
GLOBAL SOLUTIONS TO THE LANDAU-FERMI-DIRAC EQUATION

PAULO SAMPAIO

Abstract. In this work, we prove the existence of global weak solutions to the non-homogeneous
Landau-Fermi-Dirac (LFD) equation in the case of a Coulomb potential, as well as modified weak
solutions in the case of very soft potentials. A compactness result for Landau-like hypoelliptic
equations is established by combining the partial ellipticity of the collision kernel with velocity
averaging results for transport equations. Then, by constructing global solutions to a regularized
approximate equation, we use this compactness to pass to the limit.

A major obstacle in this process is the Fermi-Dirac saturation effect, which eliminates velocity
diffusion and prevents global strong compactness. For general initial data and very soft potentials,
we obtain a weak solution to a modified LFD equation containing an indicator function that
excludes the fully saturated regions. In the specific case of the Coulomb potential, we show
that strictly non-saturated initial data never completely saturates, allowing us to maintain strong
compactness and obtain a standard global weak solution.
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1. Introduction

Kinetic theory aims to describe the dynamics of a gas through a particle number density function
f = f(t, x, v). That is, at each time t, f(t, x, v)dxdv represents the number of particles within an
infinitesimal spatial volume dx centered at x, with velocities in an infinitesimal range dv centered
at v.

The evolution of f is traditionally described by the Boltzmann equation. However, hot gases
of charged particles, such as plasmas, present a regime where long-range Coulomb interactions
dominate, rendering this model inadequate. To address this, Lev Landau [2] introduced in 1936 a
specialized kinetic equation, now known as the Landau equation.

Despite its success, Landau’s original formulation remains a purely classical model governed by
Maxwell-Boltzmann statistics. However, in many situations of interest, the particles are fermions,
which obey Fermi-Dirac statistics. For these systems, quantum effects like the Pauli exclusion
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principle become significant and must be incorporated, leading to the Landau-Fermi-Dirac (LFD)
equation.

In this paper, we study the Cauchy problem for this equation. Specifically, given initial data f0,
we seek a function f satisfying

(1)


∂f

∂t
+ v · ∇xf = divv

[ˆ
a(v − v∗)

(
f∗(1− δf∗)∇vf − f(1− δf)∇v∗f∗

)
dv∗

]
,

f |t=0 = f0.

Throughout, we adopt the standard shorthand notation f = f(t, x, v) and f∗ = f(t, x, v∗). The
collision kernel a = (aij)ij is given by

(2) a(z) = Γ(|z|)
(
I − z ⊗ z

|z|2

)
,

where the cross section Γ depends on the type of interaction between the particles. The parameter
δ > 0 is proportional to the cube of Planck’s constant ℏ, and thus quantifies the quantum effects
within the system. Accordingly, we recover the classical Landau equation in the limit δ → 0.

If the particle interaction arises from a power law potential in N dimensions, the cross section is
given by

(3) Γ(|z|) = |z|γ+2, with −N ≤ γ ≤ 1.

In the kinetic theory literature, we find that these interactions are classified according to the range
of γ. The case 0 < γ ≤ 1 corresponds to hard potentials, while γ = 0 defines Maxwellian molecules.
For negative values, the potential is classified as moderately soft when −2 ≤ γ < 0, and very soft
when −N < γ < −2. Finally, the most singular cross section dealt with in the literature is when
γ = −N , which corresponds to a Coulomb potential.

Just as in the classical Landau equation, the structure of the collision kernel a allows us to formally
deduce the conservation laws

d

dt

¨
f(t)φdxdv = 0

for φ = 1, vi, |v|2 or |x−vt|2. These choices correspond physically to the conservation of mass, linear
momentum, kinetic energy and moment of inertia, respectively.

Furthermore, introducing the quantum entropy,

S(t) =
1

δ

¨
δf log(δf) + (1− δf) log(1− δf) dxdv,

it follows that, at least formally, this quantity should be non-increasing in time.
Since these quantities are either conserved or dissipated, they remain uniformly bounded for all

t > 0, provided they are finite at time t = 0. Therefore, it is natural to expect that any physically
meaningful solution to the Cauchy problem will satisfy the uniform a priori bound

(4) sup
t>0

¨
f(1 + |x− vt|2 + |v|2 + log f) dxdv < +∞.

For the Landau equation with highly singular kernels, most notably in the Coulomb case (γ =
−N), the bounds implied by (4) are insufficient to define a weak solution, even in the sense of
distributions. To overcome this problem, Lions [20] introduced the notion of a renormalized solution,
in the same spirit as his earlier work with DiPerna for the Boltzmann equation [10].

To establish the existence of such solutions, a standard strategy for nonlinear PDEs is to derive
a sequential stability result. This entails proving that any sequence of solutions to this equation
is compact in some suitable topological space. By constructing smooth solutions to a well-chosen
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approximation scheme, such a compactness result allows us to pass to the limit and recover a solution
to the original, unregularized problem.

However, a significant difficulty arises for the Landau equation. While a sequential stability result
for its solutions exists [20], the nonlinear structure of the renormalized formulation complicates the
passage to the limit. As demonstrated by Villani [25], this limiting process gives rise to a defect
measure, necessitating an even weaker notion of solution.

Fermions, on the other hand, obey the Pauli Exclusion Principle, which states that no two par-
ticles can occupy the same quantum state simultaneously. Mathematically, this constraint imposes
a saturation limit on the distribution function, expressed as

(5) 0 ≤ f ≤ 1

δ
.

This additional L∞ estimate for the solutions provides sufficient control to ensure that the collision
integral of LFD is well-defined even in the presence of the Coulomb singularity. Therefore, for the
Landau-Fermi-Dirac equation, this saturating effect suggests that the existence of solutions can be
established in the typical weak setting, avoiding both the nonlinear complications of a renormalized
formulation and the appearance of defect measures.

The mathematical study of the Cauchy problem for quantum fluids dates back to the work of
Dolbeault [11], who established existence and uniqueness of solutions to the Boltzmann-Fermi-Dirac
(BFD) equation with cutoff satisfying the conservation laws and decay of entropy. Subsequently,
Alexandre [4] extended these results to the non-cutoff BFD equation.

For the Landau-Fermi-Dirac equation, the first significant results were obtained by Bagland [6],
who proved the existence of solutions for hard potentials in the spatially homogeneous setting. More
recently, multiple results on the Cauchy problem for homogeneous LFD have been proven: Alonso,
Bagland, Desvillettes and Lods [5] established existence for soft potentials, while Golding, Gualdani
and Zamponi [14] have shown existence and smoothness for a Coulomb potential.

The non-homogeneous case of the LFD equation, however, remains poorly understood and, to
the author’s knowledge, there are no results on the Cauchy problem in this case.

In this paper, we establish the existence of global weak solutions to the non-homogeneous LFD
equation. We are primarily interested in the regime where the particles interact through a Coulomb
potential, corresponding to γ = −N . This regime serves as the primary focus for Theorem 1, which
yields a standard global existence result for non-saturated initial data. However, our framework also
accommodates general initial data and extends to the range of very soft potentials, at the cost of
obtaining a modified version of the LFD equation in Theorem 2.

2. Main results

Throughout the paper, unless otherwise specified, we will use the repeated index summation
convention. We will also denote the phase space by R2N

x,v = RNx × RNv . Within this section, the
notation

˜
dxdv denotes integration over R2N

x,v.
We first observe that the parameter δ can be set to 1 without loss of generality. Indeed, relabeling

δf as f and aij as aij/δ, the equation takes the form

(6)
∂f

∂t
+ v · ∇xf =

∂

∂vi

(
aij

∂f

∂vj
− bif(1− f)

)
,

where aij = aij ∗v (f(1− f)) and bi = ∂vjaij ∗v f . Therefore, we shall assume δ = 1 throughout the
remainder of the paper to simplify the notation.
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In this work, we focus exclusively on the very soft and Coulomb potentials. Specifically, we
consider the cross section Γ(|z|) as defined in (3), where the exponent satisfies

−N ≤ γ < −2.

Let us now state explicitly what we mean by a solution of the equations we study in this paper.

Definition 1. Assume the coefficients Aij , Bi belong to L1
loc((0,∞)×R2N

x,v) and assume that
∑
j ∂vjAij ∈

L1
loc for each i.
A function f = f(t, x, v) in L∞

loc((0,∞) × R2N
x,v) ∩ C([0,∞);D′(R2N

x,v)) is called a (global) weak
solution of the equation

∂f

∂t
+ v · ∇xf =

∂

∂vi

(
Aij

∂f

∂vj
−Bif(1− f)

)
with initial data f0 if, for every t > 0 and every test function φ ∈ D([0,∞)× RNx × RNv ), we have¨

f(t)φ(t) dxdv −
¨

f0φ(0) dxdv −
ˆ t

0

¨
f
∂φ

∂τ
dxdvdτ −

ˆ t

0

¨
fvi

∂φ

∂xi
dxdvdτ

=

ˆ t

0

¨
Aijf

∂2φ

∂vi∂vj
dxdvdτ +

ˆ t

0

¨ (
∂Aij
∂vj

f +Bif(1− f)

)
∂φ

∂vi
dxdvdτ

To show the existence of weak solutions to the LFD equation, we proceed by a compactness
method. First, we construct solutions to a well-behaved approximate equation. After establishing
the compactness of these solutions in an appropriate topological space, we pass to the limit in the
approximate equation.

One major obstacle for the LFD equation, which is not present in its classical Landau counterpart,
is the saturation effect. When f → 1, the coefficient a vanishes and the LFD equation loses its
diffusion in the v variable. As a consequence, we cannot expect to establish strong compactness in
the saturated case.

This effect was previously observed by Lu [21] in the context of the Boltzmann-Fermi-Dirac
equation. Nevertheless, he succeeded in constructing solutions to the BFD equation using only weak
compactness [22], a result made possible because the nonlinear products within the BFD collision
operator are non-local in the velocity variable.

For the LFD equation, however, the nonlinear terms f(1 − f) are all evaluated at the same
velocity point. Weak convergence fn ⇀ f implies fn(1− fn)⇀ f(1− f) if and only if the sequence
converges strongly. Therefore, a priori, we cannot pass the whole equation to the limit without
strong convergence.

This loss of compactness can be taken to its extreme by considering fully saturated solutions. For
any E ⊂ R2N

x,v bounded and measurable, observe that the function

f(t, x, v) = 1E(x− tv, v)

annihilates the right-hand side of (6). Because it is also a solution to the free transport equation
∂tf + v · ∇xf = 0, this provides an example of a weak solution of LFD that has constant quantum
entropy and satisfies all conservation laws, but lacks diffusion everywhere.

Since arbitrary weak-* limits of such indicator functions do not generally solve the LFD equation,
a universal framework is out of reach, indicating that strong compactness may only be reachable by
restricting the scope of the problem.

One possible alternative is to show that if the initial data is strictly non-saturated (f0 ≤ 1− δ),
then the solutions stay non-saturated, thus preserving strong compactness. Specifically, the sequence
of approximate solutions converges strongly in L1

loc((0,∞);L1(R2N
x,v)), allowing us to pass to the limit

everywhere.
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To propagate this non-saturation, we apply a maximum principle to an approximate equation.
Interestingly, this approach relies on the boundedness of certain terms of the equation, which we are
only able to guarantee in the Coulomb case (γ = −N). It remains unclear at present whether the
inability to propagate the non-saturation to the class of very soft potentials is a limitation of the
techniques used here or a fundamental physical feature of the equation.

Our first result then establishes the existence of global weak solutions strictly for the Coulomb
potential, provided the initial data is uniformly non-saturated.

Theorem 1. Let N ≥ 3 and f0 ∈ L1(R2N
x,v; (1 + |x|2 + |v|2)dxdv) be such that 0 ≤ f0 ≤ 1 − δ,

for some δ > 0. There exists a weak solution f ∈ C((0,∞);D′(R2N
x,v)) ∩ L∞((0,∞);L1(R2N

x,v)) to
the LFD equation in the Coulomb case (γ = −N) with initial data f0, in the sense of Definition 1,
which satisfies, for a.e. t ≥ 0,

1) Pauli exclusion principle:
0 ≤ f(t) ≤ 1.

2) Conservation of mass and linear momentum:¨
f(t, x, v) dxdv =

¨
f0(x, v) dxdv,

¨
f(t, x, v)vi dxdv =

¨
f0(x, v)vi dxdv ∀i ∈ {1, · · · , N}.

3) Decay of kinetic energy and moment of inertia:¨
f(t, x, v)|v|2 dxdv ≤

¨
f0(x, v)|v|2 dxdv,

and¨
f(t, x, v)|x− tv|2 dxdv ≤

¨
f0(x, v)|x− tv|2 dxdv.

4) Entropy inequality:¨
s(t, x, v) dxdv +

ˆ t

0

¨
d(τ, x, v) dxdvdτ ≤

¨
s(0, x, v) dxdv,

where
s(t, x, v) = f log f + (1− f) log(1− f)

is the quantum entropy and

d(t, x, v) =

ˆ [
aij(v − v∗)f(1− f)f∗(1− f∗)

(
∂vif

f(1− f)
−

∂v∗,if∗

f∗(1− f∗)

)
×
(

∂vjf

f(1− f)
−

∂v∗,jf∗

f∗(1− f∗)

)]
dv∗

(7)

is the quantum entropy dissipation.

Remark 1. Given that weak solutions may have no regularity in v, one might wonder what the
expression in (7) means. In the proof of the entropy inequality, we will see that the integral´ t
0

˜
d(τ, x, v) dxdvdτ represents the L2((0, t)× RNx × RNv × RNv∗) norm of

2 divv

[√
a(v − v∗)

√
f∗(1− f∗) arcsin

√
f
]
− 2 divv∗

[√
a(v − v∗)

√
f(1− f) arcsin

√
f∗

]
− 2 divv

(√
a(v − v∗)

)√
f∗(1− f∗) arcsin

√
f + 2divv∗

(√
a(v − v∗)

)√
f(1− f) arcsin

√
f∗,
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where the divergence of a matrix A is defined as divv A =
∑
j
∂Aij

∂vj
. If f possesses sufficient regularity

in v, these two expressions coincide, which justifies the formal notation in (7).

If we include the range of very soft potentials or if we remove the strict non-saturation assumption
on the initial data, strong compactness can no longer be guaranteed everywhere. Because of this, we
rely on a weaker argument where the strong convergence in L1

loc is only guaranteed on the restricted
domain S × RNv , where S is a specific subset of the time-space coordinates. Outside of this set, we
only have weak convergence, and an indicator function then appears in the limit equation.

