

exXp ¢

2 < f< T x R2V.
(25) O_f_1+exp<p on [0,T] x RZ,

Proof. To establish the bound (25), we apply a comparison principle for the linear operator £
associated with (20). We define £ in its non-divergence form as

L(u) = (a;; + ed;j) Ou (3% ou b, ou ou

_—_ —b.(1=2 4 Y gy — = — p—
aviw; T aw, U g>> oo, " o0, " ot~ Viomy

where, for brevity, we have dropped the reference to ¢ in @ and b.
We then pick a constant k; such that

k> ka(ks + 2)N([]oc + 1) + ks N (N[ Vyllos + [Blloc) + NIVl oo exp(T),

where || - [|oc denotes the L norm over (0,7T’) x R2%.
We first establish the upper bound of the inequality (25). For ¢ € C*°((0,00) x Rij\[)) we have,
by direct computation,

O (expy N expy Oy
ovj \1+expp/) (1+expyp)?dv;’

0? exp ¢ B exp ¢ 0% 1 —expy Jdy 87g0
Ov;ov; \1+expp/) (1+expyp)? \Ov;0v; 1+ expp dv; Ov;
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with analogous expressions holding for the first derivatives in ¢ and x;. Substituting these expressions
in £ and using that f is a solution to (20), we collect terms to find that

r exp ¢ )= exp ¢ (@ + £6:5) 0% 1 —expy dp dp
1+expep  (I+expy)2 |t Y7\ Ovidv; 1+ expp Ov; v,
(26) + <8a” —b(1— 29)) s

(“)v,»
Ob; 1+expp Op U_&p]

From the explicit formula for ¢, the first derivatives are Oyp = k1 + ko exp(—t){(z,v) and 9., =
—kg exp(—t)z;{w,v) "t for z € {z,v}. The second derivative in v is

8290 61’]’ VU5
ov;0v; —kzexp(=t) ((x,v> B (a:,v>3> .

Substituting these expressions into (26), it follows that

exp ¢ exp ¢
Y )= exp(—t)(A + As + A
£<1—|—exp<,0 f) (1+ exp )2 Fp(~t) s + 42+ 4s),

where the terms in the right-hand side are defined by
N

- O VU5 1—expy vv;
A = ” 51 —k ) k 1Y k2 P Y iUj
1 Z(a1+€ J)< 2<$,U> + 2<$7U>3+ 2€Xp( )1+eXp(‘D<.'I},’U>2 )

1,j=1

A, — N o aaij 5 k v a 85] 1+ expe
2 = = § : E anL‘ - J(l - 29) 2 <(E 'U> - § a’l)]gexp(t) exp ¢ )
- ) =

A3 = 7]431 exp(t) — k2<$,’l)> -+ k‘gi

For clarity in the subsequent estimates, here we have explicitly written out the sums implied by the
repeated index convention. Let us bound each of the terms A, A; and As.

For A;, we apply an L* bound in @ and we use that the functions (z,v)™!, |v;v;|(z,v) ™3 and
|v;vj|(z,v) "2 are bounded by 1. Combining these estimates with ¢ < 1 yields

1 —
A1 < 2eaN([l]oo + 1) + kE exp(—f)N2 L4

alloo +1).
o2l + 1)

Then, using that |1 — exp | < 1+ exp ¢ and that exp(—t) < 1, the above estimate implies
(27) Ay < ka(ke +2)N?([la] 0 +1).

Next, we estimate A,. We bound the first term by applying L™ estimates on b and on V,a,
alongside the bounds |v;|(z,v)”" < 1 and |1 — 2g| < 1. For the second term, we apply an L>
estimate on V,b and we use the bound (24) on g. Using that ¢t < T, we obtain
(28) Ay < kayN(N (Voo + [[blloc) + NI Vobllso exp(T).

Finally, for A3, we use Young’s inequality on the last term, together with the fact that exp(t) > 1
to find that

ko ol + o _

< - - A N ol B
(29) Az < —kyexp(t) — ka(x,v) + > (o) = ky
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Combining the estimates (27), (28) and (29), we conclude that

exp exp 21~
Ll —m — < — T —t) | ka(ka + 2)N o +1
(1222 - 1) < (28 enp(-0)[fatha + 2Nl + 1

+ k2 N(N [Vl oo + [[bllos) + N[V obllo exp(T) — k1 |-
The choice of the constant k; guarantees that the quantity inside the brackets is non-positive. Hence,
we have
exp
Ll—— — <0.
(1 +expy f) -
The condition for the initial data implies that

exp (0, x,v)
< .
fO(x’U) -1 +€Xp ()0(07377’0)

Applying the maximum principle on [0, 7] x Ri% (see, for example, Chapter 2, Theorems 2 and 3
of [13]), we have the upper bound of the inequality (25).
For the lower bound, notice that by the definition of b and the hypothesis (17), we have
ob;
L(f)==Lg<0
(f) au; 9 =0

and since fo > 0, the result follows again from the maximum principle.
Finally, using the definitions of @;; and b;, together with Young’s inequality for convolutions and
the fact that x/(1+ ex) < e~1, we have the uniform bounds

(30) [@isllco < €™ llaijllo 155l < e™ NI Vyallo
IVo@islloo < e MIVoaislloo  IVudjlloo < e7'NIIV3allo
These imply that k1 can be chosen independently of g. O

We next establish uniform L°° bounds for the derivatives of f with respect to the velocity variable
v. Our strategy relies on a two-step bootstrap argument. First, we employ hypoelliptic De Giorgi—
Nash-Moser theory to obtain Holder continuity for the solution f. Treating the governing equation
as a linear operator with Holder continuous coefficients, we subsequently apply Schauder estimates
for hypoelliptic equations in order to achieve extra regularity in v. This yields the following result.

Lemma 4. Let T > 0 and suppose 0 < g < 1. Let f be a solution to (20) satisfying (25), with
initial data fo € S(RZY). Then, there exist an exponent a € (0,1) and a constant Cy > 0 such that
£l 2o (j0,7); 0o 2w,y < Ch.

Furthermore, if 0 < g < 1 satisfies the additional reqularity estimate

g1l o (0,7 com2n )y < Co,

and has the decay in v

g<e @l in (0,T) x R2Y
for some constants Cy, C3 > 0, then there exists a constant Cy > 0 such that
(31) Vo fll o 0.y <2y + 1V FllLoe 0.1y xr2) < Ca.

Finally, there exists an exponent v € (0,1) such that for each compact set K C (0,T) x R%Nv,
there exists a constant Cx > 0 such that

HV?;JCHCW(K) < Ck.
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The constants o and Cy depend only on N, €, fo, and the L™ norms of a, Va and VZa, with
C1 additionally depending on T. The constants Cy and Cg further depend on Cy, C3 and the C¢
norms of a, Va and VZa.

Proof. Consider the linear operator
L(f)=0f +v-V,f —div,(49V,f) — B -V, f.

where A9 is the matrix given by AJ; = @/, +¢d;; and Bf = —5?(1 —2g). Given the inequalities (30),
we have that, for all (t,z,v) € (0,00) x R2Y

T,V

< A9 <
(32) {E[ < A9(t,x,v) < AT

|BI(t,z,v)| <A,

where A = max {e + N max;; [|a;;|| o, N? max;; || Va;;| L= }.
Let f be a solution to (20) in (0,00) x RZY. It will be useful to work with a function defined for

all t € R, so let us define the extension f as

3 _ folftéoa
f(t)_{f(t) if £ > 0,

and we also extend @? and b’ by zero for ¢ < 0, which gives rise to the extensions A9 and B9 of A9
and BY, respectively. Crucially, for t < 0, this implies A9 = I and B9 = 0, which guarantee that
the bounds (32) remain valid globally with the same constants.

Let us still denote by £ the operator where the coefficients A9 and BY are replaced by their
extensions A9 and BY. Since f reaches its initial data fy continuously at ¢t = 0, the extension f is

continuous at t = 0. Therefore, the weak time derivative 0, f is defined piecewise by

) _ 9% 1~ ~ N
(33) ;C(f) — ang(l f) mn (O7T) X Rm,v’
v-Vafo—eAyfo in (—00,0) x Ri)Nv

We derive the Holder regularity for solutions f of (20) by applying results from the hypoelliptic
De Giorgi—Nash—Moser theory. For a point zg = (to, o, vg), we define the kinetic cylinder centered
at zo with radius » > 0 as

Qr(20) = {(t,z,v) : t € (to — 72, to], |x — x0 — (t — to)vo| < 73, Jv — wo| < 7}.

Following the results established in [16] (in particular, Theorem 1.3), there exists a constant C' =
C(N,e,A, R,7) and an exponent a = a(N, e, A) € (0,1) such that if u is bounded in L?(Qg(0)) and
L(w) is bounded in L*(Q,(0)), then

lelloe (@) < € (lull2@ay + 1€ L=(@nr)) -
Here, || - [[¢e (@) denotes the standard Holder norm on a cylinder @, defined as

p(z1) = p(z2)]
lellca@) = llellL= (@) + sup
@ @ 21,22€Q,217#22 d(zlv 22)a

Where Zi = (ti,xi,v,;) and d(21722) = |t1 — tg‘ + |£171 — I2| —+ |U1 — ’U2|.
We begin by extending these local estimates to a global result. For any function ¢ = ¢(t, z,v) let
¢, denote its Galilean translation by zg = (to, o, v0), that is,

¢20(t,$,v) - ¢(t + tO,Jj + o + t’UO,U —+ ’Uo).
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The translated operator
Loo(F) = Ouf +v- Vof = div, ([49]:,V0f ) = [Bo).y - Vof

satisfies the same estimates (32) as the original operator L. Since the operator and the transformation
commute in the sense of

Lz (uz) = [L£(w)]z,
it follows that for any 0 < r < R, there exists a constant C = C(N, e, A, R,r) such that for every
20 = (to, o, vo), we have

lulce@. zon) < C (lullz2(@non + 1€ = (@nez0) -
Fix tg € [0,T) and observe that for all 0 < r < R we have

{t =to, |z —zo| <7°,[v—wo| <7} C Qr(20)

and
QR(Z()) C (t() — R27t0] X Ri’Nv
Applying the local regularity estimate to u = f with radii r = 1 /2 and R = 1, it follows that for
every 0 <t < T,
[l co By s (o) x Brja(we)) < C (”JZ”L?((fl,T]szN) + ”L(f)”Lm((fl,T]xR?N)) :

x,v x,v

We now estimate the terms on the right-hand side. The L?-norm of f is uniformly bounded by a
constant depending only on fo, from interpolation between its L' and L*™ norms. For the L>®-norm

of L(f), we estimate the terms in (33). Splitting the analysis into positive and negative values of ¢
we have, for ¢ < 0, that

||£(f)HL°°((—1,0)><R§{\,’J) < v Vafollpemran) + €llAv foll Lo 2y

For ¢ > 0, using Young’s inequality for convolutions together with the bounds (30) and the fact that
0 < f,g <1, we obtain that

L)L (o.ryxrzn) < Ne™* max IV2aij L~

Combining these estimates, for every (zg,vo) € R2Y there exists a constant C (depending only

T,V

on T, N, ¢, fo and the L> norms of a, Va and V2a) such that
£l 0.1y o (B1 s (w0) x By a(wo))) < C1-

The global inequality in RC%NU from the statement then follows from the uniformity of this bound
with respect to xg and vg. Indeed, fix ¢ € [0,T) and let (z1,v1), (z2,v2) € Rfjl\{)

If |z — @2| > 1/8 or |ug — va| > 1/2 then the denominator of the Holder quotient is larger than
(1/8)*. Estimating the numerator with an L* bound on f we obtain that

|f(t,21,01) — f(t, 22, 02)] 3a+1
< g3at o .
(|lz1 — 22| + Jv1 —v2|)* — Il omxmer)

On the other hand, when |x; — 25| < 1/8 and |v; — va| < 1/2, the bound on this quotient follows
trivially from the preceding local estimate applied at (xg,v9) = (21,v1). Combining these two cases
yields the desired global bound.

The second inequality from the statement is derived from Schauder estimates for hypoelliptic
equations. Specifically, if we supplement our previous assumptions with an additional C'* bound on
g, this regularity propagates to the coefficients Afj and ng .



22 PAULO SAMPAIO

Indeed, for Afj? notice that expanding the convolution then using that 1 — g < 1, we obtain
<o
T 1+ellg(t, )

< e Ml co@yylvr — val*.

@l (t,x1,v1) — @, (t, o1, v2) llaijllco@nylvr — va|*[[g(1 — 9))(t, 1) |2

On the other hand, denoting @ := a;;*(g(1—g)) and using that the denominator 1+¢l|g(t,z)||L1 > 1,
we have

‘a?j(t"rhv?) _E?j(t’xQ’UQN S Id(t7xlvv2) - d(tvaaU2)|

[ ott.za,0) = gitar,v.) o,

ea(t, x1,vz)
L+ellg(t,x1)| zy

< 2ay | / 9t 22, 02) — gt 21, 0.)| o

We estimate this last integral by interpolation. Fix 6 € (0,1). We have, from the Holder regularity
and the exponential decay of g, that there exists a constant C' > 0 such that

lg(t, m2,v.) — g(t, 21, v.)| = |g(t, 32, v.) — g(t, 21, 0.)[°[g(t, 22, v.) — g(t, 21, 02) ' 7

< C”g(t)HHCu(REI\LﬂJSQ — 1‘1|90‘€*(1*0)C73\v*\
< OC8 |y — zq |0 (1-0)Cslv]

Integrating the above inequality over v, € RY and substituting in the former inequalities, it follows
that @j; is a L>((0,7); C%(R2)) function, whose norm depends on ¢, 6, Cs,Cs and the C* norm
of a;j, but not on g.