Theorem 2. Let N ≥ 3 and f0 ∈ L1(R2N
x,v; (1 + |x|2 + |v|2)dxdv) be such that 0 ≤ f0 ≤ 1. There

exists a measurable set S ⊂ {(t, x) ∈ (0,∞)×RNx :
´
RN

v
f(1−f) dv > 0 or

´
RN

v
f dv = 0} and a weak

solution f ∈ C((0,∞);D′(R2N
x,v)) ∩ L∞((0,∞);L1(R2N

x,v)) to the equation

∂f

∂t
+ v · ∇xf = 1S(t, x)

∂

∂vi

(
aij

∂f

∂vj
− bif(1− f)

)
with initial data f0, in the sense of Definition 1. This solution satisfies, for a.e. t ≥ 0, the properties
1) through 4) of Theorem 1, with the modified quantum entropy dissipation

d(t, x, v) = 1S(t, x)

ˆ [
aij(v − v∗)f(1− f)f∗(1− f∗)

(
∂vif

f(1− f)
−

∂v∗,if∗

f∗(1− f∗)

)
×
(

∂vjf

f(1− f)
−

∂v∗,jf∗

f∗(1− f∗)

)]
dv∗.

The remainder of the paper is organized as follows. In Section 3, we prove a compactness result
for the solutions of LFD-like equations, reminiscent of the works of Lions [20] and Villani [25] on
renormalized solutions of the Landau equation. This involves studying the parabolic and transport
parts of this equation separately in order to achieve compactness for the sequence of solutions.

In Section 4, we study the Cauchy problem for an approximate equation. We construct regular
solutions to this equation and prove that they satisfy the conservation laws (mass, linear momentum,
kinetic energy and moment of inertia) in an approximate sense, as well as an entropy inequality.

We conclude by proving the main theorems in reverse order. In Section 5, we prove Theorem 2.
By taking a sequence of approximate solutions constructed in Section 4 with progressively weaker
regularization, we apply the compactness result of Section 3 to pass to the limit. Finally, in Section
6 we prove Theorem 1 by propagating the non-saturation of the initial data for any finite time,
demonstrating that the set S from Theorem 2 is, in fact, the entire space (0,∞)× RNx .

3. A compactness result for the LFD equation

We begin by establishing several notational conventions that will be used throughout the re-
mainder of the paper. First, the integral over the full phase space R2N

x,v will be denoted simply by´
xv

.
Next, for any matrix-valued function A = (Aij(v))ij , we define its divergence divv A as the

vector whose i-th component is given by the row-wise divergence (divv A)i =
∑N
j=1 ∂vjAij , for every

i = 1, 2, . . . , N . Finally, we denote by ⟨x, v⟩ = (1 + |x|2 + |v|2)1/2 the Japanese bracket in two
variables x and v.

In this section, our main goal is to prove the following compactness result for LFD-like equations.
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Proposition 1. Let (gn)n be a sequence of weak solutions in L2
loc((0,∞) × RNx ;H1

loc(RNv )) to the
equation

(8)


∂gn

∂t
+ v · ∇xg

n = divv

[
A
n∇vg

n −B
n
gn(1− gn)

]
gn|t=0 = gn0 ,

where the coefficients A
n
, divv A

n
, B

n
, divv B

n
belong to L∞

loc((0,∞)× R2N
x,v).

Assume that the following hypotheses hold uniformly in n:
a. For every T > 0, there exists a constant C > 0 such that

(9) sup
t∈[0,T ]

ˆ
xv

gn(1 + |x− vt|2 + |v|2) ≤ C, and 0 ≤ gn ≤ 1.

b. For every T,R,R′ > 0 and ε > 0, there exists a ν = ν(R,R′, ε) > 0, a measurable set
E ⊂ [0, T ]×BR with |E| < ε and an integer n0 such that for all (t, x, v) ∈ Ec×BR, η ∈ RN
and n ≥ n0,

(10) A
n

ijηiηj ≥ ν

ˆ
|v∗|≤R′

[
1−

(
v − v∗
|v − v∗|

· η
|η|

)2
]
|η|2gn∗ (1− gn∗ ) dv∗.

c. The sequences (A
n
)n, (divv A

n
)n, (B

n
)n, and (divv B

n
)n are uniformly bounded in the space

L1
loc((0,∞)× R2N

x,v).

Suppose gn(1 − gn)
∗
⇀ G weakly-* in L∞((0,∞) × R2N

x,v). Then the sequence (gn(1 − gn))n is
strongly compact in L1

loc((0,∞);L1(R2N
x,v)). For every T > 0, the sequence (gn)n is weakly compact

in L1
loc((0,∞);L1(R2N

x,v)) and strongly compact in L1(RT ×RNv ), where RT = {(t, x) ∈ (0, T )×RNx :´
Gdv > 0 or

´
g dv = 0}.

Our approach to proving this proposition will be to achieve compactness step by step. First,
we use the transport structure of the equation to achieve compactness in space-time of averages in
velocity, by means of the now famous velocity averaging results. In a second step, we study the
parabolic part of the equation to deduce a certain compactness in the velocity variable. Finally, we
unify these two compactness properties with a proposition, leading to the “full” compactness, in all
three variables.

3.1. Velocity averages: compactness in time and position. Velocity averaging is a standard
technique in the study of transport equations, and in particular kinetic equations, which allows us
to establish compactness for the solutions once integrated over the velocity space.

The main idea is that if f = f(t, x, v) is a solution to the transport equation ∂tf+v ·∇xf = g, the
velocity average

´
fφ(v) dv, for φ ∈ C∞

c (RNv ), exhibits higher regularity than f and g themselves. For
a sequence of solutions fn, this translates into compactness for the averaged sequence

´
fnφ(v) dv.

The first results in this direction were established independently in the mid-1980s by Agoshkov
[3] and Golse, Perthame and Sentis in [15] in an L2 setting. We will use a generalized version taken
from [7], which is reproduced here for the reader’s convenience.

Theorem 3 (Theorem 1.1.8 from [7]). Let Ω be an open set of Rt × RNx , a : RM → RN verify
∂αa ∈ L∞

loc for |α| ≤ m, m ∈ N, and

∀σ ∈ SN−1 ∀u ∈ R |v; a(v) · σ = u| = 0.

Let fn be a bounded sequence in Lploc(Ω× RM ) with p > 1 verifying

∂tfn + divx a(v)fn =
∑

|α|≤m

∂αv g
(α)
n in Ω× RM
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where the g(α)n are locally bounded in the space of measures Mloc(Ω× RM ).
Then, for any function ψ ∈ C∞

c (RM ),

ρnψ(t, x) =

ˆ
fn(t, x, v)ψ(v) dv

is compact in Lqloc(Ω) for any q < p.

The first step in the proof of Proposition 1 is to apply Theorem 3 to establish the compactness
of the velocity averages for both gn and gn(1 − gn). While the result for gn is a straightforward
consequence of equation (8), for the nonlinear quantity gn(1 − gn), we need to find its equation
in the sense of distributions, which we deduce by a standard mollification argument. As a natural
byproduct, the equation for gn(1− gn) also yields the necessary gradient bound (11).

Lemma 1. Let (gn)n be a sequence of solutions to (8) as in Proposition 1. For every φ ∈ C∞
c (RNv ),

the sequences of velocity averagesˆ
gnφdv and

ˆ
gn(1− gn)φdv

are compact in L1
loc((0,∞)× RNx ). Moreover, for every R, T > 0, we have

(11)
ˆ T

0

ˆ
xv

A
n

ij

∂gn

∂vi

∂gn

∂vj
dt ≤ CT,R,

for some constant CT,R > 0, independent of n.

Proof. The compactness of the first sequence of velocity averages can be directly obtained by rewrit-
ing equation (8) in the sense of distributions. We have that

∂gn

∂t
+ v · ∇xg

n =
∂2(A

n

ijg
n)

∂vi∂vj
− ∂

∂vi

(
∂A

n

ij

∂vj
gn +B

n

i g
n(1− gn)

)
.

Since 0 ≤ gn ≤ 1, we have from the uniform boundedness of the sequences A
n
, divv A

n
and B

n
in

L1
loc((0,∞)×R2N

x,v) that the terms inside the derivatives on the right-hand side are uniformly bounded
in this space. By Theorem 3, this implies the compactness of the velocity averages

´
gnφdv in L1

loc.
To apply Theorem 3, we will need an equation where the transport acts on Gn := gn(1 − gn).

However, we cannot use (8) directly. The solutions lack sufficient regularity in t and x, meaning we
cannot justify a product rule to compute the derivatives of Gn.

To overcome this, we consider smooth approximations of the gn functions. Let χ = χ(t, x) be a
positive C∞

c ((0,∞) × RNx ) function such that
´
χ dtdx = 1. We introduce the mollifying sequence

χm(t, x) = mN+1χ(mt,mx) and define gnm = χm ∗ gn. Note that to compute this convolution we
extend the functions gn by zero for t ≤ 0.

We thus have gnm → gn in L2
loc((0,∞) × R2N

x,v). Taking equation (8) in D′((0,∞) × R2N
x,v) and

applying the approximations we obtain, commuting convolutions with derivatives

∂gnm
∂t

+ v · ∇xg
n
m =

∂

∂vi

[
χm ∗

(
A
n

ij

∂gn

∂vj

)]
− ∂

∂vi

[
χm ∗

(
B
n

i g
n(1− gn)

)]
.

Multiplying both sides of the equation by (1− 2gnm) and denoting Gnm ≡ gnm(1− gnm), we have

∂Gnm
∂t

+ v · ∇xG
n
m =

∂

∂vi

[
χm ∗

(
A
n

ij

∂gn

∂vj

)
(1− 2gnm)

]
+ 2χm ∗

(
A
n

ij

∂gn

∂vj

)
∂gnm
∂vi

− ∂

∂vi

[
χm ∗

(
B
n

i g
n(1− gn)

)
(1− 2gnm)

]
− 2χm ∗

(
B
n

i g
n(1− gn)

) ∂gnm
∂vi

.
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We multiply this equation on both sides by φ ∈ D((0,∞) × R2N
x,v) and integrate by parts to find a

formulation in the sense of distributions. Denoting by
´
txv

the integral
´∞
0

˜
R2N

x,v
dxdvdt, we have

−
ˆ
txv

Gnm
∂φ

∂t
−
ˆ
txv

Gnmvi
∂φ

∂xi
= −

ˆ
txv

χm ∗
(
A
n

ij

∂gn

∂vj

)
(1− 2gnm)

∂φ

∂vi

+ 2

ˆ
txv

χm ∗
(
A
n

ij

∂gn

∂vj

)
∂gnm
∂vi

φ

+

ˆ
txv

χm ∗
(
B
n

i g
n(1− gn)

)
(1− 2gnm)

∂φ

∂vi

− 2

ˆ
txv

χm ∗
(
B
n

i g
n(1− gn)

) ∂gnm
∂vi

φ

Applying standard properties of approximation by convolution, we pass to the limit m→ ∞ to find
that

−
ˆ
txv

Gn
∂φ

∂t
−
ˆ
txv

Gnvi
∂φ

∂xi
= −

ˆ
txv

A
n

ij

∂gn

∂vj
(1− 2gn)

∂φ

∂vi
+ 2

ˆ
txv

A
n

ij

∂gn

∂vj

∂gn

∂vi
φ

+

ˆ
txv

B
n

i g
n(1− gn)(1− 2gn)

∂φ

∂vi
− 2

ˆ
txv

B
n

i g
n(1− gn)

∂gn

∂vi
φ.

(12)

Since gn, 1 − gn ∈ L2
loc((0,∞) × RNx ;H1

loc(RNv )), the product rule is valid with respect to the
velocity variable. Therefore, ∂vk(gn(1− gn)) ∈ L1

loc((0,∞)× R2N
x,v) for every k = 1, 2, . . . , N and

∂(gn(1− gn))

∂vk
= (1− 2gn)

∂gn

∂vk
.

Let ψm = ψm(t, x, v) be a mollifying sequence and consider the regularized diffusion coefficient
(A

n

ij)m ≡ ψm∗Anij . By standard properties of convolutions, we have (A
n

ij)m → A
n

ij and ∂vk(A
n

ij)m →
∂vkA

n

ij in Lploc((0,∞)×R2N
x,v) for any p <∞. Since the product (A

n

ij)m∂viφ belongs to C∞
c ((0,∞)×

R2N
x,v), we then have, by the definition of weak derivative,
ˆ
txv

(A
n

ij)m
∂gn

∂vj
(1− 2gn)

∂φ

∂vi
=

ˆ
txv

∂(gn(1− gn))

∂vj
(A

n

ij)m
∂φ

∂vi

= −
ˆ
txv

gn(1− gn)
∂

∂vj

(
(A

n

ij)m
∂φ

∂vi

)
= −

ˆ
txv

gn(1− gn)
∂(A

n

ij)m

∂vj

∂φ

∂vi
−
ˆ
txv

gn(1− gn)(A
n

ij)m
∂2φ

∂vi∂vj
.

Passing to the limit m→ ∞, we obtain
ˆ
txv

A
n

ij

∂gn

∂vj
(1− 2gn)

∂φ

∂vi
= −

ˆ
txv

gn(1− gn)
∂A

n

ij

∂vj

∂φ

∂vi
−
ˆ
txv

gn(1− gn)A
n

ij

∂2φ

∂vi∂vj
.

Similarly, we can show that for the B term,
ˆ
txv

B
n

i g
n(1− gn)

∂gn

∂vi
φ = −

ˆ
txv

∂B
n

i

∂vi

(
(gn)2

2
− (gn)3

3

)
φ−
ˆ
txv

B
n

i

(
(gn)2

2
− (gn)3

3

)
∂φ

∂vi
.
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Substituting these identities back into (12) yields

−
ˆ
txv

Gn
∂φ

∂t
−
ˆ
txv

Gnvi
∂φ

∂xi
=

ˆ
txv

A
n

ijg
n(1− gn)

∂2φ

∂vi∂vj
+

ˆ
txv

(
divA

n)
i
gn(1− gn)

∂φ

∂vi

+ 2

ˆ
txv

A
n

ij

∂gn

∂vi

∂gn

∂vj
φ+

ˆ
txv

B
n

i g
n(1− gn)(1− 2gn)

∂φ

∂vi

+ 2

ˆ
txv

[
divB

n
φ+B

n

i

∂φ

∂vi

](
(gn)2

2
− (gn)3

3

)
.

(13)

Before applying the velocity averaging lemma, we pause to note that this formulation conveniently
yields the bound (11). While this bound could be deduced from classical energy estimates on the
original equation, we can rearrange (13) and use that 0 ≤ gn ≤ 1 to obtainˆ

txv

A
n

ij

∂gn

∂vi

∂gn

∂vj
φ ≤

∥∥∥∥∂φ∂t
∥∥∥∥
L1

+ ∥v · ∇xφ∥L1 +
∥∥∥( divAn)

i

∥∥∥
L1(suppφ)

∥∥∥∥ ∂φ∂vi
∥∥∥∥
L∞

+
∥∥∥Anij∥∥∥

L1(suppφ)

∥∥∥∥ ∂2φ

∂vi∂vj

∥∥∥∥
L∞

+ 3
∥∥∥Bni ∥∥∥

L1(suppφ)

∥∥∥∥ ∂φ∂vi
∥∥∥∥
L∞

+ 2
∥∥divB∥∥

L1(suppφ)
∥φ∥L∞ .

Given the uniform boundedness of the coefficients, the inequality (11) follows by taking a nonnegative
test function φ such that φ ≡ 1 in [0, T ]×BR ×BR and using the nonnegativity of A

n

ij∂vig
n∂vjg

n.
With this bound established, we return to proving the compactness of the velocity averages.