Similarly, one can show the same result for 5?, with the L>((0,7); Caa(Rif\f})) norm depending

on the same parameters, but additionally on the C* norm of Va;;, and for 9,, b'jq- , with the norm

depending additionally on C® norm of VZ2a;;. Let us now call this new regularity 8 = fa < av.

Therefore, by applying Theorem 1.6(ii) from [12] (refer also to Theorem 1.1 in [1]), there exist
constants Cy > 0 and A\g > 1 (depending only on N, €, A, Cs, and the C* norms of ¢ and Va) such
that

)‘€||v12)u”L°°(ST) + [Viu]Cfin(ST) <y <[[’(u) + )\Ou}L“((foo,T);C5/3’ﬁ(Ri{‘{)))

x,v

) + Aounmﬂ),

where Sy = (—00,T) x Ri]\[, Because )¢ is a strictly positive constant, we can absorb its powers
into a new universal constant C7, yielding the bound

(34) ||VZ“”CQH(5T) < (['C(u) + )‘Ou]Loo((_ho);Cf,/fvﬁ(RgJ,\{’)) + ”'C(u) + >\OU||L°°(ST)>7
Here, the left-hand side contains the kinetic Holder norm

[¥(21) — ¥ (22)|
i = ||¢]| poo + sup 5
1Wlleg, sm) = MWlleeen + sup == =55

where the supremum is taken over all distinct pairs z; = (t1,21,v1) and 2o = (t2,x2,v2) in St and
p(z1, z2) is the kinetic quasi-distance (as defined in [12]),

p(zl,Zg) = max{|t1 — t2‘1/2, |£C1 — T2 — (tl — t2)02‘1/37 ‘”Ul — ’U2|}.
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On the right-hand side of (34), we have the L ((—o0,T); Cﬁ{,g’ﬁ (R2Y)) semi-norm, defined by

— |w(t7x17/ul) - w(t7x27v2)|
= sup sup 73 5
t<T (21,00) £ (wa,w2) (|71 — 22|13 4 Jv1 — val)

W]Lw«—oo,mcf/f"*(nag{f,»
Furthermore, distinguishing the cases |z; — z2| < 1 and |21 — 23| > 1, we can show that
[w]Loo((_oovT); Cf,/v?”ﬁ(R%{\{,)) S 3||¢||L°°((700,T); Cﬁ(Rgl\L))

Therefore, applying the triangle inequality to the right-hand side of inequality (34) for u =
and bounding all terms with the L>((—oc0,T); C? (R2%)) norm, there exists a constant Cy >
(depending on the same parameters as the previously stated constant C;) such that

(35) HV?)JFHCQH(ST) <O (H‘C(f)”L‘X’((—oo,T);Cﬁ(Ri{\,’J)) + ||f||Loo((—oo,T);crf(Rg{g)O :

Splitting the analysis between the intervals ¢ < 0 and 0 < t < T', we first observe that the
extension [ satisfies the global bound

f
0

”fHLC"’((*OO’T);CB(Rif‘i)) < ||f0HCﬁ(R§{‘{J) + ||f‘|L°°((0,T);CB(R§{\{)))
< [[follcs men) + Ch.

We now estimate the source term L(f) on each interval. For ¢ > 0, using (33) and the uniform
bounds on g and f, we obtain
. b )
”ﬁ(f)”L"‘)((O,T);C‘*(Ri{i)) < Z v, HgHLOC((O,T);CB(]Ri{\L))
7 o my on 2y

X (1 + IIfHLoc«o,T);c@(Rz{x))) :

The first term is bounded by a constant depending only on ¢,6,Cy,Cs and the C? norm of VZa,
while the other terms are bounded by hypothesis. On the other hand, for t < 0, the operator acts
on the initial data, yielding the estimate

L) Lo ((=o0,0)s co2n)) < N0+ Ve folles @en) + el Avfoll os e

Substituting these bounds into (35), we conclude that there exists a constant Cy (depending only
onT, Cy, N, ¢, 0, fo and the C® norms of a, Va and V2a) such that

||V12)f‘lcl€in((0’T)><R:2E{\L) < Cy,

which implies the L>((0,T) x R2%) bound on V3 f. Since f is uniformly bounded in L*°, the bound
for the first derivative then follows by interpolation.

Finally, let us prove the local Holder bound for V2 f by comparing the kinetic quasi-distance p
to the standard distance d(z1, 22) = |t1 — ta| + |21 — @2| + |01 — va.

Let K C (0,T) x R2Y be a compact set. There exists a constant M > 0 such that [v| < M for all
(t,x,v) € K. We split the supremum of the standard Holder quotient into two cases. If d(z1, z2) > 1,
the denominator is strictly greater than 1, and the quotient is trivially bounded by 2(|V2 f|| po (k)

If d(z1, z5) < 1, we have for the time component of p that [t; — to|"/? < [t; — to]"/? < d(21, 20)/5.
For the velocity component, [v; —vy| < |vg —va|'/3 < d(21, 22)/3. Lastly, for the spatial component,
we have by the triangle inequality that

1/3
|z1 — 22 — (t1 —t2)U2\1/3 < (|$1 — z2| + |1 —752||U2|) /

< max{1, M}/3d(z, 22)"/3.
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Therefore, taking the maximum of these components, we find that p(z1,22) < Card(z1, 20)Y/3, for
a constant Cj; > 0 depending only on M. Combining this estimate with the estimate where
d(z1,22) > 1, we obtain the local embedding Cfin(((),T) x R2N) — CP/3(K). Setting v == /3
yields the local Holder estimate for V2 f and concludes the proof. ]

Now, we can use the bounds shown above to build an iterative process, which we will show
converges to a solution of the approximate problem (19).

Proof of Proposition 8. Step 1: The iterative process and uniform estimates

Let f° be the solution of the Kolmogorov equation d;f + v - V,f — eA,f = 0 with initial data
fo- For k > 1, let f* be the solution of the problem (20) with g = f*~!. That is, we consider the
iterative process

_k—1
ofF afk 0 7k—1afk Bk_l 1_9fk-1 of* 8bj k—1(1 K A fk
(36) § o T om ~ou \ " o 0 AT T Ty T e
fk|t:0 = fO)
o 1 k-1
where, to simplify notation, we write @~ ! and 5 fora’ " and bf , respectively. As mentioned

at the beginning of the section, for every k € N, this problem admits a smooth solution f* &
C>((0,00) x R2Y). We can extend this function to C([0,00) x R2%) by continuity, which ensures
F5(0) = fo.

Let us establish the decay properties for f*. Fix a final time 7" > 0. From (18), we have that f,

satisfies
0<f0< exp(ko — ka(z,v))

1+ eXp(ko + kit — k2<$, ’U>)
with kg = log Cy and ks = ag. We define the envelope ¢(t, x,v) = ko + k1t — ko exp(—t)(z,v), where
k1 > 0 is the constant given by Lemma 3 (which depends only on T, ko, and the properties of a,
but is entirely independent of g).

We proceed by induction on k. For the base case k = 0, the function f° solves the Kolmogorov
equation, which corresponds to the problem (20) with ¢ = 0. Applying Lemma 3, it immediately
follows that f° is bounded by

€Xp <p(t,x,v) 2N

0< fOt < — 0, 7] x R

_f(7x’v)_1+exp<p(t,x,v) on [0,7] oy
For the inductive step, assume that this bound holds for f*~'. We can therefore apply Lemma 3
with ¢ = f*~! to conclude that the solution f* satisfies the exact same bound. By induction, this
bound holds uniformly for all k¥ € N. Because ¢t < T, we can bound exp ¢, implying there exist

constants o = kge™ T and C; = ko + k1T, which depend on T but not on k such that, for all £ € N,
el e*Ot(fL‘,’U)
37 0< fR(t <=
(37 < St € T
Furthermore, by applying Lemma 4, we establish the existence of a constant v, Co > 0, depending
on T but uniform in k, such that

(38) 1751 L (o0.1y; o 2y < Co

From this, together with the decay estimate uniform on f* (37), we have from the second conclusion
of Lemma 4 that there exists a constant C3, uniform in k, such that

(39) ”vvkaL“((O,T)XRi{\L) + ||V12;fk\|L°c((0,T)ng{\g) < Cs.

on [0,7] x R2Y.
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It then follows from Glaeser’s inequality applied to the nonnegative functions f*, together with
the inequality (37), that there exists a constant Cy4 such that, for every ¢ = 1,..., N we have the
pointwise inequality
2

<205fF < Cye~ @) on (0,T) x x R2N.

xT,v°

(40)

of*
8’1&

Step 2: Convergence of f*
We show that (f*); is a Cauchy sequence in LS ((0,00); L*(R2Y)) using energy estimates. For
the sake of notational brevity, let us denote the space L? (R%Nv) by L2,. Furthermore, in this step,

. . _ -k
we suppress the explicit time dependence of the functions w*, f* and the coefficients @* and b .
Subtracting equation (36) for f**! from equation (36) for f*, we have

owk+l owk+l O [—k Owktt ., OfF N
ot +ui oz, 87113 {Aij v + (ai; — @ )802} —b;(1—2f7) oo,
—k ke
b, kOfE Ob
7l ket O 9% k| R
+ aujf w4120, o0, 8uj(1 f )1 w
& k-1
_E 5N klafk_M oy gk

where wFt! = f*+1 — f* and ij = Ei-“j + £d;;. Consider the function B(t) = Boe™, with 8y < «
and A > 1/2. Multiplying the equation by w**ef(){:*) and integrating by parts for (z,v) € R2Y
yields

1d

(41) 2dt

/ (W)2efWE) = [ 4 [+ I+ Iy

where

—k Qwrtt O] [ Owrt! k+1 Y5 B{z,v)
L ——/M [Aij £ + (a; — @ )3%] ( v + (x,v>>e

_i;
_ 1 0b; Tk OfF /5 Tk Yy B x;v;
12_/m[28vj_bj8 27(1_2f)<x,v>+§<x,v>_

_k
_ k ob:
I, :/ [2b1~;8f B ]-<1 B fk)] w1 eB )
k—1

k-
I, = _/ l(bf _5;? )1 — 2+ 1)3fk N a(b; — b; )(1 B fk)fk1‘| w1 eB@w)

DO >

5<x,v>] (wh )2 e)

0v; ov;

For brevity, we have dropped the explicit time dependence and write § for 8(t) throughout this
estimate.
k

Let us establish some bounds on a;;

aij %o [(fF = A (1= fF = 5]

— affl. Applying the triangle inequality, we obtain

—k —k—
|aij — Qg 1| <

1+€Hf’“HL1
o | e f’“ DI ey = 1" e
1+l A tellffley)
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where we have used the abbreviation ||g||z1 to denote the (¢, ) function [g(t, )| L1 mn)-

Since 0 < f* < 1, we have that |1 — f¥ — f*=1| < 1. Therefore, as the denominator is bounded
below by 1, we have that the first term is bounded by ||a;;|| L [[w"||11. For the second term, we
¥||£1 and we use that ex/(1+ex) < 1

apply the reverse triangle inequality ||| /! llzy — ||fk||L11
to show that this term is also bounded by ||a;;|| - ||wk||L%.

We square the resulting inequality and we multiply by e~ (¢=8#){=:v) Integrating over (x,v) € Ri]\[)
yields, by the Cauchy-Schwarz inequality, that there exists a constant C, > 0 such that

[l e < la e [ttt

v
? / o—(a—B) (@)
L3 Jo

v

(42) < dllas; |2 /

§Ca/ |wk|266<w,v)_
v

By an identical algebraic splitting, analogous pointwise bounds hold for b and 0, b Since their
numerators are linear in f, the same reverse triangle inequality and fractlonal bounds yield

2
wheb/2w)
L3

o—B/2a0)

) fz.‘ | <20V e ot 1y,
_ —k—
8b abj

<2 Vza o |[|W
50— | <AVl oL

Therefore, applying the exact same squaring and integrating procedure with respect to the weight
e~ (@=B){(z.v) we obtain that

(43) / [ i

We return to the estimation of the terms I; in (41). Restricting our analysis to t € (0,7T), we

k1.2
ob;  ob;

~(a=B)(z) < O / k(2B (e.0)
81)] 0v; ‘ =0 w0 [w"l"e

observe that for I, the ellipticity of A" yields
OfF owk+1
k+1|12 _B{z,v —k —k—1 z,v
Il =- gw/zv |va | ‘ - /zv(aij a a)ij ) an a'Uj 6ﬁ< >

k
_/ Zk‘aw +1ﬁwk+1 Vj eﬂ(m,v}_/ (alg_fk 1)3f Bkt Vj eBlzv)
v v

O, (x,v) K Y O (z,v)

Applying Young’s inequality to the remaining terms, we can absorb the resulting |V,w
butions into the first strictly negative term, which yields the bound

k4112 contri-

N 1
I < / (+> af._fic 1‘2 Blz,v)
; oo \26 2 J J
N —k 1 vi |2
7A__2 - 2, k+12|_ %3 B(w,v).
> [ (A +2>5'“’ |l ¢

For the first integral, we use the pointwise bounds (40) on the derivatives of f*, together with the
estimate (42) on the differences [a}; — Efj_1|. On the second integral, we use the uniform bounds

(30) on @* to bound the diffusion matrix |A | <e+e7Y aij|| L. Finally, noting that |v;/(z,v)| <1
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and S(t) < By, we obtain the bound

N N
I, < (26 ) C,C, / |,wk|2 B{z,v) +BON2 ( (5+€ ||az]||L°° )/ ‘warl 2 ,3 (z,v)

Next, we estimate I5. First we note that, by Young’s inequality for products,

§<Z,.:> *W v < % (i - A) gl o).