Equation (13) implies that, in the sense of distributions D′((0,∞) × R2N
x,v), the transport equation

for Gn can be written as
∂Gn

∂t
+ vi

∂Gn

∂xi
=

∂2Hn
ij

∂vi∂vj
+
∂Hn

i

∂vi
+Hn

where

Hn
ij = A

n

ijg
n(1− gn)

Hn
i = −Bni gn(1− gn)(1− 2gn)−

(
divA

n)
i
gn(1− gn)− 2B

n

i

(
(gn)2

2
− (gn)3

3

)
Hn = 2A

n

ij

∂gn

∂vi

∂gn

∂vj
+ 2
(
divB

n)( (gn)2

2
− (gn)3

3

)
Since 0 ≤ gn ≤ 1 for all n, it follows that

|Hn
ij | ≤ |Anij |

|Hn
i | ≤ 3|Bni |+

∣∣∣(divAn)i∣∣∣
|Hn| ≤ 2A

n

ij

∂gn

∂vi

∂gn

∂vj
+ 2

∣∣∣divBn∣∣∣ ,
implying each of these sequences of functions is uniformly bounded in L1

loc((0,∞) × R2N
x,v). Thus,

Theorem 3 applies and we have that the velocity averages of gn(1− gn) are compact. □

3.2. Quasi-ellipticity of the diffusion matrix: compactness in velocity. In this section, we
explore the parabolic part of the equation in order to establish compactness for the velocity gradients
∇vg

n.
Our approach is largely inspired by classical parabolic theory. If the equations (8) were uniformly

parabolic, the matrices A
n

would be uniformly elliptic, meaning there would exist a constant θ > 0
such that A

n

ijηiηj ≥ θ|η|2 for all η ∈ RN . This property, together with the inequality (11), would
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directly yield a bound on the velocity derivatives of gn, which would imply compactness in the v
variable. Naturally, we seek to show an analogous ellipticity estimate uniform in n for the sequence
an = (anij)ij = (aij ∗v f(1− f))ij of the LFD equation.

For the homogeneous case, Bagland [6] demonstrated that the a priori bounds on entropy, mass
and kinetic energy control the size of g(1−g) from below, allowing us to prove an ellipticity estimate
using the techniques from Desvillettes and Villani [9]. However, this approach does not readily
translate to the non-homogeneous case, where a priori estimates alone are insufficient to guarantee
such a bound. Following Lions [20], we instead seek a weaker, more specific notion of ellipticity that
suffices to establish compactness.

To this end, consider the estimate (10). This inequality provides a lower bound for the quadratic
form A

n

ijηiηj . Inspecting the structure of the integrand in (10), we can identify essentially two ob-
stacles preventing the right-hand side from being elliptic. The first is an angular problem, occurring
when v − v∗ and η are nearly parallel. This is a purely geometric constraint and can be addressed
with a truncation argument.

The second is a statistical vacuum problem, occurring when the functions Gn = gn(1−gn) become
too small. Unlike the angular factor, the behavior of Gn depends entirely on the evolution of the
solutions gn. Intuitively, we expect A

n

ij to be elliptic in the regions where Gn possesses sufficient
mass. Asymptotically, one then expects the uniform ellipticity of the sequence A

n

ij to be described
by the behavior of the limit G = limGn.

The following result formalizes this intuition by establishing that, in the regions of space-time
where G is not a vacuum (i.e., the density ρ =

´
Gdv is strictly greater than some α > 0), we have

asymptotically uniform ellipticity outside of a set of arbitrarily small measure.

Lemma 2. Fix T,R > 0. Let (gn)n be a sequence of functions such that 0 ≤ gn ≤ 1 for every
n ∈ N. Consider Gn ≡ gn(1− gn) and let G be a function of L∞((0, T )× R2N

x,v) such thatˆ
Gnφdv →

ˆ
Gφdv a.e. in [0, T ]×BR

for every φ ∈ L1(RNv ). Moreover, let

Kα ≡ {(t, x) ∈ [0, T ]×BR : ρ(t, x) > α},

where ρ(t, x) =
´
Gdv and let A

n
be a sequence satisfying (10). Then, for every α, ε > 0 there exists

a measurable set E with |E| < ε and an integer n0 such that,

A
n

ij(t, x, v)ηiηj ≥ C(α, ε)|η|2,

for (t, x, v, η) ∈ (Kα ∩ Ec)×BR × RN and n ≥ n0.

Proof. By homogeneity, we may assume without loss of generality that η ∈ SN−1. To address the
angular singularity impeding uniform ellipticity, we introduce the parameter µ ∈ [0, 1). We define
the following set, which enforces the R′ constraint from (10) and truncates the problematic angles,

V (v, µ, η) =

{
v∗ ∈ RN s.t.

∣∣∣∣ v − v∗
|v − v∗|

· η
∣∣∣∣ ≤ µ and |v∗| ≤ (1− µ)−1

}
.

Next, we define the corresponding truncation of the limit function ρ,

ρµ(t, x, v, η) =

ˆ
1V (v,µ,η)(v∗)G(t, x, v∗) dv∗.

As µ ↗ 1, the sets expand as V (v, µ, η) ↗ RN \ (v + Rη). Thus, by Beppo Levi’s lemma we have
that

ρµ(t, x, v, η) → ρ(t, x) a.e. (t, x) ∈ (0, T )×BR, ∀(v, η) ∈ BR × SN−1.
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For every fixed (t, x), the dominated convergence theorem ensures that ρµ is continuous with
respect to (v, η). Since the limit ρ is independent of these variables (and thus also continuous), we
can apply Dini’s theorem on the compact domain BR×SN−1. This guarantees that for almost every
(t, x), we have ρµ(t, x, v, η) → ρ(t, x) uniformly in (v, η).

Applying Egorov’s theorem we conclude that there exists a measurable set E1 ⊂ [0, T ]×BR, with
|E1| < ε/3, such that ρµ → ρ uniformly on Ec1 ×BR× SN−1. Therefore, there exists a µ0 = µ0(ε, α)
such that

ρµ0
≥ α

2
in (Kα ∩ Ec1)×BR × SN−1.

We define the approximated quantum density and its V truncation by

ρn(t, x) =

ˆ
Gn∗ dv∗, ρnµ0

(t, x, v, η) =

ˆ
1V (v,µ0,η)(v∗)G

n
∗ dv∗.

For any fixed (t, x) ∈ [0, T ]×BR, the sequence of functions (ρnµ0
(t, x, ·, ·))n is uniformly equicontin-

uous. Indeed, observe that the mapping

BR × SN−1 → L1(RNv )

(v, η) 7→ 1V (v,µ0,η)

is continuous by the dominated convergence theorem. Since it has a compact domain, this mapping
is uniformly continuous. Therefore, given any ε′ > 0, there exists a δ > 0 such that if |(v2, η2) −
(v1, η1)| ≤ δ, we have ∥1V (v2,µ0,η2) − 1V (v1,µ0,η1)∥L1 ≤ ε′. Because 0 ≤ Gn∗ ≤ 1, it follows that

|ρnµ0
(t, x, v2, η2)− ρnµ0

(t, x, v1, η1)| ≤
ˆ ∣∣1V (v2,µ0,η2) − 1V (v1,µ0,η1)

∣∣Gn∗ dv∗ ≤ ε′.

We use this equicontinuity to improve the convergence on the variables v and η. Let D be a
countable dense subset of BR × SN−1. By the hypothesis on Gn, for each fixed (v, η) ∈ D, we have
ρnµ0

(·, ·, v, η) → ρµ0
(·, ·, v, η) almost everywhere in [0, T ]× BR. Because D is countable, there exists

a single set of full measure in [0, T ]×BR where this pointwise convergence holds for all (v, η) ∈ D.
Since the sequence ρnµ0

(t, x, ·, ·) is uniformly equicontinuous, the pointwise convergence on this dense
set implies that ρnµ0

→ ρµ0 uniformly in the (v, η) variables.
By Egorov’s theorem, there exists a measurable set E2 ⊂ [0, T ]×BR, with |E2| < ε/3, such that

ρnµ0
→ ρµ0

uniformly in Ec2 ×BR × SN−1. Therefore, there exists an integer N1 such that for every
n ≥ N1,

ρnµ0
≥ α

4
in (Kα ∩ (E1 ∪ E2)

c)×BR × SN−1.

The uniform quasi-ellipticity estimate (10) implies that for every ε > 0 there exists a ν(µ0, ε) > 0
and a measurable set E3 with |E3| < ε/3 and an integer N2 such that for every (t, x) ∈ Ec3, |v| ≤ R,
η ∈ SN−1 and n ≥ N2, we have

A
n

ij(t, x, v)ηiηj ≥ ν(µ0, ε)ρ
n
µ0
(t, x, v, η).

Define n0 = max(N1, N2). In light of the preceding estimates, it follows that for every (t, x) ∈ Ec,
(v, η) ∈ BR × SN−1 and n ≥ n0, we have

A
n

ij(t, x, v)ηiηj ≥ ν(µ0, ε)
α

4
,

where E = E1 ∪ E2 ∪ E3 has measure |E| < ε. □



GLOBAL SOLUTIONS TO THE LANDAU-FERMI-DIRAC EQUATION 13

3.3. Almost everywhere compactness. Intuitively, the velocity averaging result of Lemma 1
provides compactness in the variables (t, x) through the regularizing effect of the transport operator.
It is therefore natural to expect that combining this with a compactness result in the velocity variable
v will yield compactness for the sequence of functions as a whole.

In this section, we make this intuition rigorous, showing that velocity averaging, combined with
compactness in v, implies almost everywhere convergence for a subsequence. Furthermore, we are
able to relax the standard requirement for global uniform bounds on the velocity gradients. Instead,
we rely on a localized condition that, while technical, yields a more general result.

This extra generality, however, is necessary for our application since the diffusion matrix of the
equation is not uniformly elliptic, as seen in Section 3.2.

Proposition 2. Let (Φn)n be a sequence of nonnegative functions such that Φn ∗
⇀ Φ in L∞((0,∞)×

R2N
x,v). Suppose that the velocity averages (

´
Φnφdv)n are compact in L1

loc((0,∞)× RNx ).
Let Ψ ∈ L1

loc((0,∞)×R2N
x,v) be a nonnegative function. Suppose that for every T,R, ε, α > 0, there

exists C = C(ε, α) > 0 (which may also depend on T and R), an integer n0 > 0 and a measurable
set E ⊂ [0, T ]×BR with |E| ≤ ε such that, for every n ≥ n0,

˚
(Kα∩Ec)×BR

|∇vΦ
n|2 dtdxdv ≤ C

where Kα =
{
(t, x) ∈ [0, T ]×BR :

´
Ψ dv > α

}
. Then, passing to a subsequence, Φn → Φ almost

everywhere in {(t, x) ∈ (0,∞)× RNx :
´
Ψ dv > 0} × RNv .

Proof. Let us establish the convergence of the velocity averages. Since C∞
c (RNv ) is dense in the

separable space L1(RNv ), we can fix a countable dense subset {φk}k of L1(RNv ) such that φk ∈
C∞
c (RNv ) for all k. Applying a standard Cantor diagonal extraction, we pass to a subsequence such

that the velocity averages
´
Φnφk dv converge in L1

loc((0,∞)×RNx ) for every k. Because the sequence
Φn is uniformly bounded in L∞((0,∞)× R2N

x,v), we can use a standard density argument to extend
this convergence to all test functions φ ∈ L1(RNv ).

Let η ∈ C∞
c (RNv ) be a positive mollifier with

´
η dv = 1, supported in the unit ball, and define

ηδ(v) =
1
δN
η
(
v
δ

)
. We denote Φnδ := Φn ∗v ηδ and Φδ := Φ ∗v ηδ. Moreover, since Φn

∗
⇀ Φ in L∞, the

sequence is uniformly bounded by some M > 0 almost everywhere.
Fix T,R0 > 0 and let R1 = R0 + 1. From the convergence of the velocity averages and the

dominated convergence theorem, for every δ > 0, (Φnδ )n converges to Φδ in L1((0, T )×BR1
×BR1

).
By the definition of Φnδ and the mean value theorem, we have

ˆ
BR0

|Φn − Φnδ | dv ≤
ˆ
BR0

ˆ
Bδ

1

δN
η
(v∗
δ

)
|Φn(v − v∗)− Φn(v)| dv∗dv

≤
ˆ
BR0

ˆ
Bδ

ˆ 1

0

1

δN
η
(v∗
δ

)
|∇vΦ

n(v − τv∗)||v∗| dτdv∗dv.

If δ is sufficiently small, then v − τv∗ ∈ BR1
, for every v ∈ BR0

and τ ∈ [0, 1]. The above integral
can then be bounded as
ˆ
BR1

ˆ
Bδ

ˆ 1

0

1

δN
η
(v∗
δ

)
|∇vΦ

n(v)||v∗| dτdv∗dv ≤ δ

ˆ
BR1

|∇vΦ
n(v)|

(ˆ
Bδ

1

δN
η
(v∗
δ

)
dv∗

)
dv

= δ

ˆ
BR1

|∇vΦ
n(v)| dv.
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Integrating over (t, x) ∈ Kα ∩ Ec and applying the Cauchy-Schwarz inequality, we obtain˚
(Kα∩Ec)×BR0

|Φn − Φnδ | dtdxdv ≤ δ

˚
(Kα∩Ec)×BR1

|∇vΦ
n| dtdxdv

≤ δ(C(ε, α))1/2(|Kα ∩ Ec||BR1
|)1/2

≤ C1(ε, α)δ,

(14)

for δ > 0 sufficiently small and n ≥ n0.
We show that (Φn)n is Cauchy in L1(Kα × BR0

). Splitting the space-time integration domain
into Kα ∩ E and Kα ∩ Ec, we obtain that˚

Kα×BR0

|Φn − Φm| dtdxdv =

¨
Kα∩E

ˆ
BR0

|Φn − Φm| dv dtdx

+

¨
Kα∩Ec

ˆ
BR0

|Φn − Φnδ |+ |Φm − Φmδ | dv dtdx

+

¨
Kα∩Ec

ˆ
BR0

|Φnδ − Φmδ | dv dtdx

= I1 + I2 + I3.

(15)

From the uniform bound on Φn, we bound the first integral as I1 ≤ 2M |BR0 |ε. Meanwhile, the
second integral can be estimated using (14), yielding I2 ≤ 2C1(ε, α)δ. Finally, since for every fixed
δ > 0 the sequence (Φnδ )n is Cauchy, we have that

lim sup
n,m→∞

I3 ≤ lim sup
n,m→∞

∥Φnδ − Φmδ ∥L1((0,T )×BR1
×BR1

) = 0.

Combining the above estimates we obtain, after taking the lim sup as n,m→ ∞,

lim sup
n,m→∞

˚
Kα×BR0

|Φn − Φm| dtdxdv ≤ 2M |BR0 |ε+ 2C1(ε, α)δ

Taking δ → 0 and then ε→ 0, we find that Φn → Φ in L1(Kα ×BR0
). Since {(t, x) ∈ [0, T ]×BR0

:´
Ψ dv > 0} =

⋃∞
k=1K1/k and T,R0 are arbitrary, a diagonal argument allows us to extract a

subsequence converging almost everywhere on the positive support of
´
Ψ dv. □

Now we bring everything together for a proof of the main proposition of this section.