This quantity is always negative from the choice of A. Furthermore, using the uniform boundedness
(30) on b; and its derivatives, as well as the pointwise bound (40) on the derivatives of f*, together
with 3(t) < Bo, the fact that 0 < f¥ <1 and |v;j/{z,v)| <1, we have that I is bounded by

B < 5 N (2V/00 + o) [ Waaloe + 1 93alec] [ w2005,

rv

The same estimates applied to I3, together with the Young’s inequality on the term w®w*+!

1
Iy < jem'N* [2||vva||oo\/c4 + ||v§a||oo} / (lwk|? + |wh Tt [2)ef e,

rv

yield

To estimate I, we pass to the absolute value and use that |1 — 2%~ < 1 and |1 — f*| < 1.
Using Young’s inequality to decouple the products involving w**!, we apply the pointwise bound
(40) on the derivatives of f¥ and the decay estimate (37). Finally, summing over the N components
and applying the bound (43), we obtain

C & ke
I < 742/ (B 5 et ) +N/ 1 2P 0)
j v v

o~ (a=B)(zv)

—k —k—1, |2
0v;

1
< chb(c4+01)/ ok 2B ) +N/ k2B

[\)

We introduce the time-dependent weight function w;(z,v) = e ){z.v) and define the correspond-
ing weighted L? norm as

mezfmmwmmw

Applying the estimates for I; to the equation (41) and integrating over s € (0,t), we have that there
exist constants Cr, C7. > 0 such that, for every ¢ € (0,7),

t t
(44) wawﬁwswﬂwmwhww+%4wﬁ%mmﬂ&
Let us prove by induction that

}(kfl)T(CTt)kfl
(45) [0 sy < Ar = — ¥ e (0.1),

for every k € N, where Ar = [[w' (| (0 1):12(s,))- The k =1 case is trivial by the definition of Ar.
If (45) holds for k = n, then from (44) we have

(CTt)

[w™ (B2 () < ApeCr=DT +CT/ [w™(s) |22, ) ds
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which, by Gréwall’s inequality, implies that
, Crt)" , L(Crs)” ,
||wn+1(t)||%2(wt) < ATeCT(n—l)T( T') +AT€CT(n_1)T/ ( Tf) C%BCT(t—s) ds
n! 0 n!

< ATeC”iF(n )T (CTt) + Are Ch(n—-1)T (C :‘L) (eC/Tt 71)
n:

< ATBC&'nT (CTt)
- n!

Recalling w*+! = fk¥+1 — fF and the definition of w;, we apply the supremum over ¢t € (0,7) to
obtain that

ZH 1) @) \ﬁi eCr k= 1)T(?)T!T)

L2 ((0,T); L2 (RZY))

The series on the right-hand side converges by the ratio test. Because [§(¢) is strictly positive on
[0, 7], the weight e#()(**) is uniformly bounded from below by 1, which implies the sequence (f*)y is
Cauchy in L*>((0,T); L*(R2%)). Since T is arbitrary, this convergence holds in Lj5,((0, 00); L*(R2Y)).

Using the exponential decay estimate (37), we may extend this convergence to any p € [1,00),
yielding

ff = i L3((0,00) LP(REY)-

Passing to a subsequence, we also have that f* — f almost everywhere in (0, 00) x Rng More-
over, (37) implies that f*e*®?) is uniformly bounded in L7% ((0,00); L=(R2Y)). Therefore, by
interpolation, we find that for every n € [0, «) and any p € [1, ),

(46) entmn) fly entev) £ in L2 ((0, 00); LP(R2Y)).

Furthermore, the bounds (39) control the second derivatives V2 f* uniformly in L>°. These bounds
are inherited by the limit f by the Banach-Alaoglu theorem and the weak-* lower semicontinuity of
the L*° norm. Applying the standard Gagliardo-Nirenberg inequality in the velocity variable and
integrating over x, we obtain for any p € [1, 00), that

IVof* () = Vol Ol vz < CIUFE) = SO oaan V2 (F = DO gan -
From (46), we immediately deduce that for any ¢ € [2, 00),
(47) Voft = Vol in L5 ((0,00); LREY)),
Up to passing to a subsequence, we also obtain convergence almost everywhere in (0, 00) X Ri]\[)

By combining the uniform pointwise bounds (40) on the first derivatives of f* with the unweighted
convergence (47), we have that for any 7 € [0, «/2) and any ¢ € [2,0),

(48) MmN, fE — e, f o in Li2,((0,00); LY(R2Y)).
Let us now study the convergence of the coefficients. Recall the definition
Ek, _ [£%7] *y (fk(l - fk))
Yo LellfF )l

The convergence f* — f almost everywhere, combined with the uniform exponential decay (37)
allows us to pass to the limit in the denominator for almost every (¢,z) € (0,00) x RY. Similarly,
since a;; is bounded, the numerator converges almost everywhere to a;; %, (f(1— f)) in (0, 00) x RZY.
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Finally, from (30) the sequence afj is uniformly bounded in L>((0, 00) x R2Y). Applying dominated

convergence on compact subsets, we conclude that for all p € [1, 00),
(49) E’?. —a;; in LY ((0,00) x RQN) and a.e.

Analogous arguments applied to the definitions of b and 9, b , using their respective uniform
L*> bounds (30), yield that for all p € [1, c0),

=k —
bj — bj
(50) 855 a5, in LY ((0,00) x Rij\[)) and a.e.
0v; 81)]

Step 3: Passing equation (36) to the limit
Integrating (36) by parts against a test function ¢ € D([0, 00) X Rizfj) we obtain that, for every

t>0,
/karl /fosﬁ //fkﬂa@ //karl
o [ L [ [ (o) ot

ob.
e {(M o) B

We want to pass to the limit in equation (51). From the convergence of (f**1), the left hand side
converges for almost every ¢ > 0 to

[eso- [ wew=[[] 5= [[] mar

Given the convergences (46) and (47), the strong Lloc((O7 o0) x R2Y) convergences (49) and (50)
of the coefficients ensure that all nonlinear products in the right-hand side of (51) converge in
L},.((0,00) x R2Y). Taking the limit k& — oo, using the identity (0u,b;(1 — 2f) — 2b;0,,f)f —

du;b; f(1 = f) = —08,,(b; f?) and integrating by parts on this derivative yields

[ w00 [ g0 // R
// (@ +2655)f a avj // (%”er f)) g";

for almost every ¢ > 0. The integrals in (0,¢) are evidently continuous functions of ¢. This implies
that for every ¢ € D([0,00) x R2Y), the mapping

(52)

[0,00)

—R
e e [ e

is a continuous function. The equality (52) is then valid for every ¢ > 0.

We prove that f € C([0,00); D'(R2Y)). Let [0,T] be any compact time interval and let ¢ €
D(RZY). Choose a test function ¢ € D([0,00) x R2Y) such that o(t,z,v) = ¢(z,v) for every
(t,z,v) € [0,T] x Ril\g The continuity established above ensures that the mapping ¢ — (f(t), 1)
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is continuous on [0,7]. Since T > 0 is arbitrary, the desired continuity in the sense of distribu-
tions follows. Furthermore, evaluating (52) at ¢ = 0 immediately yields f(0) = fy in the sense of
distributions.

Next, we prove that the function f is continuous on [0,00) x R2%. The Hélder bound (38) on
f*, being uniform in k, implies that the limit function f belongs to L{<.([0, 00); CW(RE;{Y))). Fix a
compact time interval [0, 7] and a compact set K C R%J\f} There exists a constant M > 0 such that
1f(®)llcv (k) < M for almost every ¢ € [0,T]. Since f € C([0,00); D'(RZY)), we can identify f with
its continuous representative. By approximating any time ¢ € [0, 7] with a sequence of times where
the bound holds, an application of the Arzela-Ascoli theorem ensures this C7 bound holds for every
t € 0,T7.

We then establish strong continuity in time. For a sequence t, — ¢ in [0,7], the family
{f(tn, ) }nen is uniformly bounded and equicontinuous on K due to the uniform C”? bound. By
the Arzela-Ascoli theorem, any subsequence possesses a further subsequence converging uniformly
on K to some continuous function. Since f(t,,-) — f(t,-) in D'(K), it follows that this limit function
is actually f(¢,).

By the Urysohn subsequence principle, because every subsequence contains a further subsequence
converging uniformly to the same limit f(¢,-), we have that f(¢,, ) — f(¢,-) in L>°(K). The joint
continuity on [0, 00) X Ri% then follows. In particular, f attains the initial data fy strongly and
therefore we have a solution in the sense of Definition 1.

Finally, the local Holder bound on V2 f* established in Lemma 4 holds uniformly in k. By the
Arzela-Ascoli theorem, passing to a further subsequence if necessary, (V2 f*); converges uniformly
on compact subsets of (0,00) x R2Y to a continuous limit.

Since f¥ — f in the sense of distributions, this limit must be V2f. Therefore, the limit V2 f
inherits the local Holder regularity, which implies in particular that the limit function f is C? with
respect to the velocity variable v in (0,00) x R2Y. Moreover, the estimates (37) and (39), being

z,v*

uniform in k, are still valid in the limit. ([l

We will now show that the conservation laws are approximately obeyed by the solutions of the
approximate equation, a result that will be crucial for deducing that our solution of the LFD equation
obey the standard conservation laws.

Proposition 4. The approzimated solution f € C((0,00); D'(R2Y)) N L?((0,00) x RY; HY(RY')) to
(19) constructed in Proposition 3 satisfies, for almost every t > 0,
1) Conservation of mass and linear momentum:

//f(t,x,v)da:dvz//fo(x,v)dxdv,

//f(t,x,v)vi dde:/ folz,v)v;dedv Vie {l,--- ,N}.

2) Kinetic energy:

//\U\Qf(t,x,v)dxdv:/ |v|? fo(x, v) dedv + 2¢t|| fo| L1 -

3) Moment of inertia:

//f(t,:c,v)|z—tv|2dxdv_//fo(:c,v)|z|2dasdv+253753f0||L1.
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4) Entropy inequality:

//s(t,:z:,v) dxvar/Ot//d(T,o:,v) dzdvdr < //5(0,;1:,1}) dzdv,

where s(t,x,v) = flog f+ (1 — f)log(1l — f), and the dissipation term d(t,z,v) is defined as in (7),
substituting a with a = a/(1 +€||f(t, z)| p1)-

Proof. Let (¢™), be a sequence of smooth cutoff functions defined by ¢"(x,v) = ¢((z,v)/n), where
¢ € O (R2Y) satisfies 0 < ¢ < 1 and ¢(0) = 1. It follows that ¢" — 1 and V. ,¢" — 0
pointwise, while both these sequences of functions remain uniformly bounded in LOO(RQ%{\[)). Let
¥ € {1,v;, |v|?, |z — tv|?} and consider (f*); be the sequence of solutions to (36) constructed in the

proof of Proposition 3.
Fix ¢ > 0. Multiplying equation (36) by "¢ we have, after integrating by parts over (0,t) x Riﬁf,

oY) 0" Y)
| feoeu /fo@% /mfk< )

k
(53) :_/ ZZ‘ 1017 9(p bk 1 fk 1) afF ¢

ov; 811] o0 vj

—k—1

81)
- / T et

where we note [, the integral fo /,,» depending on ¢, and ZZ *kj b edy.

Let us pass each of the integrals to the limit k¥ — co. Thanks to the pointwise convergence of
f*, the uniform exponential bounds (37) on f* and the polynomial growth of 1, we can apply the
dominated convergence theorem to pass the first two integrals to the limit.

For the third term on the left-hand side of (53), we expand the integrand to obtain

k k ok
£* (3(80 7#)_‘_1}‘8(‘»0 ¢)> fk< 18@ >w+fk k(aw+ 156;{)

at ' 8%1

Because the derivatives of ¢ vanish as k — 0o, the first term on the right-hand side of this expansion
tends to zero almost everywhere. Furthermore, our choices for ¢ satisfy 91 + v - V9 = 0, meaning
the second term vanishes entirely and therefore the whole expansion converges almost everywhere.
Since * and its derivatives are uniformly bounded and the uniform exponential decay of f*
controls the polynomial growth of v, the entire expression is dominated by an integrable function.
Therefore, by the dominated convergence theorem, the third integral on the left-hand side of (53)
vanishes in the limit as k& — oo.
We now turn to the integrals on the right-hand side of (53). As before, we expand the integrand
of the first term to obtain
ijfl of* d(¢*y) _ folaifktpkai + fol af* aj‘;ok
8vi avj 7 8%' avj 7 6122- avj

By the pointwise convergence of fol, V. f* and ¢* we have that the first term on the right-hand
side of this expansion converges almost everywhere Furthermore, since V,¢* — 0 as k — oo, the
second term vanishes. Recall that the sequence ZZ is uniformly bounded in L{® ((0, c0); L™ (RC%NU)),
and that " and its derivatives V,¢* are also bounded in L>. Since the uniform exponential decay
(40) of V,, f* controls the polynomial growth of 1, we can apply dominated convergence to pass the
first term on the right-hand side of (53) to the limit.
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For the remaimng 1ntegrals the integrands converge almost everywhere due to the pointwise
—k—1
convergence of ¢F, i 0 b , fk and V,f*. We note that the coefficient sequences b; and

U] ]
O, b] " are umformly bounded in L*, as are the sequences (1 — 2f*~1) and (1 — f*). Combining
these bounds with the uniform L> bound on ¢*, the uniform exponential decay of V,f* and f*
again control the polynomial growth of v». Therefore, we may pass these terms to the limit £k — oo

by dominated convergence, yielding

L[ g W[ g 0 OF
/m; f(t),(/)(t) - /zv fO wo B _/ AU avl avj txv bj(l 2f) 8’0]‘ ,(/}

ob; 1 f)e.

tzv avj

(54)

Expanding the convolutions and symmetrizing the collision integral yields, denoting a(t, x,v) =

a(v)/(1+ellf(t,2)L),

[ e s n ) (22 )
+a/0 /MfAm.

Setting ¢ = 1 and ¥ = v, both integrals on the right-hand side vanish, which immediately yields the
conservation of mass and linear momentum, respectively. Choosing ¢ = |v|?, the collision integral
vanishes due to the third property of (17). Integrating the diffusion term and applying the previously
established conservation of mass, we obtain

/Mf(w —/m folof? = 2st/M fo

Similarly, taking 1 = |z — tv|? causes the collision integral to vanish once again because of (17).
Applying conservation of mass to the remaining diffusion term, we find

IR Ty

Now we pass to the proof of the entropy inequality. To avoid the singularity of the logarithm
at zero, let A € (0,1) be a parameter which we will let tend to zero later. We multiply (36) by
log((f* 4+ A)/(1 — f*))¢* and we integrate by parts over (t,z,v) € (0,T) x R2Y. Observing that
x> log((x+ X)/(1—x)) is the derivative of the regularized entropy density s)(z) = (x + ) log(x +
A)+ (1 —x)log(l —x) — Alog A, we obtain

k
[ st = [ st = [ uni3h

__/ U S S Y Ao i)
e T (FEN - fF) Ou Oy

e _,,0fF fE+A
- [ () o
—k—1
ab B
- fk N1 = f*)log ({_Jrf,);) ok

Tv

We establish a bound for s. For a fixed > 0 the function A — sx(z) is increasing on (0, 00).
Therefore, for any A € [0,1], we have so(z) < sy(z) < s1(z), which directly implies that |sy(z)| <
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[so(x)|+]s1(x)]. Expanding these terms and applying the triangle inequality we obtain, for z € [0, 1],

1
z log <I> + ‘(1 + ) log (”)‘ + 3| log(1 — )]
1—2 1—2z

T T 2x T
=(1-— —1 —_— 1 1 14— I 14+ —.

To simplify this expression, we use that y|log(y)| < /y for all y € [0,1] and that |log(1 +y)| <y
for all y € [0,2]. Restricting our domain to = € [0,1/2], we obtain that there exists some constant
Cs > 0, independent of A, such that

11 (2)] < /2 (1 —2) + % < Oz,

On the remaining interval x € [1/2,1], the continuous function |so(z)| + |s1(z)| is bounded by
some maximum M. Since \/z > 1/v/2, by enlarging the value of Cj if necessary, we have that
|sx(z)] < Csy/x for every z € [0,1].

Finally, we apply this result to f*. Fix T > 0. Substituting the exponential decay (37) yields a
constant Cp > 0, independent of k£ and A, such that

(56) Isx(f*)] < Cre=@v/2 on (0,T) x RiNv

[sa(@)| <

Let us pass the integrals on the left-hand side of (55) to the limit as k¥ — oco. From the point-
wise convergence of f* and ¥, the integrands of the first two terms converge almost everywhere.
Furthermore, since V,¢* — 0 pointwise as k — 0o, the integrand of the third term vanishes almost
everywhere.

Applying the bounds (56) established above, along with an analogous estimate for s)(fo), and
recalling that ¢* and its derivatives are uniformly bounded in L>°, we find that the integrands on
the left-hand side of (55) are dominated by integrable functions. This allows us to pass to the limit
by the dominated convergence theorem.

For the right-hand side, the pointwise convergence (50) of ij_l, combined with that of f*, ¢*
and their gradients V,, f¥ and V, ", implies the expansion

7! 14+ A afk o(p" fF) _ gt 14+ X off Lo
UFENA =) on ov; 0 (P — fF) au T o,
—k—1 14+ afF ok

A RN =) du oy

converges almost everywhere. Furthermore, for any fixed A € (0,1), the uniform L° bounds on

ij_l and 1/((f*+X)(1— f*)), together with the exponential decay (40) of V,, f*, allow us to apply

the dominated convergence theorem. This guarantees the convergence of the first integral on the
right-hand side of (55).

For the remaining terms, recall that the coefficients Bf_l and 61]],5?_1, alongside (1 —2f*~1) and
(1 — f*), are uniformly bounded in Lj2,((0,00); L (R2%)). To control the log factor, we use the
uniform bounds on f* given by (37). Indeed, using that e~ =) < 1, we obtain that 1 — f* >
1/(1 + C1). Moreover, since A < f* 4+ X < 2, it follows from the triangle inequality that

k
o (1252t o L)
< max(|log(A),log(2)) + log (1 + 1)
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With this uniform bound established, the exponential decay of f* and V, f* guarantees that we can
pass these remaining integrals to the limit £ — oo by dominated convergence. Therefore, for every
A € (0,1), we obtain

= 1+)\  of of
[ [ 0= | A=,

— 0 A
—/ bj(1—2f)(%ilog (]lc——i—f>

Ob; f+A
[ o mes(15).

where Zij = @;j + €6;5. Combining the last two integrands using the product rule, we integrate the
resulting term by parts. Expanding the definition of A then yields

_ 1+ A of of - f of
(57) /xv SA(f(t» _/xv S)\(fO) < _/mvaijM(lf)avia’Uj - txv(l—l—)\) bjma—vj,

Let us pass the above inequality to the limit A — 0. From the bound (56), which holds analogously
for the initial data fy, it follows that the two integrands on the left-hand side are dominated by
integrable functions independent of A. Combined with the pointwise convergence sy(xz) — so(x) for
all z € [0, 1], the dominated convergence theorem guarantees the convergence of these two integrals.

For the last integral on the right-hand side, we note that z/(x + \) < 1 for every z, A > 0. Since
A€ (0,1), we can bound the integrand uniformly in A,

_ f 6f _
(L+Nbj 5| < 2055l L~ (0.1)xr2
Jf+>\(91)j J (( )X z,v)

of
6vj
By the exponential decay estimate (40), this implies this integrand is also dominated uniformly in
A. To establish the pointwise limit, observe that as A — 0, the factor (1 + A)f/(f + A) converges
pointwise to 1 wherever f > 0. On the set where f = 0 this factor converges to zero, but a standard
property of Sobolev spaces ensures that the weak derivative 9, f vanishes almost everywhere in this

set. Therefore, the entire integrand converges almost everywhere to Ej f, which allows us to pass
this final term to the limit by dominated convergence.

Finally, the matrix @ is positive semidefinite due to the first property in (17) and the fact that
0 < f < 1. Therefore, the integrand of the first term on the right-hand side of (57) is nonnegative
for every X\ € (0,1). Therefore we have by Fatou’s lemma that

S I T e S 4 P . X

A=0 Sz Y (f + )‘)(1 - f) Ov; avj N tzv Y f(l - f) Ov; avj .

Taking the liminfy_,o of the inequality (57), we substitute this bound alongside the convergences
established previously. Expanding the convolutions for @;; and b;, we obtain

(1—f.)of 0 of. 0
[ stsn- [ so(fo)S—/tm iy (0 — ) (ffg_ﬁ))aiai—avf;ai).

By symmetrizing the variables v <+ v, and using the property a;;(v — v,) = —a;;(v — vy) from (17),
this yields the desired entropy inequality.

5. PROOF OF THEOREM 2

In this section, we introduce the construction that, combining the results in Sections 3 and 4
allows us to prove Theorem 2. We start by introducing a notion of convergence by decomposition,
which will be used throughout the whole section.
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We say that a sequence (¥™),, converges in LP(RN) + L>*(RY), for some 1 < p < oo, if we
can decompose it as a™ + 3", where o™ converges strongly LP(R™) and A" converges weakly-* in
L>(RY), that is,

) = ate) BN
J LP(RN) L=(RN)
o) + BL) = ()

We start by constructing a sequence of regularized collision kernels that satisfy the assumptions
for Proposition 3 and approximate the kernels associated with very soft and Coulomb potentials.

Lemma 5. Let a be the collision kernel defined in (2). There exists a sequence {a™} C C=(RY) N
W3(RN) satisfying the properties (17), such that a™ — a and div, a™ — div, a almost everywhere
and in LY*(RN) 4+ Lo (RN). If =N < v < =2, then div,(div, a") — div,(div, a) almost everywhere
and in LY (RN) + L>*(RN). If v = —N, then div.(div, a®) is uniformly bounded in L'(RY).

Moreover, for every R > 0 there exists a constant Cr > 0, independent of n, such that for all
|z| < R, in the sense of positive semi-definite matrices,

n 2Rz
Finally, the matriz square roots and their divergences satisfy v/a™ — /a and div, va® — div, /a

almost everywhere and in L, (RY).

Proof. Let €, — 0 be a sequence of real numbers such that 0 < ¢, < 1. For the sake of simplicity
in dealing with exponents, let « = —(v + 2). The Coulomb and very soft potentials correspond
therefore to the range 0 < a < N — 2.

We define the approximation of the collision kernel as

1 2Rz
)= (- 2% ).
(59) a"(z) <|z|2+sz>a/2< |z|2+e%>

For every n, this function is in C>°(R¥) as it is a quotient of infinitely differentiable functions with
non-zero denominator. Hence, the function and all of its derivatives are bounded on every compact
set of RY. To show that a® € W*>(RM), it therefore suffices to verify that its derivatives up to
order k remain bounded as |z| — co.

Consider the expanded function a(z,¢), defined by the formula (59) but treating ¢ as an inde-
pendent variable, such that a"(z) = a(z,e,). The function a(z,¢) is homogeneous of degree —a.
Therefore, for every k € N, its k-th order derivatives are homogeneous functions of degree —(a + k),
meaning they are bounded as |z| — oco. Hence, for each n, this approximation a™(z) is in W% (RY)
for every k € N.

Note that (59) is indeed a symmetric matrix satisfying the first three properties of (17) (we
will prove the final property later). To prove the convergence of a”, we first establish a uniform
domination for this sequence. Consider the entry aj; given by equation (59). By the triangle
inequality, the i, j entry of the term in parentheses is bounded by 2. Thus, for all z € RN \ {0}, we
have

(60) 2 2

ar (D)) < ———- < —.
NS e = e

We split the sequence as af;(2) = af;(2)1.)<1 +af;(2)1).|>1. Note that af};(2) converges pointwise

almost everywhere to the collision kernel a;;(z) given in (2).
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For the |z| < 1 component, the bound (60) yields [af;(2)1.j<1| < 2[2[7%1};j<1. Since a <
N — 2 < N, this dominating function is in L'(RY). By the dominated convergence theorem,
afs1|.1<1 converges strongly to a;1j,1<1 in L' (RY).

For the |z| > 1 component, the bound (60) yields |a};(2)1.j>1] < 2[2[7*1}, 51 < 2. Therefore,
the sequence a;(2)1,|>; is uniformly bounded in LDO(RN ). Since it also converges pointwise al-
most everywhere the dominated convergence theorem ensures it converges weakly-* to a;;1),|~1 in
L>(RY). Combining these convergences, we conclude that ay; — ajj in Ll(]RN) + Lo°*(RY).

Taking the derivative of af;(2) with respect to z; and summlng over j € {1,2,..., N}, we obtain
N Hgn 2
N-1 (v +2)e
— l n .
vt = Z - [y A

Note that this sequence of functions converges pointwise almost everywhere to div, a in RY. We
now establish a dominating bound independent of n. Using the fact that €2 /(|z|*> + 2) < 1 on the
second term in the square brackets, we find that

N+4+a+1 N+a+1

|(divs a");| < (|2]2 + e2)o/2+1 2| < | 2]t

Splitting the divergence as div, a" = 1|;)<; div, a” + 1,51 div, a”, we have that the first term is

dominated by (N 4+ a+ 1)|z|*(a+1)]l‘z‘§1, which is an integrable function since « +1 < N —1 < N.
Therefore, by the dominated convergence theorem, this first term converges strongly in L*(R™).
The second term is dominated by (N + a + 1)[z|=(FV1 o1 < (N + o+ 1). Since the sequence
is uniformly bounded by a constant and converges almost everywhere, it converges weakly-*
L>(RY). Combining these results, we conclude that div, a® — div, a in L}(RY) 4 L>o*(RY).

Differentiating the expression for div, a™ with respect to z;, and summing over 7 € {1,2,..., N}
yields
N 2. .n
) .o o0%ay 1
divs(divea®) = 3 5 = ~W = DN —a =)y
2

(61) _ 5_a)—
(a+2)(2N -5 —a) eE T c2)o72

o

—(a+2)(a+4) u

(2P + )77+

Observe that for N > 3 and 0 < o < N — 2, the coefficients (N —1)(N —a—2), (a+2)(2N -5—a)
and (o + 2)(a + 4) are nonnegative. Consequently, the entire expression is nonpositive, satisfying
the final property of (17).