Proof of Proposition 1. By the Dunford-Pettis theorem, the estimates (9) imply that, passing to
a subsequence, we obtain gn ⇀ g in L1

loc((0,∞);L1(R2N
x,v)). Since the sequence Gn ≡ gn(1 − gn)

is uniformly bounded in L∞((0,∞) × R2N
x,v), passing to a further subsequence we obtain that this

sequence converges weakly-* to a function G. Moreover, using that gn(1 − gn) ≤ gn, it follows
that Gn also satisfies the estimates (9). Therefore, once again by Dunford-Pettis, we can pass to a
subsequence to obtain that Gn ⇀ G in L1

loc((0,∞);L1(R2N
x,v)).

Lemma 1 gives us directly that the velocity averages
´
Gnφdv are compact in L1

loc((0,∞)×RNx ).
As in the proof of Proposition 2, we may pass to a subsequence to obtain convergence in this space for
every φ ∈ L1(RNv ). Passing to a further subsequence, we also obtain convergence almost everywhere
in (0,∞)× RN for these averages.

This allows us to apply Lemma 2, which together with inequality (11) gives us that for each
R, ε, α > 0, there exist constants C, n0 > 0 and a measurable set E, with |E| ≤ ε, such that

(16)
˚

(Kα∩Ec)×BR

|∇vg
n|2 dtdxdv ≤ C
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for every n ≥ n0, where Kα is defined by

Kα =

{
(t, x) ∈ [0, T ]×BR :

ˆ
Gdv > α

}
.

For T > 0, define RT = {(t, x) ∈ (0, T ) × RNx :
´
Gdv > 0 or

´
g dv = 0} and let R∞ denote

the corresponding set when T = ∞. To prove that gn → g almost everywhere on R∞ × RNv , we
partition the domain as R∞ = R+ ∪ R0, where R+ is the subset where

´
Gdv > 0 and R0 is the

subset where
´
g dv = 0.

Applying Proposition 2 with Φn = gn and Ψ = G, we can pass to a subsequence such that
gn → g almost everywhere on R+ × RNv . On the subset R0, the nonnegativity of g implies that
g = 0 almost everywhere. Since gn ≥ 0, the weak convergence gn ⇀ 0 in L1

loc naturally upgrades to
strong convergence in L1

loc(R0 × RNv ). By extracting a further subsequence, we obtain convergence
almost everywhere on R0 × RNv . Therefore, gn → g almost everywhere on R∞ × RNv . By Scheffé’s
lemma, this implies that gn → g in L1(RT × RNv ), for every finite T > 0.

Finally, since |∇vG
n| ≤ |1 − 2gn||∇vg

n| ≤ |∇vg
n|, the bound (16) applies to Gn as well. We

partition the space (0,∞)×RNx into X+ ∪X 0, where X+ is the subset where
´
Gdv > 0 and X 0 is

the subset where
´
Gdv = 0.

Using Proposition 2 with Φn = Gn and Ψ = G, we extract a subsequence such that Gn converges
almost everywhere in X+ × RNv . On X 0, the nonnegativity of G implies G = 0 almost everywhere.
Since Gn ≥ 0, we upgrade the weak convergence Gn ⇀ 0 to strong convergence in L1

loc(X 0 × RNv ).
By passing to a further subsequence, this yields convergence almost everywhere on this set.

Therefore, Gn converges almost everywhere on (0,∞)× R2N
x,v, and a new application of Scheffé’s

lemma yields convergence in L1
loc((0,∞);L1(R2N

x,v)). □

4. Cauchy theory for the approximated equation

In this section, we construct an approximation scheme for the LFD equation. Our primary focus
is to develop a sequence of approximate solutions that satisfies the hypotheses from Proposition 1,
allowing us to recover the LFD equation in the limit, a step we will detail in Section 5.

To construct this scheme, we regularize the equation by introducing a smooth collision kernel a
and smooth initial data f0. Additionally, we include a vanishing viscosity term ε∆vf , which will
guarantee sufficient regularity for the resulting solutions.

To ensure our approximations remain consistent with conservation laws, thus satisfying the bounds
in (9), we impose the following minimal hypotheses on the collision kernel a. Specifically, for every
z ∈ RN , we assume that

(17) a(z) ≥ 0, a(−z) = a(z), a(z)z = 0, and
N∑

i,j=1

∂2zizjaij(z) ≤ 0.

where the notation a(z) ≥ 0 denotes that the matrix a(z) is positive semidefinite.
The first three hypotheses will guarantee (see Proposition 4 below) that the approximate equation

satisfies the approximate conservation laws, as well as the entropy inequality. The final condition
will be important to ensure that the approximate solutions also satisfy the Pauli bound 0 ≤ f ≤ 1.

Our primary objective in this section is to establish the following existence result for the regular-
ized problem.

Proposition 3. Suppose a ∈ C∞(RN )∩W 3,∞(RN ) satisfies (17), and the initial data f0 ∈ S(R2N
x,v)

satisfies

(18) 0 ≤ f0(x, v) ≤
C ′

1e
−α0⟨x,v⟩

1 + C ′
1e

−α0⟨x,v⟩
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for some constants C ′
1, α0 > 0. Then, there exists a weak solution f ∈ C([0,∞);D′(R2N

x,v)) ∩
L2((0,∞)× RNx ;H1(RNv )) to the approximated problem

(19)


∂f

∂t
+ vi

∂f

∂xi
=

∂

∂vj

{
afij

∂f

∂vi
− b

f

j f(1− f)

}
+ ε∆vf

f |t=0 = f0,

where the coefficients are defined by (21).
The solution f is continuous in [0,∞)×R2N

x,v and is C2 in the velocity variable v, with the second
derivatives ∇2

vf being locally Hölder continuous in (0,∞) × R2N
x,v. Moreover, for every T > 0 there

exist constants C,C1, C2, α > 0 such that f satisfies the uniform derivative bounds

∥∇vf∥L∞((0,T )×R2N
x,v)

+ ∥∇2
vf∥L∞((0,T )×R2N

x,v)
≤ C1,

as well as the pointwise decay estimates

0 ≤ f(t, x, v) ≤ C2e
−α⟨x,v⟩

1 + C2e−α⟨x,v⟩

for a.e. (t, x, v) ∈ (0, T )× R2N
x,v.

Our approach will be to construct an iterative scheme in a linear equation. Given f0 ∈ S(R2N
x,v)

and g ∈ C∞((0, T )× R2N
x,v), consider the linear approximated problem

(20)


∂f

∂t
+ vi

∂f

∂xi
=

∂

∂vj

{
agij

∂f

∂vi

}
− b

g

j (1− 2g)
∂f

∂vj
−
∂b
g

j

∂vj
g(1− f) + ε∆vf,

f |t=0 = f0,

where

(21) agij :=
aij ∗v (g(1− g))

1 + ε∥g(t, x)∥L1

and b
g

j :=
(∂viaij) ∗v g

1 + ε∥g(t, x)∥L1

.

The norm in the denominators is taken with respect to the v variable, meaning ∥g(t, x)∥L1 =´
RN |g(t, x, v)| dv.

For the remainder of this section, we assume the regularity hypotheses of Proposition 3 hold,
namely that f0 ∈ S(R2N

x,v) and a ∈ C∞(RN ) ∩W 3,∞(RN ).
The solution to the nonlinear problem (19) is obtained by passing to the limit n → ∞. To

justify this convergence, we first establish several properties of the linear equation (20) that can be
controlled uniformly.

It has long been observed that although the diffusion acts only in the v variable, the solutions
to this type of problem are regular in all variables (t, x, v). This behavior, called hypoellipticity,
was first identified by Kolmogorov [19] for the equation ∂tf + v · ∇xf −∆vf = 0, while studying a
stochastic process, which he was then able to solve using an explicit fundamental solution.

The pursuit of fundamental solutions then expanded to a wider class of operators, such as

(22) L(f) = −∂f
∂t

− vi
∂f

∂xi
+ aij

∂2f

∂vi∂vj
+ ai

∂f

∂vi
+ af,

where the diffusion matrix (aij)ij is uniformly elliptic. Equations of the type L(f) = 0 were ex-
tensively studied in 1951 by Weber [26], then in 1964 by Il’in [18], who constructed fundamental
solutions for these equations that guarantee the existence of classical solutions.

In Hörmander’s work, we find a more precise definition of hypoellipticity: the operator L is called
hypoelliptic if f is smooth wherever L(f) is smooth. It was proven in [17] that operators of the form
(22) with C∞ coefficients are indeed hypoelliptic.
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These classical existence and regularity results imply that if g ∈ C∞((0,∞) × R2N
x,v) and f0 ∈

C∞(R2N
x,v), then there exists a solution f ∈ C∞((0,∞)× R2N

x,v) to the linear problem (20) such that
f(t) → f0 when t→ 0+.

To prove Proposition 3, we must first establish a sequence of uniform a priori estimates for these
smooth solutions. The crucial first step is to obtain uniform pointwise control over these smooth
solutions. Using a degenerate parabolic comparison principle, the following lemma establishes a
stability property for our approximation scheme: it defines a specific exponential decay profile such
that, if the background function g respects this profile, the solution f is guaranteed to respect the
exact same bounds.

Lemma 3. Let T > 0 and ε ≤ 1. Suppose the initial data f0 satisfies the bound

(23) 0 ≤ f0 ≤ exp(k0 − k2⟨x, v⟩)
1 + exp(k0 − k2⟨x, v⟩)

on R2N
x,v,

for some constants k0, k2 > 0.
There exists a constant k1 > 0 (depending only on T , ε, k2, and the L∞ norms of a, ∇va, and

∇2
va) such that, defining the envelope

φ(t, x, v) = k0 + k1t− k2 exp(−t)⟨x, v⟩,

the following stability property holds: if the smooth function g satisfies

(24) 0 ≤ g ≤ expφ

1 + expφ
on [0, T ]× R2N

x,v,

then the corresponding solution f to (20) satisfies

(25) 0 ≤ f ≤ expφ

1 + expφ
on [0, T ]× R2N

x,v.

Proof. To establish the bound (25), we apply a comparison principle for the linear operator L
associated with (20). We define L in its non-divergence form as

L(u) = (aij + εδij)
∂2u

∂vi∂vj
+

(
∂aij
∂vi

− bj(1− 2g)

)
∂u

∂vj
+
∂bj
∂vj

gu− ∂u

∂t
− vi

∂u

∂xi
,

where, for brevity, we have dropped the reference to g in a and b.
We then pick a constant k1 such that

k1 ≥ k2(k2 + 2)N2(∥a∥∞ + 1) + k2N(N∥∇va∥∞ + ∥b∥∞) +N∥∇vb∥∞ exp(T ),

where ∥ · ∥∞ denotes the L∞ norm over (0, T )× R2N
x,v.

We first establish the upper bound of the inequality (25). For φ ∈ C∞((0,∞) × R2N
x,v) we have,

by direct computation,

∂

∂vj

(
expφ

1 + expφ

)
=

expφ

(1 + expφ)2
∂φ

∂vj
,

∂2

∂vi∂vj

(
expφ

1 + expφ

)
=

expφ

(1 + expφ)2

(
∂2φ

∂vi∂vj
+

1− expφ

1 + expφ

∂φ

∂vi

∂φ

∂vj

)
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with analogous expressions holding for the first derivatives in t and xi. Substituting these expressions
in L and using that f is a solution to (20), we collect terms to find that

L
(

expφ

1 + expφ
− f

)
=

expφ

(1 + expφ)2

[
(aij + εδij)

(
∂2φ

∂vi∂vj
+

1− expφ

1 + expφ

∂φ

∂vi

∂φ

∂vj

)
+

(
∂aij
∂vi

− bj(1− 2g)

)
∂φ

∂vj

− ∂bj
∂vj

g
1 + expφ

expφ
− ∂φ

∂t
− vi

∂φ

∂xi

]
.

(26)

From the explicit formula for φ, the first derivatives are ∂tφ = k1 + k2 exp(−t)⟨x, v⟩ and ∂ziφ =
−k2 exp(−t)zi⟨x, v⟩−1 for z ∈ {x, v}. The second derivative in v is

∂2φ

∂vi∂vj
= −k2 exp(−t)

(
δij

⟨x, v⟩
− vivj

⟨x, v⟩3

)
.

Substituting these expressions into (26), it follows that

L
(

expφ

1 + expφ
− f

)
=

expφ

(1 + expφ)2
exp(−t)(A1 +A2 +A3),

where the terms in the right-hand side are defined by

A1 =

N∑
i,j=1

(aij + εδij)

(
− k2

δij
⟨x, v⟩

+ k2
vivj

⟨x, v⟩3
+ k22 exp(−t)

1− expφ

1 + expφ

vivj
⟨x, v⟩2

)
,

A2 = −
N∑
j=1

(
N∑
i=1

∂aij
∂vi

− bj(1− 2g)

)
k2

vj
⟨x, v⟩

−
N∑
j=1

∂bj
∂vj

g exp(t)
1 + expφ

expφ
,

A3 = −k1 exp(t)− k2⟨x, v⟩+ k2
|x · v|
⟨x, v⟩

.

For clarity in the subsequent estimates, here we have explicitly written out the sums implied by the
repeated index convention. Let us bound each of the terms A1, A2 and A3.

For A1, we apply an L∞ bound in a and we use that the functions ⟨x, v⟩−1, |vivj |⟨x, v⟩−3 and
|vivj |⟨x, v⟩−2 are bounded by 1. Combining these estimates with ε ≤ 1 yields

A1 ≤ 2k2N
2(∥a∥∞ + 1) + k22 exp(−t)N2 |1− expφ|

1 + expφ
(∥a∥∞ + 1).

Then, using that |1− expφ| ≤ 1 + expφ and that exp(−t) ≤ 1, the above estimate implies

(27) A1 ≤ k2(k2 + 2)N2(∥a∥∞ + 1).

Next, we estimate A2. We bound the first term by applying L∞ estimates on b and on ∇va,
alongside the bounds |vj |⟨x, v⟩−1 ≤ 1 and |1 − 2g| ≤ 1. For the second term, we apply an L∞

estimate on ∇vb and we use the bound (24) on g. Using that t ≤ T , we obtain

(28) A2 ≤ k2N(N∥∇va∥∞ + ∥b∥∞) +N∥∇vb∥∞ exp(T ).

Finally, for A3, we use Young’s inequality on the last term, together with the fact that exp(t) ≥ 1
to find that

(29) A3 ≤ −k1 exp(t)− k2⟨x, v⟩+
k2
2

|x|2 + |v|2

⟨x, v⟩
≤ −k1.
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Combining the estimates (27), (28) and (29), we conclude that

L
(

expφ

1 + expφ
− f

)
≤ expφ

(1 + expφ)2
exp(−t)

[
k2(k2 + 2)N2(∥a∥∞ + 1)

+ k2N(N∥∇va∥∞ + ∥b∥∞) +N∥∇vb∥∞ exp(T )− k1

]
.