We first consider the very soft case, where 0 < av < N—2. By applying the bound €2 /(|z|?+¢2) < 1
to the second and third terms, and noting that |z|? + 2 > |z|? throughout, we find that there exists
a constant C; > 0 such that

1

| div, (div, a™)| < Cl| vz

As in previous steps, we decompose the domain to write div.(div. a") = 1)<y div.(div; a") +
1|.|>1 div.(div, a™). The first term is dominated by C’1|z\_(a+2)]l|z‘§1, which is an integrable func-
tion over RN, since &« < N — 2. Therefore, by the dominated convergence theorem, this term
converges strongly in L'(RY).
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The second term is dominated by Cl|Z|7(a+2)]]-|z|>l < (1. Because this sequence is uniformly
bounded and converges pointwise almost everywhere, it converges weakly-* in L>°(RY). Combining
these results, we have that div,(div, a") — div,(div, a) in L'(RY) + L>o*(RY).

We now turn to the Coulomb case, where « = N —2. In this regime, the first term in (61) vanishes
because its coefficient is zero. Applying the bound €2 /(|z|> + €2) < 1 to the third term and using
the triangle inequality we find that there exists a constant Cy > 0 such that

2
En

(=P + )7

| div,(div, a™)| < Cq

To see that the dominating sequence on the right-hand side is uniformly bounded in L!(RY), we
first integrate over an arbitrary ball of radius R > 0. Passing to polar coordinates and applying the
scaling r = €,,5, we obtain

g2 R e2r
/ZSR (|22 +e2)(N+2)/2 de = CN/O (r2 4 2)(N+2)/2 ar

R/en gN-1
:CN/[; (52+1)(N+2)/2 dS

+oo 1
< CN/O (s2 1 1)3/2 ds

where Cy denotes the surface area of the unit sphere in RY. For the last inequality, we have used
that s < (s 4 1)/ for every s > 0, together with the fact that the integrand is positive. Since the
function s — (s> + 1)73/2 is integrable on [0, 400), this provides a finite upper bound independent
of both R and n. Taking the supremum over R > 0 thus yields that the sequence div,(div, a™) is
uniformly bounded in L!(RY).

Next, we establish the uniform quasi-ellipticity bound (58). Because the matrix z ® z is positive
semi-definite and (|z]? +2)7! < |2|72, we have (|2]? + €2)71(2 ® 2) < |2|72(2 ® 2) in the sense of
symmetric matrices. Additionally, for any z in the ball |z| < R, the inequality &,, < 1 implies the

scalar bound |z|? +¢2 < R%+1. Combining the matrix inequality with this scalar bound, we obtain
1 z2®z
n _ I —
= e (1 e eg)
1 z2® %
> I—
~ (122 +e5)e/2 ( |22 )

1 2Rz
> — (I —— ).
T (RE+1)/2 ( |2]2 )

Setting Cr = (R? +1)~/2, we recover (58).
Finally, by the uniqueness of the square root of a positive semi-definite matrix, we obtain

W) = e 1 =
(|2]2 4 €2 )a/4 VP F (V]2 +e2 +en) )

Since the denominator inside the parentheses is bounded below by |z|2, its i, j-th entry is bounded
by 2. Therefore, for all z € RY \ {0}, we have
2 2

n < < .
[0, | < G <
As \/a"(z) converges pointwise to \/a(z) and the dominating function 2/|z|/2 belongs to L}, .(RV),

loc
the dominated convergence theorem ensures that this sequence converges strongly in this space.

ij
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Computing the divergence yields

1 1 a+2e, En
v, o _ N—-14+—— 1+ — i
(10 ) =~ gmmrey [ 1 S ()

where S, = v/|z|? + €2. Since S,, — ||, this expression converges pointwise to div, y/a(z). Applying
the bound ¢,,/S, < 1 to the terms in the square brackets and S,,(S,, +¢&,) > S2 to the denominator,
we obtain

N+a+1 | ‘|<N+a+1
= (P )i e

‘ (divz a” (z))

Because a/2 +1 < a+ 1 < N, the dominating function on the right-hand side is locally integrable.
Therefore, by the dominated convergence theorem we have that this sequence converges strongly in
L} (RY), concluding the proof. O

loc

i

Next, we construct a sequence of regularized initial data satisfying the assumptions of Proposition
3 and accurately approximates the initial kinetic energy and moment of inertia. Furthermore, if
the original initial data happens to be uniformly non-saturated, our approximation scheme strictly
preserves this bound.

Lemma 6. Let fo € L'(RZY: (1+ |z +|v|?)dzdv) be a function such that 0 < fo < 1. There exists
a sequence (f§')n in C(RZN) converging to fo in L*(1 + |z]® + |[v]?, R2Y) such that for each n,
there exists a constant C,, > 0 such that
Ce={@v)
n n 2N
fo < TrCe@a o™ R3,.
Moreover, if there exists a § > 0 such that 0 < fo < 1 — 0 almost everywhere in Rij\[) then the
sequence (f)n is such that 0 < fi <1—6 in R,

Proof. Let ¢ € C°(R2Y) be a standard nonnegative mollifier supported on B1(0,0), the unit ball of
R2%, with [[ ¢ dezdv = 1. For each n, we define the scaled mollifier ¢"(x,v) = n*N¢(nz, nv), which
is supported in By, (0,0).

Next, let ¢ € C° (R?CA[)) be a smooth cutoff function satisfying 0 < ¢ < 1, also supported in
B1(0,0), with ¢ = 1 in By/5(0,0). For each n, we define the truncation ¢"(x,v) = ¥ (x/n,v/n),
which is supported in B, (0,0).

We define the sequence of approximations by

) = (1= 1) @) 8") o)

= (1 - i) z/)”(x,v)/ Jo(@u, 0:0)P" (X — sy v — vy) dT i dus.

Let w(x,v) = 1+ |z|> + |v|? denote the quadratic weight. To show the convergence of (f{), in
the weighted space, we expand the expression for |fJ' — fo| using the definition above. Adding and
subtracting (1 — 1/n)y™ fo, applying the triangle inequality and the bound 0 < )™ < 1, we obtain

—&—l/ fow dxdv
n

Consider the second integral on the right-hand side. Because ¥™ — 1 pointwise, the integrand
[p™ — 1] fow vanishes almost everywhere. Furthermore, since 0 < 4™ < 1, this integrand is dominated
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by fow, which is an integrable function over Ri% Therefore, by the dominated convergence theorem,
it follows that this second integral converges to zero as n — oo.

The last term on the right-hand side of (62) vanishes and for the first integral, we introduce the
commutator of the mollification with the weight w. Adding and subtracting (fow) *x ¢™ and applying
the triangle inequality yields

[ 1o m) = fohwasdv < [[ 100 om0 = (fow) x 6% dndo + ] () 267 = o] do

Because fow € Ll(Rfc{\[)), standard properties of approximation by convolution guarantee that the
second term on the right-hand side vanishes as n — co.

To bound the remaining term, we first establish a translation estimate for the weight w. Writing
= (xr—x4) + s and v = (v — v,) + vs, we expand the difference of the weights and apply the
Cauchy-Schwarz inequality to the dot products to obtain that

W(T,v) — W(Th,vs) = [T — 4|2+ 220 - (2 — 22) + |0 — va]* 4+ 204 - (v —vy)
<= 2l o — 02 20l — 2] + 2o — vl
<o =zl + o = vf? + 2(J2] + o) (2 = 2] + o = v]).

Next, we apply this pointwise bound on the commutator. Expanding the convolutions and using the
fact that both fy and ¢™ are nonnegative, we find that

|(fox ¢"w — (fow) * 6" |
= ‘// O (X — Xy v — Vi) fo(Ts, Vi) [w(2,0) — W(Xk, v4)] ddv
< [ (12 + [0*)] * fo+2[¢" (2] + [v])] * [fo(lz] + [v])]

Integrating this pointwise inequality over Ri% and applying Young’s inequality for convolutions

allows us to estimate the L' norm of the commutator. Then, applying the inequality |z| + |v] <
2w(z,v) on the second convolution term, we obtain

ﬂ |(fo *z,v " )w — (fow) *z,0 ¢"| dzdv < H(bn(‘xlz + ‘U|2)HL1(R§I\{)) ||f0||L1(R§{\,’U)
+4[¢" (] + |U|)HL1(R§{\L) ”waHLl(]Ri{\L) :

The right-hand side above vanishes as n — co. This follows directly from the scaling of the mollifier
@", since in this case we have

1
6" (|| + ‘”DHLl(Rg{\;) = & (|2l + ‘UDHLl(Rg{\;)

1
167 (l? + 1017) 1 gy = o 160l 102 |,

Consequently, the first integral on the right-hand side of (62) goes to zero, therefore implying the
convergence of the sequence f§' — fo in the desired weighted space.

Next, we establish the upper bound for the approximation f§'. Recall that fj is supported in the
closed ball B,(0,0). Since 0 < fo <1 and [[ ¢" dadv =1, we have 0 < f§' < (1 —1/n) < 1. Thus,
the quotient f§'/(1 — f§) is strictly positive, well-defined and belongs to C2°(R2Y) with its support
in B,(0,0).

Because this quotient is continuous and compactly supported, it attains a finite maximum. On the
other hand, the continuous function e~{**) is strictly positive and thus attains a positive minimum
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on B, (0,0). Therefore, we can choose a sufficiently large constant C,, > 0 such that

n
0< fio < Cne—(%W
-5
holds for all (z,v) € B,(0,0). Since fJ' vanishes outside of B, (0,0), this inequality trivially holds
over all of RiNv Observing that the map z — z/(1 + z) is strictly increasing for z > 0, we apply this
function to both sides of the inequality to obtain
O e—{xv)
o< fr<—"C ———.
>~ fO =1 _’_Cne,@’v)

Finally, if 0 < fo < 1—46, the definition of f{, combined with [[ ¢" dzdv =1 and (1—1/n)y™ < 1,
directly implies that 0 < f§' <1 —6. O

We now have all the ingredients necessary to prove Theorem 2, and we proceed in five steps.
In Step 1, we construct a sequence of approximate solutions using Proposition 3 and establish its
compactness by applying Proposition 1. In Step 2, we prove the propagation of these compactness
properties to the coefficients @ and b, while in Step 3, we establish pointwise-in-time compactness
for this scheme.

In Step 4, we use the compactness properties proven thus far to pass to the limit in the approximate
equation. Finally, in Step 5, we recover the conservation laws and inequalities stated in the theorem
by passing to the limit in the a priori estimates from Proposition 4.

Proof of Theorem 2. Step 1: Compactness

For each integer n > 1, let f§ be the approximated initial data constructed in Lemma 6, and let
a™ be the approximated collision kernel constructed in Lemma 5. Let €, be a sequence of strictly
positive real numbers converging to zero. By Proposition 3 with € = ¢,,, there exists a corresponding
sequence of solutions f™ to the approximated problem (19).

Let us verify the hypotheses needed to apply Proposition 1. The approximate a priori estimates
of Proposition 4 give us the bound (9) on f*(1 + |z — vt|> + |v|?). For the ellipticity estimate (10)

let T, R, R’ > 0. Using the inequality A" > @" we obtain that for every n,v € RY,
1 n n
a(v—v ) fr (1 — f1) dv,.
The integrand being nonnegative, we can bound this integral from below by restricting the domain
to {v, € RN : |v,| < R'}. Since whenever |v| < R and |v.| < R’ we have |v —v,| < R+ R, applying
the lower matrix bound (58) we obtain that for any n € R,

—n Cryr v — Uy 2 n n
Agynin; > [ /| . 1( ") ] P f2 (1= ) do...

—n
Agnimg >

Lt enll 7t )| s lv—wv.| In|

Define the sequence of functions ¢"(¢,x) = || f™(¢,z)||r:. From the boundedness of the sequence
f™, we have that ¢g" is uniformly bounded in L}, ((0,00); L*(RY)). Since &, — 0, it follows that
eng™ — 0 strongly in this space. Passing to a subsequence, this convergence also holds pointwise

almost everywhere in (0,00) x RY. We summarize this limit as
(63) enll f*(t, )|zt — 0 ace. and in L},,((0,00); L*(RY)).

Fix T, R > 0. Restricting ourselves to the compact subset [0, T] x Bg, we apply Egorov’s theorem
to deduce that for every € > 0 there exists a measurable set E C [0,7] x B such that |E| < ¢ and
leng™|| Lo (gey — 0. Therefore, there exists an ng € N such that 1 + e,/ f"(¢,7)[[z1 < 2 uniformly
on E¢ for all n > ng, which implies the second hypothesis of Proposition 1 with v = Cgryr//2.
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We verify that for each fixed n, the coefficients 4", div, A", B" and div,, B" belong to L7 ((0, 00) x
R2™). Comparing the regularized problem (19) to the general form (8), we identify the coefficients
as

A" =a"+e,] and B" =p".
The terms a”, div, a” b and div, b" can be expressed in the general form
A" %, FP
Lt enllfr(t @)l
where the kernel A" represents a;;, (div, a"); or div,(div, a”) and the function F" is either f" or
f*(1 — f™). From Lemma 5, the kernels A" are all uniformly bounded in L!(RY) + L (R¥). This
allows us to decompose A" = o™ + 3", where the sequence (a™),, is uniformly bounded in L*(R™)
and (8"), is uniformly bounded in L>(RY). We expand the definition of A7 and we apply the

triangle inequality. Using Young’s inequality for convolutions, together with the bound |F"| < |f™|,
we obtain

| %o F7| |83 0 F"|
- 1+€n|\f”(t o)l T4enllf @)z
< NedllelF o) e~ 185 e 17"t 2) 2
T Ltellfr o) 1+ en|f(t 2)ll L
For the first term, we use the fact that the denominator is greater than 1 and that || f™ (¢, z)|| L~ <
1. For the second term, we use that y/(1 + cy) < e~ ! for every y > 0 to obtain
A" sy, FT
TR

’ An %, Fn
L+enllfn(t )l

(64)

= Ha’LJ”Ll +e, 1HB ||L°o

Therefore for each fixed n, these convolution terms are bounded in L>((0,00) x R2Y). Since &, —
0, the additional matrix €, is trivially bounded in L*° and thus all coefficients are bounded in
Liz.((0,50) x R2T).

Finally, we verify that these coefficients are uniformly bounded in Lj,.((0,00) x R2Y). For
the terms taking the general convolution form, the denominator is always strictly greater than
one, so they are bounded by |A™ *, F™|. From Young’s inequality for convolutions and the fact
that f" is uniformly bounded in L73,((0,00); L'(R2Y)), it follows that |A™ x, F"| is bounded in
L72 ((0,00); L*(R27)) + LiS,((0, 00); LY (RY; L°(R]Y))) and therefore in L75,((0,00); L, (R2Y)). As
en < 1 for n sufﬁmently large, the matrix sequence ¢,1 is uniformly bounded over any compact
domain, meaning A" is also uniformly bounded in L2 ((0, 00); L}, (R2VY).

Therefore, applying Proposition 1 and extracting a subsequence, we find a function F' such that

(65) f"(1—f") — F ae. and strongly in L;,.((0,00); Ll(Ri%)).

This proposition also establishes that f™ converges weakly in L}, . to a function f. Moreover, by
the Banach-Alaoglu theorem, the bound 0 < f™ < 1 allows us to extract a further subsequence
converging weakly-* in L*. By uniqueness of the limit in the sense of distributions, this limit must

also be f, yielding
(56) fr—=f weakly in Lj,.((0,00); L' (R37)),
f* 5 f weakly-* in L((0,00) x R2).

Furthermore, for every T' > 0, the sequence f™ — f strongly in L*(R7 x RY), where Ry = {(t,z) €
(0,T)xRY : [Fdv>0or [fdv=0}.
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Let R, denote the corresponding set when 7' = co. Passing to a further subsequence, we obtain
that

(67) "= f ae in Re x RY.

This implies that f*(1 — ) — f(1 — f) a.e. on R x RY. By the uniqueness of pointwise limits,
we conclude that F' = f(1 — f) almost everywhere on this set.

On the other hand, on the complement R¢_ x RYY, the definition of the set implies that [ F dv = 0.
Since F > 0 a.e. (being the limit of the nonnegative sequence f™(1 — f™)), it follows that F = 0
almost everywhere on RS, x RY.

Combining these two limits, we deduce that

(68) F(t7.'1,‘,’l)) :f(t,x,v)(l—f(t,m,v))]lnm(t,x)
for almost every (¢, x,v) € (0,00) X Rff\g Defining S = R, we obtain from the above identity that
S c{(t,z) € (0,00) xRY : [ f(1— f)dv>0or [ fdv=0}.

Step 2: Convergence of the coefficients
Next, we establish the convergence of the coefficients. Recall that if A® — A in LY(RM) +
L>*(RY) and F* — F in L} ((O,oo);Ll(R;Nv)), then

loc
A"y F™ — A%, Fin L}, ((0,00) x R2).

Combining the convergence properties of a™ established in Lemma 5 with the convergence (65), we
obtain that a™ , (f"(1— f")) = ax, F strongly in L},,((0,00) x R27). Passing to a subsequence in

loc
n, this convergence also holds pointwise almost everywhere in (0, 00) x RiNv Combining (63) with

this limit, we find
o agy e (fM(L—=fT))

A N s PR A

almost everywhere in (0, 00) x RQQCNU Applying the triangle inequality and noting that the denominator
is bounded below by 1, we obtain that

a% o (1= f"))
L+enllf(t, @)l

Since the right-hand side converges in Lj,.((0,00) x R%{X), we deduce by the general dominated
convergence theorem (see, for example, Section 4.4, Theorem 19 of [23]), that

(69) @+ enl = ax, F
strongly in L} ((0,00) x Ri{vv)

+endiy| < lag; xo (f"(1 = ") + en.

loc

We establish that div,a” — div, @ in L},((0,00) x R3Y) by the exact same procedure. Indeed,

returning to Lemma 5 and the previously established limit (65) of f™(1 — f™), we obtain
div, a™ #, (f"(1 — f")) > div,a*, F
strongly in L}OC((O, 00) X Ri]\;) and, up to passing to a subsequence, pointwise almost everywhere.
The expressions in (21) then imply that (div,a"); — (div, @); almost everywhere in (0,00) x R21.
Because the denominators in these expressions is bounded below by 1, we have the pointwise bounds
|(divy @”);| < [dive a™ s, (f"(1 = f"))|

Since this right-hand side majorant converges strongly in L}, .((0, 00) x Ri{\[}), the general dominated
convergence theorem once more yields

(70) (divy,@™); — (div, a %, F);
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strongly in L},,((0,00) x R2%).

Handling the b" terms requires a slightly different approach because the convolutions involve
f™, which is only known to converge weakly. Therefore, we rely on a weak-strong convergence
property for convolutions. Observe that if A" — A in LY(RY) + L>°*(RY) and F™ — F weakly in
Lio((0,00); LY (RZY)), then

A" 5, F™ — Ax, F weakly in Lj,.((0,00) x R2Y).
Applying this property alongside the convergence of a™ established in Lemma 5, we deduce that
(div, a™)s, f* = (div; a)*, f weakly in L}, ((0, 00) x R27). Moreover, since 1/(1+¢e,| f™(t, x)||11) <
1, it follows from the pointwise limit (63) and the product limit theorem (see Proposition A.2 of
[24]) that

on (divea”);x, [
R AR CED] P
weakly in L], ((0,00) x RZY).

(71) = (div, a); %, f = b;

Step 3: Time continuity and pointwise-in-time convergence

To establish this property, we apply the Arzela-Ascoli theorem to the weak formulation of the
equation for f. Specifically, for any test function ¢ € D([0,00) x R27) and almost every ¢ > 0, f™

satisfies
/f”(t /fosﬁ //f /t/ fruigt
// (@, Jrz;-,mf"a 81}] //( ”+b 1—f"))f"g;’;.

Fix a test function ¢ € D(R:%Nv) We define the functions

t) :/ fr(t z0)(x,v) and  g(t) ::/ ft, x,v)(z,v).

We aim to demonstrate that for every ¢ > 0, we have the pointwise-in-time convergence g" (t) — g(t).

Fix an arbitrary time 7' > 0. From the definition of g"(¢), we apply an L>(R2Y) bound to v
and use the conservation of mass established in Proposition 4 on the remaining integral. Since f§
converges strongly in L' (R2") by Lemma 6, the sequence of initial masses || f¢"| r1(rzy,) is uniformly

bounded by a constant My, yielding
19" ()] < 19]| oo en) Lf* () 21 ram)
= [l oo man) I1f5' | 22 many)
< Mol|9|| poe (e
for all ¢ € [0,T]. This establishes that the sequence (¢™),, is uniformly bounded on the interval [0, T,
independently of n.
Let 0 < s < t < T be two positive times. Choosing a test function ¢ € D([0,00) x RZY) such

that (7, x,v) = ¢ (x,v) for all 7 in a neighborhood of [s,t] and taking the difference of the weak
formulation (72) evaluated at time ¢t and at time s, we obtain

e Dy
A

(72)

(73)
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Let K = suppy C RiNv denote the compact support of the test function. Using the bound 0 < f™ <
1, we can estimate the absolute value of the right-hand side by

19" () —g"(s)| < (t —s) {U Vatllrry + 1@ + endijll Lo (0,101 () I V2 Y| Loe (1)
+ (I eive @) | e om0 + 15} o myseaaen) ||Vv1/’||L°°(K)]-

As established in Part 1 of the proof, the coefficients @”, div, a” and b" are uniformly bounded in
L75.((0,00); L, (R2Y)). Since K is compact, the term in square brackets on the right-hand side is

loc loc

bounded by a constant C, independent of n, yielding

lg"(t) — g™ (s)] < Cylt — s|.

This implies that the sequence (¢g™),, is uniformly equicontinuous on [0, 7.

By the Arzela-Ascoli theorem, combined with a standard diagonal extraction over an increasing
sequence of times 7,, — oo and a countable dense subset of D(Ri’Nv), we can extract a single
subsequence such that for every ¢ € ’D(]Rf/,{\[))7 the sequence (¢™), converges locally uniformly on
[0, 00) to a continuous limit function gy.

Furthermore, because f™ — f weakly in L}, ((0,00); L' (R2Y)), it follows from uniqueness of the
limit in the sense of distributions that for almost every ¢ > 0, we have gy (t) = [ f(t,z,v))(z,v).
Redefining f(¢) on a null set to be weakly continuous, we conclude that for every ¢ € D(RZY) and
t>0,

(74) / ARG / .

Let us now extend this convergence to a broader class of test functions. Specifically, we consider
functions ¢ = ¢ (t, ,v) € C([0,00); Lj,.(RZY)) such that for every T' > 0 there exists a Cr > 0 such
that | (t, z,v)| < Cr(1 + |z + |v]) for all ¢ € [0,T].

From the elementary inequality |z|? + |v]? < 2|z — tv]|? + (1 + 2t2)|v|?, there exists a constant
K7 > 0such that 1+ |22 +|v|? < Kp(1+ |z —tv|> +|v|?) for all € [0, T]. Integrating this pointwise
inequality against f™ and recalling from Proposition 4 that the integral of f™ against the weight
(1 + |z — tv]|? + |[v]?) is uniformly bounded in time by a constant Mz > 0, we deduce that

sup / P14 o2 + o) < Kp sup / P |z — o2 + of2) < MpKp.
te(0,T7] J zv t€l0,T] J zv

Let (¢m)m be a sequence of C*([0, 00) x RZY) functions such that for every t > 0, ¢, (t) — 9(t)
in L}, (RZY). Let x € C*([0,00]) be a fixed, non-increasing function such that x(s) = 1 for s <1

loc

and x(s) = 0 for s > 2. For R > 0, we define the family of cutoff functions yr € D(RZY) by

Xr(T,v) =X <M> :

R

By construction, 0 < xg < 1, with xg =1 on the ball Br and xg = 0 on BSy. Furthermore, since
X is non-increasing, the sequence xg(x,v) increases monotonically with R.
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We decompose the difference as
[ - sene) <| [ (e - 1010
(75) + [ 1) = fFOIm(t) — (b)xr

+ [ 1) = OO = xr)-

For the third integral, the function 1 — g is supported entirely on the set B%. On this region, we
have +/|x|? + |v|? > R, which yields the bound 1 < (y/]z|%2 + |v|?2)/R < (1 + |x| + |v])/R. Using the
linear growth bound on 1, the positivity of f™ and the inequality (1+|z|+ |[v])? < 3(1+|z|> + |v|?),
we can estimate the f™ part of the third term as

/ f*OROIT = xr) < CT/ OO+ |2 + o) (1 = xr)

<[ @t + )2
< SCTMTKT
S——5

This bound propagates to the limit f by approximating the positive weight [1(¢)|(1 — xg) from
below with the monotone sequence (|1/)(t)|(1 — XR)XM) ay Of compactly supported test functions.
Applying the convergence (74) for each M and invoking the monotone convergence theorem as
M — oo yields the result.

Applying the bounds 0 < ™, f <1 and 0 < xr < 1, the second integral of (75) is bounded by
2|ty (t) — ()| 1 (supp xr)- Next, using the triangle inequality [f™ — f| < f™ 4 f, we see that the
third integral is bounded by 6Cr My Kt /R uniformly in n. Since for a fixed ¢ and m, the function
(z,v) = Yy (t,z,v)xr(z,v) belongs to D(RZN) taking the limit superior as n — oo on both sides

X,V

of (75), the first integral vanishes by (74), yielding the bound

[ 070 = 10100 2000 = 5O s + T

Taking the limit as m — oo, the first term on the right-hand side above vanishes by the convergence
of Y (t) to 1(t) in L, (R2Y). Finally, taking the limit as R — oo gives that for any test function
¥ € C([0,00); Lj, . (R2Y)) satisfying [¢(t, 2z, v)| < Cp(1 + |z| + |v]) for all ¢ € [0,T], we have the

lim sup
n— oo

loc
pointwise-in-time convergence

(76) / FrB() — / F(O)u(t) forall t > 0.

Step 4: Passing the equation to the limit

We now use the established convergences to pass the weak formulation (72) to the limit.

Consider the integrals on the left-hand side. For a fixed ¢ > 0, the first integral converges due
to the pointwise-in-time limit (76), while the second integral converges by the strong convergence
& — foin L* (Ri%) The remaining two integrals converge as a consequence of the weak convergence
(66) of f™. Thus, the entire left-hand side converges to

[roso= [ wwor= [ [ r32= [ [ o5k
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For the integrals on the right-hand side of (72), the strong convergence (69) of @;; +¢,6;;, together
with the weak limit (66) of f™ implies that (af; +endi;)f™ = (a %, F)f in Lj,.((0,00) x R2Y).