The choice of the constant k1 guarantees that the quantity inside the brackets is non-positive. Hence,
we have

L
(

expφ

1 + expφ
− f

)
≤ 0.

The condition for the initial data implies that

f0(x, v) ≤
expφ(0, x, v)

1 + expφ(0, x, v)
.

Applying the maximum principle on [0, T ] × R2N
x,v (see, for example, Chapter 2, Theorems 2 and 3

of [13]), we have the upper bound of the inequality (25).
For the lower bound, notice that by the definition of b and the hypothesis (17), we have

L(f) = ∂bj
∂vj

g ≤ 0,

and since f0 ≥ 0, the result follows again from the maximum principle.
Finally, using the definitions of aij and bj , together with Young’s inequality for convolutions and

the fact that x/(1 + εx) ≤ ε−1, we have the uniform bounds

(30)
∥aij∥∞ ≤ ε−1∥aij∥∞ ∥bj∥∞ ≤ ε−1N∥∇va∥∞
∥∇vaij∥∞ ≤ ε−1∥∇vaij∥∞ ∥∇vbj∥∞ ≤ ε−1N∥∇2

va∥∞
These imply that k1 can be chosen independently of g. □

We next establish uniform L∞ bounds for the derivatives of f with respect to the velocity variable
v. Our strategy relies on a two-step bootstrap argument. First, we employ hypoelliptic De Giorgi–
Nash–Moser theory to obtain Hölder continuity for the solution f . Treating the governing equation
as a linear operator with Hölder continuous coefficients, we subsequently apply Schauder estimates
for hypoelliptic equations in order to achieve extra regularity in v. This yields the following result.

Lemma 4. Let T > 0 and suppose 0 ≤ g ≤ 1. Let f be a solution to (20) satisfying (25), with
initial data f0 ∈ S(R2N

x,v). Then, there exist an exponent α ∈ (0, 1) and a constant C1 > 0 such that

∥f∥L∞([0,T );Cα(R2N
x,v))

≤ C1.

Furthermore, if 0 ≤ g ≤ 1 satisfies the additional regularity estimate

∥g∥L∞((0,T );Cα(R2N
x,v))

≤ C2,

and has the decay in v

g ≤ e−C3|v| in (0, T )× R2N
x,v

for some constants C2, C3 > 0, then there exists a constant C4 > 0 such that

(31) ∥∇vf∥L∞((0,T )×R2N
x,v)

+ ∥∇2
vf∥L∞((0,T )×R2N

x,v)
≤ C4.

Finally, there exists an exponent γ ∈ (0, 1) such that for each compact set K ⊂ (0, T ) × R2N
x,v,

there exists a constant CK > 0 such that

∥∇2
vf∥Cγ(K) ≤ CK .
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The constants α and C1 depend only on N , ε, f0, and the L∞ norms of a, ∇a and ∇2a, with
C1 additionally depending on T . The constants C4 and CK further depend on C2, C3 and the Cα
norms of a, ∇a and ∇2a.

Proof. Consider the linear operator

L(f) = ∂tf + v · ∇xf − divv(A
g∇vf)−Bg · ∇vf.

where Ag is the matrix given by Agij = agij + εδij and Bgj = −bgj (1− 2g). Given the inequalities (30),
we have that, for all (t, x, v) ∈ (0,∞)× R2N

x,v,

(32)

{
εI ≤ Ag(t, x, v) ≤ ΛI

|Bg(t, x, v)| ≤ Λ,

where Λ = max
{
ε+N maxij ∥aij∥L∞ , N2 maxij ∥∇aij∥L∞

}
.

Let f be a solution to (20) in (0,∞)×R2N
x,v. It will be useful to work with a function defined for

all t ∈ R, so let us define the extension f̃ as

f̃(t) =

{
f0 if t ≤ 0,

f(t) if t > 0,

and we also extend ag and b
g

by zero for t ≤ 0, which gives rise to the extensions Ãg and B̃g of Ag

and Bg, respectively. Crucially, for t ≤ 0, this implies Ãg = εI and B̃g = 0, which guarantee that
the bounds (32) remain valid globally with the same constants.

Let us still denote by L the operator where the coefficients Ag and Bg are replaced by their
extensions Ãg and B̃g. Since f reaches its initial data f0 continuously at t = 0, the extension f̃ is
continuous at t = 0. Therefore, the weak time derivative ∂tf̃ is defined piecewise by

(33) L(f̃) =

{
−∂b

g
j

∂vj
g(1− f) in (0, T )× R2N

x,v,

v · ∇xf0 − ε∆vf0 in (−∞, 0)× R2N
x,v.

We derive the Hölder regularity for solutions f of (20) by applying results from the hypoelliptic
De Giorgi–Nash–Moser theory. For a point z0 = (t0, x0, v0), we define the kinetic cylinder centered
at z0 with radius r > 0 as

Qr(z0) = {(t, x, v) : t ∈ (t0 − r2, t0], |x− x0 − (t− t0)v0| < r3, |v − v0| < r}.

Following the results established in [16] (in particular, Theorem 1.3), there exists a constant C =
C(N, ε,Λ, R, r) and an exponent α = α(N, ε,Λ) ∈ (0, 1) such that if u is bounded in L2(QR(0)) and
L(u) is bounded in L∞(Qr(0)), then

∥u∥Cα(Qr(0)) ≤ C
(
∥u∥L2(QR(0)) + ∥L(u)∥L∞(QR(0))

)
.

Here, ∥ · ∥Cα(Q) denotes the standard Hölder norm on a cylinder Q, defined as

∥φ∥Cα(Q) = ∥φ∥L∞(Q) + sup
z1,z2∈Q,z1 ̸=z2

|φ(z1)− φ(z2)|
d(z1, z2)α

,

where zi = (ti, xi, vi) and d(z1, z2) = |t1 − t2|+ |x1 − x2|+ |v1 − v2|.
We begin by extending these local estimates to a global result. For any function ϕ = ϕ(t, x, v) let

ϕz0 denote its Galilean translation by z0 = (t0, x0, v0), that is,

ϕz0(t, x, v) = ϕ(t+ t0, x+ x0 + tv0, v + v0).
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The translated operator

Lz0(f) ≡ ∂tf + v · ∇xf − divv

(
[Ãg]z0∇vf

)
− [B̃g]z0 · ∇vf

satisfies the same estimates (32) as the original operator L. Since the operator and the transformation
commute in the sense of

Lz0(uz0) = [L(u)]z0 ,
it follows that for any 0 < r < R, there exists a constant C = C(N, ε,Λ, R, r) such that for every
z0 = (t0, x0, v0), we have

∥u∥Cα(Qr(z0)) ≤ C
(
∥u∥L2(QR(z0)) + ∥L(u)∥L∞(QR(z0))

)
.

Fix t0 ∈ [0, T ) and observe that for all 0 < r < R we have{
t = t0, |x− x0| < r3, |v − v0| < r

}
⊂ Qr(z0)

and
QR(z0) ⊂ (t0 −R2, t0]× R2N

x,v.

Applying the local regularity estimate to u = f̃ with radii r = 1/2 and R = 1, it follows that for
every 0 ≤ t < T ,

∥f(t)∥Cα(B1/8(x0)×B1/2(v0)) ≤ C
(
∥f̃∥L2((−1,T ]×R2N

x,v)
+ ∥L(f̃)∥L∞((−1,T ]×R2N

x,v)

)
.

We now estimate the terms on the right-hand side. The L2-norm of f̃ is uniformly bounded by a
constant depending only on f0, from interpolation between its L1 and L∞ norms. For the L∞-norm
of L(f̃), we estimate the terms in (33). Splitting the analysis into positive and negative values of t
we have, for t < 0, that

∥L(f̃)∥L∞((−1,0)×R2N
x,v)

≤ ∥v · ∇xf0∥L∞(R2N
x,v)

+ ε∥∆vf0∥L∞(R2N
x,v)

.

For t > 0, using Young’s inequality for convolutions together with the bounds (30) and the fact that
0 ≤ f, g ≤ 1, we obtain that

∥L(f̃)∥L∞((0,T )×R2N
x,v)

≤ Nε−1 max
ij

∥∇2aij∥L∞ .

Combining these estimates, for every (x0, v0) ∈ R2N
x,v there exists a constant C ′

1 (depending only
on T , N , ε, f0 and the L∞ norms of a, ∇a and ∇2a) such that

∥f∥L∞([0,T );Cα(B1/8(x0)×B1/2(v0))) ≤ C ′
1.

The global inequality in R2N
x,v from the statement then follows from the uniformity of this bound

with respect to x0 and v0. Indeed, fix t ∈ [0, T ) and let (x1, v1), (x2, v2) ∈ R2N
x,v.

If |x1 − x2| ≥ 1/8 or |v1 − v2| ≥ 1/2 then the denominator of the Hölder quotient is larger than
(1/8)α. Estimating the numerator with an L∞ bound on f we obtain that

|f(t, x1, v1)− f(t, x2, v2)|
(|x1 − x2|+ |v1 − v2|)α

≤ 23α+1∥f∥L∞((0,T )×R2N
x,v)

.

On the other hand, when |x1 − x2| < 1/8 and |v1 − v2| < 1/2, the bound on this quotient follows
trivially from the preceding local estimate applied at (x0, v0) = (x1, v1). Combining these two cases
yields the desired global bound.

The second inequality from the statement is derived from Schauder estimates for hypoelliptic
equations. Specifically, if we supplement our previous assumptions with an additional Cα bound on
g, this regularity propagates to the coefficients Agij and Bgj .
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Indeed, for Agij , notice that expanding the convolution then using that 1− g ≤ 1, we obtain

|agij(t, x1, v1)− agij(t, x1, v2)| ≤
1

1 + ε∥g(t, x1)∥L1

∥aij∥Cα(RN )|v1 − v2|α∥[g(1− g)](t, x1)∥L1
v

≤ ε−1∥aij∥Cα(RN )|v1 − v2|α.

On the other hand, denoting ã := aij ∗(g(1−g)) and using that the denominator 1+ε∥g(t, x)∥L1
v
≥ 1,

we have
|agij(t, x1, v2)− agij(t, x2, v2)| ≤ |ã(t, x1, v2)− ã(t, x2, v2)|

+
εã(t, x1, v2)

1 + ε∥g(t, x1)∥L1
v

∣∣∣∣ˆ g(t, x2, v∗)− g(t, x1, v∗) dv∗

∣∣∣∣
≤ 2∥aij∥L∞

ˆ
|g(t, x2, v∗)− g(t, x1, v∗)| dv∗.

We estimate this last integral by interpolation. Fix θ ∈ (0, 1). We have, from the Hölder regularity
and the exponential decay of g, that there exists a constant C > 0 such that

|g(t, x2, v∗)− g(t, x1, v∗)| = |g(t, x2, v∗)− g(t, x1, v∗)|θ|g(t, x2, v∗)− g(t, x1, v∗)|1−θ

≤ C∥g(t)∥θCα(R2N
x,v)

|x2 − x1|θαe−(1−θ)C3|v∗|

≤ CCθ2 |x2 − x1|θαe−(1−θ)C3|v∗|

Integrating the above inequality over v∗ ∈ RN and substituting in the former inequalities, it follows
that agij is a L∞((0, T );Cθα(R2N

x,v)) function, whose norm depends on ε, θ, C2, C3 and the Cα norm
of aij , but not on g.

Similarly, one can show the same result for b
g

j , with the L∞((0, T );Cθα(R2N
x,v)) norm depending

on the same parameters, but additionally on the Cα norm of ∇aij , and for ∂vj b
g
j , with the norm

depending additionally on Cα norm of ∇2aij . Let us now call this new regularity β = θα < α.
Therefore, by applying Theorem 1.6(ii) from [12] (refer also to Theorem 1.1 in [1]), there exist

constants C0 > 0 and λ0 ≥ 1 (depending only on N , ε, Λ, C2, and the Cα norms of a and ∇a) such
that

λβ0∥∇2
vu∥L∞(ST ) + [∇2

vu]Cβ
kin(ST ) ≤ C0

(
[L(u) + λ0u]L∞((−∞,T );C

β/3,β
x,v (R2N

x,v))

+ λβ0∥L(u) + λ0u∥L∞(ST )

)
,

where ST := (−∞, T ) × R2N
x,v. Because λ0 is a strictly positive constant, we can absorb its powers

into a new universal constant C1, yielding the bound

∥∇2
vu∥Cβ

kin(ST ) ≤ C1

(
[L(u) + λ0u]L∞((−∞,T );C

β/3,β
x,v (R2N

x,v))
+ ∥L(u) + λ0u∥L∞(ST )

)
,(34)

Here, the left-hand side contains the kinetic Hölder norm

∥ψ∥Cβ
kin(ST ) = ∥ψ∥L∞(ST ) + sup

z1 ̸=z2∈ST

|ψ(z1)− ψ(z2)|
ρ(z1, z2)β

,

where the supremum is taken over all distinct pairs z1 = (t1, x1, v1) and z2 = (t2, x2, v2) in ST and
ρ(z1, z2) is the kinetic quasi-distance (as defined in [12]),

ρ(z1, z2) = max
{
|t1 − t2|1/2, |x1 − x2 − (t1 − t2)v2|1/3, |v1 − v2|

}
.
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On the right-hand side of (34), we have the L∞((−∞, T ); C
β/3,β
x,v (R2N

x,v)) semi-norm, defined by

[ψ]
L∞((−∞,T );C

β/3,β
x,v (R2N

x,v))
= sup
t<T

sup
(x1,v1 )̸=(x2,v2)

|ψ(t, x1, v1)− ψ(t, x2, v2)|
(|x1 − x2|1/3 + |v1 − v2|)β

.

Furthermore, distinguishing the cases |x1 − x2| ≤ 1 and |x1 − x2| > 1, we can show that

[ψ]
L∞((−∞,T );C

β/3,β
x,v (R2N

x,v))
≤ 3∥ψ∥L∞((−∞,T );Cβ(R2N

x,v))
.

Therefore, applying the triangle inequality to the right-hand side of inequality (34) for u = f̃
and bounding all terms with the L∞((−∞, T ); Cβ(R2N

x,v)) norm, there exists a constant C2 > 0
(depending on the same parameters as the previously stated constant C1) such that

(35) ∥∇2
v f̃∥Cβ

kin(ST ) ≤ C2

(
∥L(f̃)∥L∞((−∞,T );Cβ(R2N

x,v))
+ ∥f̃∥L∞((−∞,T );Cβ(R2N

x,v))

)
.

Splitting the analysis between the intervals t ≤ 0 and 0 < t < T , we first observe that the
extension f̃ satisfies the global bound

∥f̃∥L∞((−∞,T );Cβ(R2N
x,v))

≤ ∥f0∥Cβ(R2N
x,v)

+ ∥f∥L∞((0,T );Cβ(R2N
x,v))

≤ ∥f0∥Cβ(R2N
x,v)

+ C1.