Next, combining the strong convergence (70) of div, a™ with the weak limit of f™, we obtain
(B, @) f™ = (0z,0i5%0 F) f in L}, ((0,00) x R2Y). Finally, the weak convergence (71) of b", together
with the pointwise convergence (65) of the uniformly bounded sequence 0 < f™(1— f™) < 1/4, implies
by the product limit theorem that E?f"(l — ") = (div.a, f)F in L}, ((0,00) x RZY).

loc

Substituting F' = f(1 — f)1g_, from (68), the right-hand side converges to
t 8 ")
y 1—
/0 / (aj*f( f))f Rooa,vlavj

LI (2

Equating the limits on the left and right-hand sides, we recover the weak formulation for the desired
equation.

o) £0- )| 1. 5.

Step 5: A priori estimates

We first establish the conservation of mass and linear momentum for the limit function f. Let
X = x(t,z,v) = a+ b-v be a linear combination of the corresponding collision invariants. By
Proposition 4, the approximate solutions f™ satisfy fm fr( fw o'x forallt > 0. We decompose
the difference for the limit function as

| sr=tox= [ gwr=ron+ [ o-mne [ -

The first integral vanishes as n — oo due to the pointwise-in-time convergence (74), since |x| <
la| + |b||v]. The second integral is identically zero for every n by the conservation properties of
the approximate solutions. Finally, the third integral vanishes in the limit n — oo because the
approximate initial data f' converges to fo in L*(1 + || 4 |[v]|?; R2ZY) from Lemma 6.

Therefore, the left-hand side vanishes for every ¢ > 0. By choosing a = 1,b=0and a =0,b = e,
(for k=1,...,N), we recover the conservation of mass and linear momentum, respectively.

For the energy and momentum of inertia inequalities, consider the non-negative collision invariant
((t,m,v) = alx — tv|> + blv|?, where a,b > 0. Because  grows faster than linearly, we localize it
using the cutoff functions yr from Part 3.

Since the product (xr € D(R2Y), the convergence (74) guarantees that for all t > 0 and R > 0,
we have f (t)xr — fm f()Cxr. Furthermore, since f™(t) > 0 and xr < 1, we can bound the
truncated 1ntegral by the non-truncated one, giving fm M (t)xr < fm f™(#)¢ for all n. Taking the
limit inferior as n — co on both sides yields [ f(t){xr < liminf, o [, f"(t)C.

We evaluate the limit on the right-hand side using Proposition 4, which gives

2
[ roc= [ aptalal? - oP) 4 260t (a4 0) 15 e

Recall that €, — 0 as n — oo. Moreover, since the approximate initial data f§ converges to fo
in L'(1 + |z]* 4 |v|%; R2Y), the sequence of norms || ||+ is bounded. Therefore, the second term
on the right-hand side vanishes. The first term converges and the whole expression converges to
[, folalz|* +blv|?). Thus, for all ¢ >0 and R > 0, we have [ fCxr < [, fo(alz[* +blv|?).

We finally remove the truncation. Because f(t) >0, ( >0 and the sequence of cutoff functions
X R increases monotonically to 1 as R — oo, we can apply the monotone convergence theorem to
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take the limit as R — oo and we obtain that

/ fe < / folalz[> + blo]?).

Choosing a = 1 and b = 0 yields the moment of inertia inequality, while choosing a = 0 and b = 1
yields the kinetic energy inequality.

Step 6: Entropy inequality
We now establish the entropy inequality for the limit function f from the corresponding inequality
satisfied by the approximated solutions. For almost every ¢ > 0, we have

(77) /w s"(t)+/0t /Md”(T)dTg/m s"(0)

We will pass both sides to the limit, starting with the initial entropy on the right-hand side.
Because 0 < f§ < 1, the quantum entropy s™(0) is non-positive. Using that —(1—z)log(l—z) <z
for x € [0, 1], we can bound the absolute value of the initial entropy as

s <>|<folog(f0)+f5.

We split the right-hand side according to the exponential threshold f§ = exp (—|z| — |v|). Where
1o < exp (—|z| — |v]), we apply the bound xlog(1/x) < Co/x for z € (0,1) and we observe that
VI <exp(—(|z|+]|v])/2). Where f§ > exp (—|x| — |v|), we use the fact that log(1/fF) < (Jz|+v])
to obtain

s"(0)] < fg 10g<fn> Lfp <exp (—Jo|~Jo)) T fo 10g<fn> fg>exp (~la|—|o]) + fo'
< CoV/F§ L g <oxp (—lal-lol) + F3 (2] + [o]) + f&'
1
< Coewp (~3ol +1u) + A5+ lal +

The right-hand side above converges in Ll(Ri%). Passing to a subsequence if necessary, the initial

data converges almost everywhere, which implies s™(0) — s(0) almost everywhere in R2"). Thus, by
the general convergence theorem, we obtain that

IRCRIRL

For the first integral on the left-hand side of (77), applylng the same approach for the shifted
function (a',v) — f"(t,2’ 4+ tv,v) and substituting x = 2’ + tv to return to the original spatial
coordinate yields

(78) [s"(t, z,v)| < Cpexp (—;(|x — tv| + |v|)> + Mt x,v)(1 + |z — to] + |v]).

Because s™ is non-positive, this bound gives a non-negative sequence s" + Cyexp(—(|x — tv| +
[v))/2) + f*(1 + |z — tv| + |v]) > 0. For a fixed ¢ > 0, recall from (76) that the sequence f™(¥)
converges weakly to f(t) in L! (Ri]\é) Because the function s is convex, we can apply weak lower
semicontinuity (see [8][Theorem 3.23]) to this sequence, yielding

[ |str@n + Cooxw (=50 ol 1)) + £+ fo = o] o)
< lim inf / [s(f"(t)) + Coexp (—;(m o] + |v|)> F L e — to] + |v|)} .

n—oo
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We cancel the exponential term, which is independent of n, from both sides. Moreover, testing the
convergence (76) against the admissible test function ¢ (t,x,v) = (1 4 |z — tv| 4 |v|) ensures that
the integral linear in f™ on the right-hand side converges to its f counterpart on the left-hand side.
Subtracting these limits, we obtain

[ sty <timint [ s(rio.

n—oo

Let us now pass the entropy dissipation d™ part of (77) to the limit. We first express d" as the
quadratic form

Vo, " Vo f2
d" = <A"(t7m,v—v*)\/f"(1 _fn)ff(l _ff) (fn(l ffn) - fn(l*_ffn)) ’

Vo f" Vo fi
P =l
R A S DR T (e
where (-, -) denotes the standard inner product on RY. Here, the matrix A™ is defined as
a”(z)

Lten|fr(ta)l

(79) A (t,z, 2) =

Let vV A™ denote the matrix square root of the positive semi-definite matrix A™. Using that
Vof /(W f(1 = f)) =2V, (arcsin/f), we rewrite d" as

T A )
=g A=

Vo f" Vo, f2 ’
An (v — v, "l —fr)——=— "l - ") ——"r===
VA )(\/f (1=rr) 0T VIt =rm) f:}(lff)>‘

=4 ‘\/A”(v — V) (\/ff(l — MV, (arcsiny/ fm) — \/ f7(1 — f™)V,, (arcsin f)) ‘2.

Let us study the convergence of vV A™ and div,(v/A™). By the uniqueness of the square root for
positive semi-definite matrices, we have

2

i — 'mn(v R 4 I DY R e T0) (

1
Vel )

The factor c,(t,z) = (1 + eu||f™(t, )| 1)~ Y/? satisfies 0 < ¢, < 1 and converges to 1 almost
everywhere due to (63). By the triangle inequality, we have

VA7) - VaG)| < [Var@) - Va(@)| + fealt.2) - 1| Valz)]

Integrating over any compact set in (¢,z, z), the first term vanishes by Lemma 5, while the second
one vanishes by the dominated convergence theorem. Thus, VA" — /a in L}, ((0,00) x RY x RY).
Similarly, taking the divergence with respect to z yields

1
div, /A" (t,z,z) = div, v/a"(z).
() VIt+enlfr itz )

Since Lemma 5 also guarantees that div, va™ — div, v/a in L}, .(RY), identical reasoning ensures

that div, /A" (¢, x, z) converges to div, 1/a(z) in the same space.

An(t,x, ) Var(z).
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Expanding the divergence by the product rule, we obtain
VA (0 =)/ F2(1 = f2) Vo (arcsin \/f7)
(80) = div, (VA" (0 = v.)/Fr(1 = f) aresin /")
—div, (VA (v = 0.)) /I (= 2 aresin /77

To pass the first term of (80) to the limit in the sense of distributions, we first establish the
convergence of the vector field inside the divergence. Denoting R2N = RY x RY x RUN* , let p €

LUV

D((0,00) x R2N ) be a test function. Evaluating the i-th component of the vector field against ¢,

LUV

we must show the convergence of the integral

/mw* (\/A”(U o v*))ij \/ff(l — fr)arcsin v/ fmp.

2N

V, Uy

converges pointwise almost everywhere, and its complement RE, X Rg%*.
On the complement region R&, X R%ﬁf*, recall that the sequence f"(1 — f™) — 0 pointwise

)
almost everywhere. Because the arcsin function is uniformly bounded by /2 on [0, 1], the product

V f2(1 — fr)arcsin/f™ vanishes almost everywhere on this region.

On the region R X R%%*, the pointwise convergence guarantees that (1 — fr)arcsin/f"

converges almost everywhere to 1/ fi(1 — fi) arcsin /f. Combining the behavior on these two dis-

joint regions, we obtain the pointwise convergence

V(A = fr)aresin /f* — 1r_(t,2)\/f(1 — f.) arcsin\/f

almost everywhere on (0, 00) x R3Y

LUV

Finally, because (v, v,) — v — v, maps compact sets in Ri,v to compact sets in RY the previously
established L}

loe convergence of y/A™(z) implies the shifted matrix elements (y/A™(v — v,));; con-
verge strongly in L}, ((0,00) x R3 ). Since the sequence /f7*(1 — f7*) arcsin /f7 is bounded in
L> and converges almost everywhere, the dominated convergence theorem ensures that the product
of these two terms also converges in L}, .((0,00) x R3) ). Pulling the indicator function 1%__, which

LUV

is independent of v, out of the divergence, we have
div, <\/A"(v — v, )/ f7(1 — f7) arcsin f”) — 1g_ div, <\/a(v — v/ f.(1 = f.)arcsin \/f)

in D'((0,00) x R3Y ).

TVVx

To do this, we split the domain of integration into the region R, x R where the sequence f"

N

By an identical argument, since we established earlier that div, (y/A™(v — v4)) converges strongly
in L}, the dominated convergence theorem yields that div,(y/A"(v — v.))y/f2(1 — f2) arcsin /f"

loc?

converges to Ig__ div,(y/a(v — v,))\/f«(1 = fi) arcsiny/f in D'((0,00) x R3Y ).
Subtracting this limit from the previous one gives the limit in the sense of distributions of the
unexpanded term. Because f lacks the regularity to justify the classical product rule, we formally

define the distribution
Vaw — vV f.(1 = f.)Ve(arcsin \/f) := div, (\/a(v — v/ f.(1 = f.) arcsin \/J7>
— div, (\/a(v - v*)) Vf.(1 = f.)arcsin\/f.

With this definition, we can recombine the subtracted limits. Furthermore, by exchanging v and
v, and using that A" (v —v,) = A™(v. — v), an identical argument yields the corresponding limit for
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the gradient with respect to v,. This implies we have, in D’((0,00) x R3N ),

TV

VA= v )21 = [2)Vy(aresiny/f7) = Tr va(v = v.)V/fo(1 = f.)V(arcsin \/f),
VA v = v )/ (1= [V, (arcsin \/f7) = 1z Va(v — v)V/ f(1 = [V, (arcsin /f.),

where the limit distribution on the right-hand side of the second convergence is defined analogously.
Subtracting both convergences, we conclude that

VAT = 0] (VIR 209 farcsin /) = VAT . ancsin /7))
— 1z Va(v—v,) (\/f*(l — o)V (aresin \/f) — /f(1 = f)V,. (arcsin f*))

in D'((0,00) x R ).

The inequality (77), together with the bound (78) for s™, implies that the pre-limit sequence on
the left-hand side is uniformly bounded in L?((0,00) x R3% ). Therefore, the convergence above
actually holds weakly in L?((0,00) x R3Y ), and the limit distribution on the right-hand side can
be identified with an L? function.

Fixing ¢ > 0 and applying the weak lower semicontinuity of the L? norm to the sequence truncated

on the time interval [0, ¢], it follows that for every ¢ > 0, we have

t t
/ / d(7) dr <lim inf/ / d™(r) dr,
0 Jz,v,v. n—oo  Jg T,0,V4

where the limit entropy dissipation density is defined as

d=1x_4 Wa(v ) <\/f*(1 = 7)) Va(arcsin \/f) — /F(1 — f)V,. (arcsin f*)> ‘2.

Taking the liminf in (77), the final entropy inequality follows, concluding the proof.

6. PROOF OF THEOREM 1

To prove Theorem 1, we first establish the propagation of non-saturation. Specifically, we show
that if the initial data is non-saturated, then the sequence of approximated solutions we have con-
structed in Step 1 of Theorem 2 asymptotically preserves this non-degeneracy over any bounded
time interval.