We now estimate the source term L(f̃) on each interval. For t > 0, using (33) and the uniform
bounds on g and f , we obtain

∥L(f̃)∥L∞((0,T );Cβ(R2N
x,v))

≤

∥∥∥∥∥∥
∑
j

∂b
g

j

∂vj

∥∥∥∥∥∥
L∞((0,T );Cβ(R2N

x,v))

∥g∥2L∞((0,T );Cβ(R2N
x,v))

×
(
1 + ∥f∥L∞((0,T );Cβ(R2N

x,v))

)
.

The first term is bounded by a constant depending only on ε, θ, C2, C3 and the Cβ norm of ∇2a,
while the other terms are bounded by hypothesis. On the other hand, for t < 0, the operator acts
on the initial data, yielding the estimate

∥L(f̃)∥L∞((−∞,0);Cβ(R2N
x,v))

≤ ∥v · ∇xf0∥Cβ(R2N
x,v)

+ ε∥∆vf0∥Cβ(R2N
x,v)

.

Substituting these bounds into (35), we conclude that there exists a constant C4 (depending only
on T , C2, N , ε, θ, f0 and the Cβ norms of a, ∇a and ∇2a) such that

∥∇2
vf∥Cβ

kin((0,T )×R2N
x,v)

≤ C4,

which implies the L∞((0, T )×R2N
x,v) bound on ∇2

vf . Since f is uniformly bounded in L∞, the bound
for the first derivative then follows by interpolation.

Finally, let us prove the local Hölder bound for ∇2
vf by comparing the kinetic quasi-distance ρ

to the standard distance d(z1, z2) = |t1 − t2|+ |x1 − x2|+ |v1 − v2|.
Let K ⊂ (0, T )×R2N

x,v be a compact set. There exists a constant M > 0 such that |v| ≤M for all
(t, x, v) ∈ K. We split the supremum of the standard Hölder quotient into two cases. If d(z1, z2) > 1,
the denominator is strictly greater than 1, and the quotient is trivially bounded by 2∥∇2

vf∥L∞(K).
If d(z1, z2) ≤ 1, we have for the time component of ρ that |t1 − t2|1/2 ≤ |t1 − t2|1/3 ≤ d(z1, z2)

1/3.
For the velocity component, |v1−v2| ≤ |v1−v2|1/3 ≤ d(z1, z2)

1/3. Lastly, for the spatial component,
we have by the triangle inequality that

|x1 − x2 − (t1 − t2)v2|1/3 ≤
(
|x1 − x2|+ |t1 − t2||v2|

)1/3
≤ max{1,M}1/3d(z1, z2)1/3.
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Therefore, taking the maximum of these components, we find that ρ(z1, z2) ≤ CMd(z1, z2)
1/3, for

a constant CM > 0 depending only on M . Combining this estimate with the estimate where
d(z1, z2) > 1, we obtain the local embedding Cβkin((0, T ) × R2N

x,v) ↪→ Cβ/3(K). Setting γ := β/3

yields the local Hölder estimate for ∇2
vf and concludes the proof. □

Now, we can use the bounds shown above to build an iterative process, which we will show
converges to a solution of the approximate problem (19).

Proof of Proposition 3. Step 1: The iterative process and uniform estimates
Let f0 be the solution of the Kolmogorov equation ∂tf + v · ∇xf − ε∆vf = 0 with initial data

f0. For k ≥ 1, let fk be the solution of the problem (20) with g = fk−1. That is, we consider the
iterative process

(36)


∂fk

∂t
+ vi

∂fk

∂xi
=

∂

∂vj

{
ak−1
ij

∂fk

∂vi

}
− b

k−1

j (1− 2fk−1)
∂fk

∂vj
−
∂b
k−1

j

∂vj
fk−1(1− fk) + ε∆vf

k

fk|t=0 = f0,

where, to simplify notation, we write ak−1 and b
k−1

for af
k−1

and b
fk−1

, respectively. As mentioned
at the beginning of the section, for every k ∈ N, this problem admits a smooth solution fk ∈
C∞((0,∞) × R2N

x,v). We can extend this function to C([0,∞) × R2N
x,v) by continuity, which ensures

fk(0) = f0.
Let us establish the decay properties for fk. Fix a final time T > 0. From (18), we have that f0

satisfies

0 ≤ f0 ≤ exp(k0 − k2⟨x, v⟩)
1 + exp(k0 + k1t− k2⟨x, v⟩)

with k0 = logC1 and k2 = α0. We define the envelope φ(t, x, v) = k0+ k1t− k2 exp(−t)⟨x, v⟩, where
k1 > 0 is the constant given by Lemma 3 (which depends only on T , k2, and the properties of a,
but is entirely independent of g).

We proceed by induction on k. For the base case k = 0, the function f0 solves the Kolmogorov
equation, which corresponds to the problem (20) with g = 0. Applying Lemma 3, it immediately
follows that f0 is bounded by

0 ≤ f0(t, x, v) ≤ expφ(t, x, v)

1 + expφ(t, x, v)
on [0, T ]× R2N

x,v.

For the inductive step, assume that this bound holds for fk−1. We can therefore apply Lemma 3
with g = fk−1 to conclude that the solution fk satisfies the exact same bound. By induction, this
bound holds uniformly for all k ∈ N. Because t ≤ T , we can bound expφ, implying there exist
constants α = k2e

−T and C1 = k0 + k1T , which depend on T but not on k such that, for all k ∈ N,

(37) 0 ≤ fk(t, x, v) ≤ C1e
−α⟨x,v⟩

1 + C1e−α⟨x,v⟩
on [0, T ]× R2N

x,v.

Furthermore, by applying Lemma 4, we establish the existence of a constant γ,C2 > 0, depending
on T but uniform in k, such that

(38) ∥fk∥L∞([0,T );Cγ(R2N
x,v))

≤ C2.

From this, together with the decay estimate uniform on fk (37), we have from the second conclusion
of Lemma 4 that there exists a constant C3, uniform in k, such that

(39) ∥∇vf
k∥L∞((0,T )×R2N

x,v)
+ ∥∇2

vf
k∥L∞((0,T )×R2N

x,v)
≤ C3.
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It then follows from Glaeser’s inequality applied to the nonnegative functions fk, together with
the inequality (37), that there exists a constant C4 such that, for every i = 1, . . . , N we have the
pointwise inequality

(40)
∣∣∣∣∂fk∂vi

∣∣∣∣2 ≤ 2C3f
k ≤ C4e

−α⟨x,v⟩ on (0, T )× R2N
x,v.

Step 2: Convergence of fk

We show that (fk)k is a Cauchy sequence in L∞
loc((0,∞);L2(R2N

x,v)) using energy estimates. For
the sake of notational brevity, let us denote the space L2(R2N

x,v) by L2
xv. Furthermore, in this step,

we suppress the explicit time dependence of the functions wk, fk and the coefficients ak and b
k
.

Subtracting equation (36) for fk+1 from equation (36) for fk, we have

∂wk+1

∂t
+ vi

∂wk+1

∂xi
=

∂

∂vj

{
A
k

ij

∂wk+1

∂vi
+ (akij − ak−1

ij )
∂fk

∂vi

}
− b

k

j (1− 2fk)
∂wk+1

∂vj

+
∂b
k

j

∂vj
fkwk+1 +

[
2b
k

j

∂fk

∂vj
−
∂b
k

j

∂vj
(1− fk)

]
wk

− (b
k

j − b
k−1

j )(1− 2fk−1)
∂fk

∂vj
−
∂(b

k

j − b
k−1

j )

∂vj
(1− fk)fk−1

where wk+1 = fk+1 − fk and A
k

ij = akij + εδij . Consider the function β(t) = β0e
−λt, with β0 < α

and λ ≥ 1/2. Multiplying the equation by wk+1eβ(t)⟨x,v⟩ and integrating by parts for (x, v) ∈ R2N
x,v

yields

(41)
1

2

d

dt

ˆ
xv

(wk+1)2eβ(t)⟨x,v⟩ = I1 + I2 + I3 + I4

where

I1 = −
ˆ
xv

[
A
k

ij

∂wk+1

∂vi
+ (akij − ak−1

ij )
∂fk

∂vi

](
∂wk+1

∂vj
+ βwk+1 vj

⟨x, v⟩

)
eβ⟨x,v⟩

I2 =

ˆ
xv

[
1

2

∂b
k

j

∂vj
− b

k

j

∂fk

∂vj
+
β

2
b
k

j (1− 2fk)
vj

⟨x, v⟩
+
β

2

xivi
⟨x, v⟩

− λ

2
β⟨x, v⟩

]
(wk+1)2eβ⟨x,v⟩

I3 =

ˆ
xv

[
2b
k

j

∂fk

∂vj
−
∂b
k

j

∂vj
(1− fk)

]
wkwk+1eβ⟨x,v⟩

I4 = −
ˆ
xv

[
(b
k

j − b
k−1

j )(1− 2fk−1)
∂fk

∂vj
+
∂(b

k

j − b
k−1

j )

∂vj
(1− fk)fk−1

]
wk+1eβ⟨x,v⟩.

For brevity, we have dropped the explicit time dependence and write β for β(t) throughout this
estimate.

Let us establish some bounds on akij − ak−1
ij . Applying the triangle inequality, we obtain

|akij − ak−1
ij | ≤

∣∣∣∣aij ∗v [(fk − fk−1)(1− fk − fk−1)]

1 + ε∥fk∥L1
v

∣∣∣∣
+

∣∣∣∣εaij ∗v [(fk−1(1− fk−1))]

(1 + ε∥fk−1∥L1
v
)

∣∣∣∣
∣∣∥fk−1∥L1

v
− ∥fk∥L1

v

∣∣
(1 + ε∥fk∥L1

v
)

,
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where we have used the abbreviation ∥g∥L1
v

to denote the (t, x) function ∥g(t, x)∥L1(RN ).
Since 0 ≤ fk ≤ 1, we have that |1 − fk − fk−1| ≤ 1. Therefore, as the denominator is bounded

below by 1, we have that the first term is bounded by ∥aij∥L∞∥wk∥L1
v
. For the second term, we

apply the reverse triangle inequality
∣∣∥fk−1∥L1

v
−∥fk∥L1

v

∣∣ ≤ ∥wk∥L1
v

and we use that εx/(1+εx) ≤ 1

to show that this term is also bounded by ∥aij∥L∞∥wk∥L1
v
.

We square the resulting inequality and we multiply by e−(α−β)⟨x,v⟩. Integrating over (x, v) ∈ R2N
x,v

yields, by the Cauchy-Schwarz inequality, that there exists a constant Ca > 0 such thatˆ
xv

|akij − ak−1
ij |2e−(α−β)⟨x,v⟩ ≤ 4∥aij∥2L∞

ˆ
xv

∥wk∥2L1
v
e−(α−β)⟨x,v⟩

≤ 4∥aij∥2L∞

ˆ
x

∥∥∥wkeβ/2⟨x,v⟩∥∥∥2
L2

v

∥∥∥e−β/2⟨x,v⟩∥∥∥2
L2

v

ˆ
v

e−(α−β)⟨x,v⟩

≤ Ca

ˆ
xv

|wk|2eβ⟨x,v⟩.

(42)

By an identical algebraic splitting, analogous pointwise bounds hold for b
k

j and ∂vj b
k

j . Since their
numerators are linear in f , the same reverse triangle inequality and fractional bounds yield

|bkj − b
k−1

j | ≤ 2∥∇vaij∥L∞∥wk∥L1
v
,∣∣∣∣∣∂b

k

j

∂vj
−
∂b
k−1

j

∂vj

∣∣∣∣∣ ≤ 2∥∇2
vaij∥L∞∥wk∥L1

v
.

Therefore, applying the exact same squaring and integrating procedure with respect to the weight
e−(α−β)⟨x,v⟩, we obtain that

(43)
ˆ
xv

|bkj − b
k−1

j |2 +

∣∣∣∣∣∂b
k

j

∂vj
−
∂b
k−1

j

∂vj

∣∣∣∣∣
2
 e−(α−β)⟨x,v⟩ ≤ Cb

ˆ
xv

|wk|2eβ⟨x,v⟩.

We return to the estimation of the terms Ii in (41). Restricting our analysis to t ∈ (0, T ), we
observe that for I1, the ellipticity of A

k
yields

I1 ≤− ε

ˆ
xv

|∇vw
k+1|2eβ⟨x,v⟩ −

ˆ
xv

(akij − ak−1
ij )

∂fk

∂vi

∂wk+1

∂vj
eβ⟨x,v⟩

−
ˆ
xv

A
k

ij

∂wk+1

∂vi
βwk+1 vj

⟨x, v⟩
eβ⟨x,v⟩ −

ˆ
xv

(akij − ak−1
ij )

∂fk

∂vi
βwk+1 vj

⟨x, v⟩
eβ⟨x,v⟩.

Applying Young’s inequality to the remaining terms, we can absorb the resulting |∇vw
k+1|2 contri-

butions into the first strictly negative term, which yields the bound

I1 ≤
∑
ij

ˆ
xv

(
N

2ε
+

1

2

)
|akij − ak−1

ij |2
∣∣∣∣∂fk∂vi

∣∣∣∣2 eβ⟨x,v⟩
+
∑
ij

ˆ
xv

(
N

2ε
|Akij |2 +

1

2

)
β2|wk+1|2

∣∣∣∣ vj
⟨x, v⟩

∣∣∣∣2 eβ⟨x,v⟩.
For the first integral, we use the pointwise bounds (40) on the derivatives of fk, together with the
estimate (42) on the differences |akij − ak−1

ij |. On the second integral, we use the uniform bounds

(30) on ak to bound the diffusion matrix |Akij | ≤ ε+ε−1∥aij∥L∞ . Finally, noting that |vj/⟨x, v⟩| ≤ 1
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and β(t) ≤ β0, we obtain the bound

I1 ≤
(
N

2ε
+

1

2

)
C4Ca

ˆ
xv

|wk|2eβ⟨x,v⟩ + β2
0N

2

(
N

2ε
(ε+ ε−1∥aij∥L∞)2 +

1

2

)ˆ
xv

|wk+1|2eβ⟨x,v⟩.

Next, we estimate I2. First we note that, by Young’s inequality for products,

β

2

x · v
⟨x, v⟩

− λ

2
β⟨x, v⟩ ≤ 1

2

(
1

2
− λ

)
β⟨x, v⟩.

This quantity is always negative from the choice of λ. Furthermore, using the uniform boundedness
(30) on bj and its derivatives, as well as the pointwise bound (40) on the derivatives of fk, together
with β(t) ≤ β0, the fact that 0 ≤ fk ≤ 1 and |vj/⟨x, v⟩| ≤ 1, we have that I2 is bounded by

I2 ≤ 1

2
ε−1N2

[(
2
√
C4 + β0

)
∥∇va∥∞ + ∥∇2

va∥∞
] ˆ

xv

(wk+1)2eβ⟨x,v⟩.

The same estimates applied to I3, together with the Young’s inequality on the term wkwk+1 yield

I3 ≤ 1

2
ε−1N2

[
2∥∇va∥∞

√
C4 + ∥∇2

va∥∞
] ˆ

xv

(|wk|2 + |wk+1|2)eβ⟨x,v⟩.

To estimate I4, we pass to the absolute value and use that |1 − 2fk−1| ≤ 1 and |1 − fk| ≤ 1.
Using Young’s inequality to decouple the products involving wk+1, we apply the pointwise bound
(40) on the derivatives of fk and the decay estimate (37). Finally, summing over the N components
and applying the bound (43), we obtain

I4 ≤ C4

2

∑
j

ˆ
xv

|(bkj − b
k−1

j )|2e−(α−β)⟨x,v⟩ +N

ˆ
xv

|wk+1|2eβ⟨x,v⟩

+
C1

2

∑
j

ˆ
xv

∣∣∣∣∣∂(b
k

j − b
k−1

j )

∂vj

∣∣∣∣∣
2

e−(α−β)⟨x,v⟩

≤ 1

2
NCb(C4 + C1)

ˆ
xv

|wk|2eβ⟨x,v⟩ +N

ˆ
xv

|wk+1|2eβ⟨x,v⟩

We introduce the time-dependent weight function ωt(x, v) = eβ(t)⟨x,v⟩ and define the correspond-
ing weighted L2 norm as

∥g∥2L2(ωt)
=

ˆ
xv

|g(x, v)|2ωt(x, v).

Applying the estimates for Ii to the equation (41) and integrating over s ∈ (0, t), we have that there
exist constants CT , C ′

T > 0 such that, for every t ∈ (0, T ),

(44) ∥wk+1(t)∥2L2(ωt)
≤ CT

ˆ t

0

∥wk(s)∥2L2(ωs)
ds+ C ′

T

ˆ t

0

∥wk+1(s)∥2L2(ωs)
ds.

Let us prove by induction that

(45) ∥wk(t)∥2L2(ωt)
≤ AT

eC
′
T (k−1)T (CT t)

k−1

(k − 1)!
∀t ∈ (0, T ),

for every k ∈ N, where AT = ∥w1∥2L∞((0,T );L2(ωt))
. The k = 1 case is trivial by the definition of AT .

If (45) holds for k = n, then from (44) we have

∥wn+1(t)∥2L2(ωt)
≤ AT e

C′
T (n−1)T (CT t)

n

n!
+ C ′

T

ˆ t

0

∥wn+1(s)∥2L2(ωs)
ds,
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which, by Gröwall’s inequality, implies that

∥wn+1(t)∥2L2(ωt)
≤ AT e

C′
T (n−1)T (CT t)

n

n!
+AT e

C′
T (n−1)T

ˆ t

0

(CT s)
n

n!
C ′
T e

C′
T (t−s) ds

≤ AT e
C′

T (n−1)T (CT t)
n

n!
+AT e

C′
T (n−1)T (CT t)

n

n!
(eC

′
T t − 1)

≤ AT e
C′

TnT
(CT t)

n

n!
.

Recalling wk+1 = fk+1 − fk and the definition of ωt, we apply the supremum over t ∈ (0, T ) to
obtain that

∞∑
k=1

∥∥∥(fk − fk−1)eβ(t)⟨x,v⟩
∥∥∥
L∞((0,T );L2(R2N

x,v))
≤
√
AT

∞∑
k=1

√
eC

′
T (k−1)T (CTT )k−1

(k − 1)!
.

The series on the right-hand side converges by the ratio test. Because β(t) is strictly positive on
[0, T ], the weight eβ(t)⟨x,v⟩ is uniformly bounded from below by 1, which implies the sequence (fk)k is
Cauchy in L∞((0, T );L2(R2N

x,v)). Since T is arbitrary, this convergence holds in L∞
loc((0,∞);L2(R2N

x,v)).
Using the exponential decay estimate (37), we may extend this convergence to any p ∈ [1,∞),

yielding
fk → f in L∞

loc((0,∞);Lp(R2N
x,v)).

Passing to a subsequence, we also have that fk → f almost everywhere in (0,∞) × R2N
x,v. More-

over, (37) implies that fkeα⟨x,v⟩ is uniformly bounded in L∞
loc((0,∞);L∞(R2N

x,v)). Therefore, by
interpolation, we find that for every η ∈ [0, α) and any p ∈ [1,∞),

(46) eη⟨x,v⟩fk → eη⟨x,v⟩f in L∞
loc((0,∞);Lp(R2N

x,v)).

Furthermore, the bounds (39) control the second derivatives ∇2
vf

k uniformly in L∞. These bounds
are inherited by the limit f by the Banach-Alaoglu theorem and the weak-* lower semicontinuity of
the L∞ norm. Applying the standard Gagliardo-Nirenberg inequality in the velocity variable and
integrating over x, we obtain for any p ∈ [1,∞), that

∥∇vf
k(t)−∇vf(t)∥L2p(R2N

x,v)
≤ C∥fk(t)− f(t)∥1/2

Lp(R2N
x,v)

∥∇2
v(f

k − f)(t)∥1/2
L∞(R2N

x,v)
.

From (46), we immediately deduce that for any q ∈ [2,∞),

(47) ∇vf
k → ∇vf in L∞

loc((0,∞);Lq(R2N
x,v)).

Up to passing to a subsequence, we also obtain convergence almost everywhere in (0,∞)× R2N
x,v.

By combining the uniform pointwise bounds (40) on the first derivatives of fk with the unweighted
convergence (47), we have that for any η ∈ [0, α/2) and any q ∈ [2,∞),

(48) eη⟨x,v⟩∇vf
k → eη⟨x,v⟩∇vf in L∞

loc((0,∞);Lq(R2N
x,v)).

Let us now study the convergence of the coefficients. Recall the definition

akij =
aij ∗v (fk(1− fk))

1 + ε∥fk(t, x)∥L1

.

The convergence fk → f almost everywhere, combined with the uniform exponential decay (37)
allows us to pass to the limit in the denominator for almost every (t, x) ∈ (0,∞) × RNx . Similarly,
since aij is bounded, the numerator converges almost everywhere to aij ∗v (f(1−f)) in (0,∞)×R2N

x,v.
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Finally, from (30) the sequence akij is uniformly bounded in L∞((0,∞)×R2N
x,v). Applying dominated

convergence on compact subsets, we conclude that for all p ∈ [1,∞),

(49) akij → aij in Lploc((0,∞)× R2N
x,v) and a.e.

Analogous arguments applied to the definitions of b
k

j and ∂vj b
k

j , using their respective uniform
L∞ bounds (30), yield that for all p ∈ [1,∞),

(50)
b
k

j → bj

∂b
k

j

∂vj
→ ∂bj

∂vj

in Lploc((0,∞)× R2N
x,v) and a.e.

Step 3: Passing equation (36) to the limit
Integrating (36) by parts against a test function φ ∈ D([0,∞) × R2N

x,v) we obtain that, for every
t > 0, ˆ

xv

fk+1(t)φ(t)−
ˆ
xv

f0φ(0)−
ˆ t

0

ˆ
xv

fk+1 ∂φ

∂t
−
ˆ t

0

ˆ
xv

fk+1vi
∂φ

∂xi

=

ˆ t

0

ˆ
xv

(akij + εδij)f
k+1 ∂2φ

∂vi∂vj
+

ˆ t

0

ˆ
xv

(
∂akij
∂vi

+ b
k

j (1− 2fk)

)
fk+1 ∂φ

∂vj

+

ˆ t

0

ˆ
xv

[(
∂b
k

j

∂vj
(1− 2fk)− 2b

k

j

∂fk

∂vj

)
fk+1 −

∂b
k

j

∂vj
fk(1− fk+1)

]
φ.

(51)

We want to pass to the limit in equation (51). From the convergence of (fk+1)k, the left hand side
converges for almost every t > 0 toˆ

xv

f(t)φ(t)−
ˆ
xv

f0 φ(0)−
ˆ t

0

ˆ
xv

f
∂φ

∂t
−
ˆ t

0

ˆ
xv

fvi
∂φ

∂xi
.

Given the convergences (46) and (47), the strong Lploc((0,∞)×R2N
x,v) convergences (49) and (50)

of the coefficients ensure that all nonlinear products in the right-hand side of (51) converge in
L1
loc((0,∞) × R2N

x,v). Taking the limit k → ∞, using the identity (∂vj bj(1 − 2f) − 2bj∂vjf)f −
∂vj bjf(1− f) = −∂vj (bjf2) and integrating by parts on this derivative yieldsˆ

xv

f(t)φ(t)−
ˆ
xv

f0φ(0)−
ˆ t

0

ˆ
xv

f
∂φ

∂t
−
ˆ t

0

ˆ
xv

fvi
∂φ

∂xi

=

ˆ t

0

ˆ
xv

(aij + εδij)f
∂2φ

∂vi∂vj
+

ˆ t

0

ˆ
xv

(
∂aij
∂vi

+ bj(1− f)

)
f
∂φ

∂vj

(52)

for almost every t > 0. The integrals in (0, t) are evidently continuous functions of t. This implies
that for every φ ∈ D([0,∞)× R2N

x,v), the mapping[0,∞) → R

t 7→
ˆ
xv

f(t)φ(t)

is a continuous function. The equality (52) is then valid for every t ≥ 0.
We prove that f ∈ C([0,∞);D′(R2N

x,v)). Let [0, T ] be any compact time interval and let ψ ∈
D(R2N

x,v). Choose a test function φ ∈ D([0,∞) × R2N
x,v) such that φ(t, x, v) = ψ(x, v) for every

(t, x, v) ∈ [0, T ] × R2N
x,v. The continuity established above ensures that the mapping t 7→ ⟨f(t), ψ⟩
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is continuous on [0, T ]. Since T > 0 is arbitrary, the desired continuity in the sense of distribu-
tions follows. Furthermore, evaluating (52) at t = 0 immediately yields f(0) = f0 in the sense of
distributions.

Next, we prove that the function f is continuous on [0,∞) × R2N
x,v. The Hölder bound (38) on

fk, being uniform in k, implies that the limit function f belongs to L∞
loc([0,∞);Cγ(R2N

x,v)). Fix a
compact time interval [0, T ] and a compact set K ⊂ R2N

x,v. There exists a constant M > 0 such that
∥f(t)∥Cγ(K) ≤ M for almost every t ∈ [0, T ]. Since f ∈ C([0,∞);D′(R2N

x,v)), we can identify f with
its continuous representative. By approximating any time t ∈ [0, T ] with a sequence of times where
the bound holds, an application of the Arzelà-Ascoli theorem ensures this Cγ bound holds for every
t ∈ [0, T ].

We then establish strong continuity in time. For a sequence tn → t in [0, T ], the family
{f(tn, ·)}n∈N is uniformly bounded and equicontinuous on K due to the uniform Cγ bound. By
the Arzelà-Ascoli theorem, any subsequence possesses a further subsequence converging uniformly
on K to some continuous function. Since f(tn, ·) → f(t, ·) in D′(K), it follows that this limit function
is actually f(t, ·).

By the Urysohn subsequence principle, because every subsequence contains a further subsequence
converging uniformly to the same limit f(t, ·), we have that f(tn, ·) → f(t, ·) in L∞(K). The joint
continuity on [0,∞) × R2N

x,v then follows. In particular, f attains the initial data f0 strongly and
therefore we have a solution in the sense of Definition 1.

Finally, the local Hölder bound on ∇2
vf

k established in Lemma 4 holds uniformly in k. By the
Arzelà-Ascoli theorem, passing to a further subsequence if necessary, (∇2

vf
k)k converges uniformly

on compact subsets of (0,∞)× R2N
x,v to a continuous limit.

Since fk → f in the sense of distributions, this limit must be ∇2
vf . Therefore, the limit ∇2

vf
inherits the local Hölder regularity, which implies in particular that the limit function f is C2 with
respect to the velocity variable v in (0,∞) × R2N

x,v. Moreover, the estimates (37) and (39), being
uniform in k, are still valid in the limit. □

We will now show that the conservation laws are approximately obeyed by the solutions of the
approximate equation, a result that will be crucial for deducing that our solution of the LFD equation
obey the standard conservation laws.

Proposition 4. The approximated solution f ∈ C((0,∞);D′(R2N
x,v))∩L2((0,∞)×RNx ;H1(RNv )) to

(19) constructed in Proposition 3 satisfies, for almost every t > 0,
1) Conservation of mass and linear momentum:

¨
f(t, x, v) dxdv =

¨
f0(x, v) dxdv,

¨
f(t, x, v)vi dxdv =

¨
f0(x, v)vi dxdv ∀i ∈ {1, · · · , N}.

2) Kinetic energy:
¨

|v|2f(t, x, v) dxdv =

¨
|v|2f0(x, v) dxdv + 2εt∥f0∥L1 .

3) Moment of inertia:
¨

f(t, x, v)|x− tv|2 dxdv =

¨
f0(x, v)|x|2 dxdv +

2εt3

3
∥f0∥L1 .
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4) Entropy inequality:
¨

s(t, x, v) dxdv +

ˆ t

0

¨
d(τ, x, v) dxdvdτ ≤

¨
s(0, x, v) dxdv,

where s(t, x, v) = f log f + (1− f) log(1− f), and the dissipation term d(t, x, v) is defined as in (7),
substituting a with ã = a/(1 + ε∥f(t, x)∥L1).

Proof. Let (φn)n be a sequence of smooth cutoff functions defined by φn(x, v) = φ((x, v)/n), where
φ ∈ C∞

c (R2N
x,v) satisfies 0 ≤ φ ≤ 1 and φ(0) = 1. It follows that φn → 1 and ∇x,vφ

n → 0

pointwise, while both these sequences of functions remain uniformly bounded in L∞(R2N
x,v). Let

ψ ∈ {1, vi, |v|2, |x− tv|2} and consider (fk)k be the sequence of solutions to (36) constructed in the
proof of Proposition 3.

Fix t > 0. Multiplying equation (36) by φkψ we have, after integrating by parts over (0, t)×R2N
x,v,ˆ

xv

fk(t)φkψ(t)−
ˆ
xv

f0 φ
kψ0 −

ˆ
txv

fk
(
∂(φkψ)

∂t
+ vi

∂(φkψ)

∂xi

)
= −

ˆ
txv

A
k−1

ij

∂fk

∂vi

∂(φkψ)

∂vj
−
ˆ
txv

b
k−1

j (1− 2fk−1)
∂fk

∂vj
φkψ

−
ˆ
txv

∂b
k−1

j

∂vj
fk−1(1− fk)φkψ,

(53)

where we note
´
txv

the integral
´ t
0

´
xv

, depending on t, and A
k−1

ij = ak−1
ij + εδij .

Let us pass each of the integrals to the limit k → ∞. Thanks to the pointwise convergence of
fk, the uniform exponential bounds (37) on fk and the polynomial growth of ψ, we can apply the
dominated convergence theorem to pass the first two integrals to the limit.

For the third term on the left-hand side of (53), we expand the integrand to obtain

fk
(
∂(φkψ)

∂t
+ vi

∂(φkψ)

∂xi

)
= fk

(
∂φk

∂t
+ vi

∂φk

∂xi

)
ψ + fkφk

(
∂ψ

∂t
+ vi

∂ψ

∂xi

)
.