As anticipated in Section 2, we achieve this by applying a maximum principle to the sequence
of approximated solutions. Crucially, this method requires the sequence (div, En)n to be uniformly
bounded in L®, which in turn demands a uniform L! bound on div, (div, a™). However, based on the
available a priori estimates and the bounds established in Lemma 5, we are only able to guarantee
this bound in the Coulomb case (y = —N), which motivates the restriction in Theorem 1.

Lemma 7. Let (f™), be the sequence of solutions defined in the proof of Theorem 2 in the Coulomb
case v = —N. Suppose that there exists a constant 6 > 0 such that fJ(z,v) <1—46 in Ri% Then,

for every T > 0, there exists a o7 > 0, such that limsup,,_, .. f™ < 1—dr pointwise on [0,T] x Rfc]g

Proof. First, we establish that the sequence (div, "), is uniformly bounded in L>((0, 00) x RZY).
Taking the divergence of the expression in (21), applying Young’s inequality for convolutions in the
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v variable and taking the supremum over (¢, x), we obtain

| (divz(divz a”)) %y f"|

divvgn =
= ) s
< ‘(dlvz div. a™)) *, f”‘
< [ diva(dive a”)[[ L em) 1™ | o ((0,00) xR2N)

By Lemma 5, the sequence (div, (div, a™)),, is uniformly bounded in L*(RY), which makes (div, b ),
uniformly bounded in the desired space.
Let ¢" = 1 — f™. Substituting g™ into equation (19) and expanding the right-hand side yields

g™ dg"  —n O*g" +(aa;;

W + i 61‘L T 8vi6vj 31}1‘

b (1—2¢") ) =+ =—Lg"(1—g"
+b; ( g))avj+ang( q"),

where we denote a" = al”, b = Bf and A" =a" + e, 1. Using the fact that 0 < g™ < 1 and the
boundedness of div,, b" shown above, there exists a constant M > 0 such that

n

6Bj ny n . n "
“ a0, 1= 9")9" 2~ dive b= 0,000 xman) 9" = —Mg".
’Uj s
Therefore, g" satisfies the differential inequality
99" 99" o 9%gn | (0a, ag"
o1 ot Y > Ajjo— 2457 (12" ,
=y o " Ox; 9 =" v;Ov; M v 05 9") v,

Consider ¥(t,z,v) = /1 + |z — tv|2 + [v[2. For each n € N, we define the auxiliary function
u™(t, x,v), depending on parameters A, 8, > 0 which will be chosen suitably small later, as

u"(t, z,v) = g" (¢, x, v)eMt + At + 0,0 (8, x,v).

This function is continuous on [0, 00) X RiNv Because g"eM? and \,t are nonnegative, we have

u™ > 6p. For any t € [0,T], applying the triangle inequality in z = (z — tv) 4 tv yields
ol + o] < [z — to] + (1 + o] < 2+ T)e.

Therefore, u™ — oo as |z|+|v| — oo, uniformly in ¢. This guarantees that 4™ must attain a minimum
on the set [0,7] x RZY at some finite point (¢, z7,v}"). Let us show that ¢} = 0.

Fix n € N. To simplify the notation for the following bounds, we drop the superscript and
denote this minimum simply by (¢7, 2%, v"). Suppose, for the sake of contradiction, that t, > 0.
Since the first and second derivatives with respect to v exist and are continuous, the minimality
at (te, Ty, v,) ensures V,u" (ty, o4, v,) = 0 and the Hessian matrix VZu"(L,, x.,v,) is positive semi-
definite. Substituting the definition of ™, this implies

Mt van(t*, Ty U*) = _envvw(t*; Ty 'U*)y

82
( ) eMt*vzgn(txyl'*yv*) > _QHV?}@[}(t*,me*)-

The derivatives V,1 and V2 evaluated at (¢, Z«, v«) are bounded by a constant depending only
on T. Indeed, letting w, = v, — t«(z. — t,v.) and noting that the derivative V, (1 + |z — tv|> + |v|?)
at (s, Z«,vy) is 2w, we obtain, by explicit computation,

W

V,ﬂ/}(t*,x*,v*) = m



52 PAULO SAMPAIO

Expanding |w,|? in terms of dot products and applying the Cauchy-Schwarz inequality, we obtain
that

wi|? < 20vs|? + 2|tu]?|ms — tiv]?
<201+ [t ) (J0u? + |2s — tva]?)
<2(1 4 [t |P) Y (e, Ty v4)?,

which implies the uniform bound |V, (t., Z., v.)| < \/2(1 +12) < \/2(1 +1772).
Next, the Hessian evaluated at the minimum is given by

v2u(t ) (1+t)I Wi ® Wi
sy Ly U ) = - .
v ’(/J(t*71'*7’0*) Ql}(t*,flf*,'l)*)B

To prove that this is uniformly bounded for all (¢.,z,,v.) € [0,T] X Rff\g , it suffices to show that
the spectral norm of this matrix is uniformly bounded. For any unit vector ¢ € RY, consider the
quadratic form associated to the hessian V2 (t,,x.,v.). Applying the Cauchy-Schwarz inequality

to the second term and using the |w,|? bound established above yields

T (o2 1+ (€ - wy)?
|£ (Vv¢(t*,$*7v*))€| g w(t*,x*,v*) ’l/)(t*,.’lf*,’lj*)g
3(1+2)
- d}(t*,x*,U*).

Since 1 > 1, the right-hand side is uniformly bounded by 3(1 + ¢2) < 3(1 + T?).

We now seek a contradiction using the derivatives of 4™ at the minimum point. These derivatives
are not guaranteed to exist in the classical sense, since the solutions constructed in Proposition 3
lack separate regularity for 0; f™ and V, f".

However, since the functions f™ are C? in the velocity variable v, the right-hand side of (19) is
continuous. This implies that the transport term 0 f™ +v -V, f™ is also continuous, which prompts
us to examine the behavior of u™ along the characteristic curves passing through the minimum.

Since t, > 0, there exists some ¢ > 0 such that § < ¢t.. We define the function h : (=4d,) — R by

h(s) = u"(ts + 8, Ts + V8, 04)
=g"(ts + 8,24 + v*s,v*)eM(t*+S) F A (te + 8) + 000 (ts + 8, s + VS, V).

To show that this function is differentiable in the classical sense, let (7,), be a standard mollifier
in (¢, z) supported in (—o,0) x B,(0). Consider the mollified version of the function h,

ho(s) = [(g"e™" + Ant + 0010) % 0o | (£ + 8, T4 + Vs, v1).

Since ¢g" is defined only for ¢ > 0, we require o > 0 to be sufficiently small (specifically, o < t, — 9)
to ensure that the convolution remains well-defined for all s € (=4, 9).
Differentiating with respect to s using the chain rule and noting that 0y +v -V 1 = 0, we obtain

hl (s) = [(8( ML\t 4 0,10) + v Va(gmeM N, t—i—@nw)) *ng](t*—&-&x*—i—v*s,v*)

= [(eMt(atg" +v-Veg"+Mg")+ )\n) * ng} (te + 8, Ts + Vis, Ux).

Since the function 0;¢" + v - V9" = — (0 f™ + v - V. f™) is continuous, the mollified expression in
parentheses converges in L>°((0,00) x R2Y). Letting o — 0, the equation becomes

h/(S) — oM(ta+ts) [@g" +v-Vug" + Mgn] (te + 8, T + Ve85, ) + A\
The weak derivative on the left-hand side is therefore a continuous function and this equality holds

everywhere. Since u™ attains a minimum on [0, 7] x RiNU at (ts, T4, vs), the function h, restricted
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to s € (=0,0) N [—t., T — t.], attains a minimum at s = 0. Because § < t,, the interval (—4,0] is
strictly contained in this intersection. From the minimality at zero, it follows that h(0) < h(s) for
every s € (—4,0). Therefore, passing the difference quotient to the limit s — 07, we conclude that
h'(0) <O0.

We evaluate h' at s = 0, applying the differential inequality (81). Substituting the relations (82)
between the first and second derivatives of g" and 1 at the point of minimum and using that ZZ- is
positive semi-definite, we obtain

R'(0) = €M 0,9 4+ v - Vg™ + g"M](ts, T4, v:) + Ay

—_n 82g” oa;; -n 89”
> Mt |47 Y (1—-2¢") ) =
(83) =€ {AW ;v * ( ooy bj(1=29 )) avj] +An
0% 0@y 0
> i S Y (1 —=29™) | =2 .
- gn |:A” 61}1‘8’0]‘ + < 6’Ui + bj (1 29 )> 61}j:| + >\n

In order to estimate the term on the right-hand side above from below, we first seek an L bound
for the term in square brackets.

We begin with ZZ By Lemma 5, the sequence (a"),, is uniformly bounded in L!(RY)+ L (RY).
Applying the same decomposition and convolution bounds as in the proof of inequality (64), we
obtain that

(84) |,

< lladsllee + et 1Bl + en

Since the sequence g,, — 0, this implies that there exists a constant Cy such that the L*°((0,c0) x
R2Y) norm of Z?j is bounded by Cace;*.

Furthermore, Lemma 5 guarantees that the sequence (div, a™),, is uniformly bounded in L' (R")+
L>(RY). The terms div, a" and b" are defined by convolving div, @™ with the bounded functions
f™(1— f™) and f™, respectively, then dividing by 1+ &,||f™(¢, x)||z1. The same decomposition and
convolution bounds yield that the L>((0,00) x R2%) norms of div, @j; and B;L are bounded by Ce, !
for some constant C' > 0.

Combining these bounds with the uniform estimates for V,1 and V24 established previously, we
can now uniformly bound the term in square brackets in (83). Noting that 9,,a;; = (div, @"); and
that |1 — 2¢™| < 1, we deduce that there exists a constant C7 > 0 such that

—n 62 P n n 9
This implies that h'(0) > A\, — C16,e, . Choosing A\, = (C; + 1)&, and 6, = 2 implies that
h'(0) > e, > 0, which contradicts A’'(0) < 0. Therefore, we must have that ¢, = 0.
Returning to our original sequence notation, we have shown that for any n € N, the minimum of
u" is attained at a point of the form (0,27, v?). From the definition of u™ and the choices of A,, and
0,, above, we have

g"(t,z,v)eM + (C1 + Vept + 29 (t, z,v) > g™(0, 27, v1) + e29(0, 27, v7).

By hypothesis, the first term on the right-hand side is bounded from below by J, while the last term
on the right-hand side is nonnegative by definition of 1. Passing to the limit inferior for a fixed
(t,z,v), we obtain that

S Olé";l.

M lim inf g™ (t, z,v) > §
n—oo

for every (t,x,v) € [0,T] % Ri% Since eM* < eMT on this set, dividing both sides by this exponential
gives the result. U
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We conclude by proving Theorem 1. Using the non-saturation property established above, we
will show that the loss of diffusion is entirely prevented, meaning the set S in Theorem 2 is simply
(0,00) x RY up to a set of measure zero.

Proof of Theorem 1. We construct approximate solutions (f™),, as in Step 1 of the proof of Theorem
2. Because fy < 1 — 9, the initial data constructed in Lemma 6 also satisfy 0 < f§ < 1—4. We
propagate this non-saturation in time using Lemma 7, from which we obtain that for every T" > 0
there exists a dr > 0 such that limsup,,_, ., f* <1 —dr.

Recall from (65) and (66) that F' and f are the respective limits of f™(1 — f™) and f™.
now use the uniform bound on f™ to show that the set S = R = {(t,z) € (0,00) x RY :
[Fdv>0or [fdv=0} coincides with (0,00) x RY up to a set of measure zero. Consider the
sequence h™ = sup;,, f¥. By definition, h" decreases pointwise almost everywhere to the function
h = limsup,,_,. f* <1—6r.

We claim that for every T > 0 we have F > épf a.e. in [0,7] x RZ). Fix T > 0 and let
K c [0,T] x RZY be a compact set. By Egorov’s theorem, for every ¢ € (0,d7), there exists a
measurable set £/ C K with [E| < e such that [|A" — || x\g) — 0.

Hence, for any n > 0, there exists an N € N such that for all n > N, we have

PRt <h+n<1-dr+n

on K \ E. Rearranging this inequality and multiplying by f" > 0 directly yields (67 — n)f™ <
f™(1 — f™) on this set. We test the sequence f™(1 — f™) against a nonnegative ¢ € D(K). Since
(1 = f™) >0, we can drop the integral over E to estimate the integral over K from below as

//K (1= fMedtdedy > //K\E (1 — fMedtdzdy > (67 —n) //K\E fmo dtdzdv.

Splitting this last integral as fK\E = [x — [ and using the fact that |E| < e and 0 < f* <1, we

obtain
/// (1= fMedtdedy > (67 — (// P dtdady —s|<pLoo) .

Using the weak convergence of both f™ and f™(1 — f™), we can pass to the limit as n — oc.
Then, letting ¢ — 0 and n — 0, we obtain [[[ Fo dtdzdv > o7 [[[ fodtdzdv. Because K and the
nonnegative test function ¢ are arbitrary, it follows that F' > d f almost everywhere in [0, T] X Rijg
Since T' > 0 was arbitrary, this relation holds for all T'.

It follows that for almost every (t,z) € (0,00) x RY, if [ f(t,z,v)dv > 0, we necessarily have
J F(t,z,v)dv > 0. Therefore, up to a set of measure zero, R, coincides with (0,00) x RY. This
implies the indicator function 1s in Theorem 2 is identically 1 almost everywhere, which recovers
the standard LFD equation and entropy dissipation, completing the proof. O
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