Because the derivatives of φk vanish as k → ∞, the first term on the right-hand side of this expansion
tends to zero almost everywhere. Furthermore, our choices for ψ satisfy ∂tψ+ v · ∇xψ = 0, meaning
the second term vanishes entirely and therefore the whole expansion converges almost everywhere.

Since φk and its derivatives are uniformly bounded and the uniform exponential decay of fk
controls the polynomial growth of ψ, the entire expression is dominated by an integrable function.
Therefore, by the dominated convergence theorem, the third integral on the left-hand side of (53)
vanishes in the limit as k → ∞.

We now turn to the integrals on the right-hand side of (53). As before, we expand the integrand
of the first term to obtain

A
k−1

ij

∂fk

∂vi

∂(φkψ)

∂vj
= A

k−1

ij

∂fk

∂vi
φk

∂ψ

∂vj
+A

k−1

ij

∂fk

∂vi

∂φk

∂vj
ψ.

By the pointwise convergence of A
k−1

ij , ∇vf
k and φk we have that the first term on the right-hand

side of this expansion converges almost everywhere. Furthermore, since ∇vφ
k → 0 as k → ∞, the

second term vanishes. Recall that the sequence A
k−1

ij is uniformly bounded in L∞
loc((0,∞);L∞(R2N

x,v)),
and that φk and its derivatives ∇vφ

k are also bounded in L∞. Since the uniform exponential decay
(40) of ∇vf

k controls the polynomial growth of ψ, we can apply dominated convergence to pass the
first term on the right-hand side of (53) to the limit.
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For the remaining integrals, the integrands converge almost everywhere due to the pointwise
convergence of φk, b

k−1

j , ∂vj b
k−1

j , fk and ∇vf
k. We note that the coefficient sequences b

k−1

j and

∂vj b
k−1

j are uniformly bounded in L∞, as are the sequences (1 − 2fk−1) and (1 − fk). Combining
these bounds with the uniform L∞ bound on φk, the uniform exponential decay of ∇vf

k and fk

again control the polynomial growth of ψ. Therefore, we may pass these terms to the limit k → ∞
by dominated convergence, yieldingˆ

xv

f(t)ψ(t)−
ˆ
xv

f0 ψ0 = −
ˆ
txv

Aij
∂f

∂vi

∂ψ

∂vj
−
ˆ
txv

bj(1− 2f)
∂f

∂vj
ψ

−
ˆ
txv

∂bj
∂vj

f(1− f)ψ.

(54)

Expanding the convolutions and symmetrizing the collision integral yields, denoting ã(t, x, v) =
a(v)/(1 + ε∥f(t, x)∥L1),ˆ

xv

f(t)ψ −
ˆ
xv

f0ψ0 = −
ˆ t

0

ˆ
xvv∗

ãij(v − v∗)

(
f∗(1− f∗)

∂f

∂vj
− f(1− f)

∂f∗
∂v∗,j

)(
∂ψ

∂vi
− ∂ψ∗

∂v∗,i

)
+ ε

ˆ t

0

ˆ
xv

f∆vψ.

Setting ψ = 1 and ψ = vk, both integrals on the right-hand side vanish, which immediately yields the
conservation of mass and linear momentum, respectively. Choosing ψ = |v|2, the collision integral
vanishes due to the third property of (17). Integrating the diffusion term and applying the previously
established conservation of mass, we obtainˆ

xv

f(t)|v|2 −
ˆ
xv

f0|v|2 = 2εt

ˆ
xv

f0.

Similarly, taking ψ = |x − tv|2 causes the collision integral to vanish once again because of (17).
Applying conservation of mass to the remaining diffusion term, we findˆ

xv

f(t)|x− tv|2 −
ˆ
xv

f0|x|2 =
2εt3

3

ˆ
xv

f0.

Now we pass to the proof of the entropy inequality. To avoid the singularity of the logarithm
at zero, let λ ∈ (0, 1) be a parameter which we will let tend to zero later. We multiply (36) by
log((fk + λ)/(1 − fk))φk and we integrate by parts over (t, x, v) ∈ (0, T ) × R2N

x,v. Observing that
x 7→ log((x+ λ)/(1− x)) is the derivative of the regularized entropy density sλ(x) = (x+ λ) log(x+
λ) + (1− x) log(1− x)− λ log λ, we obtainˆ

xv

sλ(f
k(t))φk −

ˆ
xv

sλ(f0)φ
k −
ˆ
txv

visλ(f
k)
∂φk

∂xi

= −
ˆ
txv

A
k−1

ij

1 + λ

(fk + λ)(1− fk)

∂fk

∂vi

∂(φkfk)

∂vj

−
ˆ
xv

b
k−1

j (1− 2fk−1)
∂fk

∂vj
log

(
fk + λ

1− fk

)
φk

−
ˆ
xv

∂b
k−1

j

∂vj
fk−1(1− fk) log

(
fk + λ

1− fk

)
φk.

(55)

We establish a bound for sλ. For a fixed x ≥ 0 the function λ 7→ sλ(x) is increasing on (0,∞).
Therefore, for any λ ∈ [0, 1], we have s0(x) ≤ sλ(x) ≤ s1(x), which directly implies that |sλ(x)| ≤
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|s0(x)|+|s1(x)|. Expanding these terms and applying the triangle inequality we obtain, for x ∈ [0, 1],

|sλ(x)| ≤
∣∣∣∣x log( x

1− x

)∣∣∣∣+ ∣∣∣∣(1 + x) log

(
1 + x

1− x

)∣∣∣∣+ 3| log(1− x)|

= (1− x)

∣∣∣∣ x

1− x
log

(
x

1− x

)∣∣∣∣+ ∣∣∣∣(1 + x) log

(
1 +

2x

1− x

)∣∣∣∣+ 3 log

(
1 +

x

1− x

)
.

To simplify this expression, we use that y| log(y)| ≤ √
y for all y ∈ [0, 1] and that | log(1 + y)| ≤ y

for all y ∈ [0, 2]. Restricting our domain to x ∈ [0, 1/2], we obtain that there exists some constant
Cs > 0, independent of λ, such that

|sλ(x)| ≤
√
x(1− x) +

(5 + 2x)x

1− x
≤ Cs

√
x.

On the remaining interval x ∈ [1/2, 1], the continuous function |s0(x)| + |s1(x)| is bounded by
some maximum M . Since

√
x ≥ 1/

√
2, by enlarging the value of Cs if necessary, we have that

|sλ(x)| ≤ Cs
√
x for every x ∈ [0, 1].

Finally, we apply this result to fk. Fix T > 0. Substituting the exponential decay (37) yields a
constant CT > 0, independent of k and λ, such that

(56) |sλ(fk)| ≤ CT e
−α⟨x,v⟩/2 on (0, T )× R2N

x,v.

Let us pass the integrals on the left-hand side of (55) to the limit as k → ∞. From the point-
wise convergence of fk and φk, the integrands of the first two terms converge almost everywhere.
Furthermore, since ∇xφ

k → 0 pointwise as k → ∞, the integrand of the third term vanishes almost
everywhere.

Applying the bounds (56) established above, along with an analogous estimate for sλ(f0), and
recalling that φk and its derivatives are uniformly bounded in L∞, we find that the integrands on
the left-hand side of (55) are dominated by integrable functions. This allows us to pass to the limit
by the dominated convergence theorem.

For the right-hand side, the pointwise convergence (50) of A
k−1

ij , combined with that of fk, φk

and their gradients ∇vf
k and ∇vφ

k, implies the expansion

A
k−1

ij

1 + λ

(fk + λ)(1− fk)

∂fk

∂vi

∂(φkfk)

∂vj
= A

k−1

ij

1 + λ

(fk + λ)(1− fk)

∂fk

∂vi
φk
∂fk

∂vj

+A
k−1

ij

1 + λ

(fk + λ)(1− fk)

∂fk

∂vi

∂φk

∂vj
fk

converges almost everywhere. Furthermore, for any fixed λ ∈ (0, 1), the uniform L∞ bounds on
A
k−1

ij and 1/((fk+λ)(1− fk)), together with the exponential decay (40) of ∇vf
k, allow us to apply

the dominated convergence theorem. This guarantees the convergence of the first integral on the
right-hand side of (55).

For the remaining terms, recall that the coefficients b
k−1

j and ∂vj b
k−1

j , alongside (1− 2fk−1) and
(1 − fk), are uniformly bounded in L∞

loc((0,∞);L∞(R2N
x,v)). To control the log factor, we use the

uniform bounds on fk given by (37). Indeed, using that e−α⟨x,v⟩ ≤ 1, we obtain that 1 − fk ≥
1/(1 + C1). Moreover, since λ ≤ fk + λ ≤ 2, it follows from the triangle inequality that∣∣∣∣log(fk + λ

1− fk

)∣∣∣∣ ≤ | log(fk + λ)|+
∣∣∣∣log( 1

1− fk

)∣∣∣∣
≤ max(| log(λ)|, log(2)) + log (1 + C1) .
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With this uniform bound established, the exponential decay of fk and ∇vf
k guarantees that we can

pass these remaining integrals to the limit k → ∞ by dominated convergence. Therefore, for every
λ ∈ (0, 1), we obtainˆ

xv

sλ(f(t))−
ˆ
xv

sλ(f0) ≤ −
ˆ
txv

Aij
1 + λ

(f + λ)(1− f)

∂f

∂vi

∂f

∂vj

−
ˆ
xv

bj(1− 2f)
∂f

∂vj
log

(
f + λ

1− f

)
−
ˆ
xv

∂bj
∂vj

f(1− f) log

(
f + λ

1− f

)
,

where Aij = aij + εδij . Combining the last two integrands using the product rule, we integrate the
resulting term by parts. Expanding the definition of A then yieldsˆ

xv

sλ(f(t))−
ˆ
xv

sλ(f0) ≤ −
ˆ
txv

aij
1 + λ

(f + λ)(1− f)

∂f

∂vi

∂f

∂vj
−
ˆ
txv

(1 + λ) bj
f

f + λ

∂f

∂vj
.(57)

Let us pass the above inequality to the limit λ→ 0. From the bound (56), which holds analogously
for the initial data f0, it follows that the two integrands on the left-hand side are dominated by
integrable functions independent of λ. Combined with the pointwise convergence sλ(x) → s0(x) for
all x ∈ [0, 1], the dominated convergence theorem guarantees the convergence of these two integrals.

For the last integral on the right-hand side, we note that x/(x+ λ) ≤ 1 for every x, λ ≥ 0. Since
λ ∈ (0, 1), we can bound the integrand uniformly in λ,∣∣∣∣(1 + λ) bj

f

f + λ

∂f

∂vj

∣∣∣∣ ≤ 2∥bj∥L∞((0,T )×R2N
x,v)

∣∣∣∣ ∂f∂vj
∣∣∣∣ .

By the exponential decay estimate (40), this implies this integrand is also dominated uniformly in
λ. To establish the pointwise limit, observe that as λ → 0, the factor (1 + λ)f/(f + λ) converges
pointwise to 1 wherever f > 0. On the set where f = 0 this factor converges to zero, but a standard
property of Sobolev spaces ensures that the weak derivative ∂vjf vanishes almost everywhere in this
set. Therefore, the entire integrand converges almost everywhere to bjf , which allows us to pass
this final term to the limit by dominated convergence.

Finally, the matrix a is positive semidefinite due to the first property in (17) and the fact that
0 ≤ f ≤ 1. Therefore, the integrand of the first term on the right-hand side of (57) is nonnegative
for every λ ∈ (0, 1). Therefore we have by Fatou’s lemma that

− lim inf
λ→0

ˆ
txv

aij
1 + λ

(f + λ)(1− f)

∂f

∂vi

∂f

∂vj
≤ −
ˆ
txv

aij
1

f(1− f)

∂f

∂vi

∂f

∂vj
.

Taking the lim infλ→0 of the inequality (57), we substitute this bound alongside the convergences
established previously. Expanding the convolutions for aij and bj , we obtainˆ

xv

s0(f(t))−
ˆ
xv

s0(f0) ≤ −
ˆ
txvv∗

ãij(v − v∗)

(
f∗(1− f∗)

f(1− f)

∂f

∂vi

∂f

∂vj
− ∂f∗
∂v∗,i

∂f

∂vj

)
.

By symmetrizing the variables v ↔ v∗ and using the property aij(v− v∗) = −aij(v− v∗) from (17),
this yields the desired entropy inequality. □

5. Proof of Theorem 2

In this section, we introduce the construction that, combining the results in Sections 3 and 4
allows us to prove Theorem 2. We start by introducing a notion of convergence by decomposition,
which will be used throughout the whole section.
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We say that a sequence (Ψn)n converges in Lp(RN ) + L∞,∗(RN ), for some 1 ≤ p ≤ ∞, if we
can decompose it as αn + βn, where αn converges strongly Lp(RN ) and βn converges weakly-* in
L∞(RN ), that is,

Ψn(z) = αn(z) + βn(z)

α(z) + β(z) = Ψ(z).

Lp(RN ) L∞(RN )

∗

We start by constructing a sequence of regularized collision kernels that satisfy the assumptions
for Proposition 3 and approximate the kernels associated with very soft and Coulomb potentials.

Lemma 5. Let a be the collision kernel defined in (2). There exists a sequence {an} ⊂ C∞(RN ) ∩
W 3,∞(RN ) satisfying the properties (17), such that an → a and divz a

n → divz a almost everywhere
and in L1(RN )+L∞,∗(RN ). If −N < γ < −2, then divz(divz a

n) → divz(divz a) almost everywhere
and in L1(RN ) + L∞,∗(RN ). If γ = −N , then divz(divz a

n) is uniformly bounded in L1(RN ).
Moreover, for every R > 0 there exists a constant CR > 0, independent of n, such that for all

|z| ≤ R, in the sense of positive semi-definite matrices,

(58) an(z) ≥ CR

(
I − z ⊗ z

|z|2

)
.

Finally, the matrix square roots and their divergences satisfy
√
an →

√
a and divz

√
an → divz

√
a

almost everywhere and in L1
loc(RN ).

Proof. Let εn → 0 be a sequence of real numbers such that 0 ≤ εn ≤ 1. For the sake of simplicity
in dealing with exponents, let α = −(γ + 2). The Coulomb and very soft potentials correspond
therefore to the range 0 < α ≤ N − 2.

We define the approximation of the collision kernel as

(59) an(z) =
1

(|z|2 + ε2n)
α/2

(
I − z ⊗ z

|z|2 + ε2n

)
.

For every n, this function is in C∞(RN ) as it is a quotient of infinitely differentiable functions with
non-zero denominator. Hence, the function and all of its derivatives are bounded on every compact
set of RN . To show that an ∈ W k,∞(RN ), it therefore suffices to verify that its derivatives up to
order k remain bounded as |z| → ∞.

Consider the expanded function a(z, ε), defined by the formula (59) but treating ε as an inde-
pendent variable, such that an(z) = a(z, εn). The function a(z, ε) is homogeneous of degree −α.
Therefore, for every k ∈ N, its k-th order derivatives are homogeneous functions of degree −(α+ k),
meaning they are bounded as |z| → ∞. Hence, for each n, this approximation an(z) is in W k,∞(RN )
for every k ∈ N.

Note that (59) is indeed a symmetric matrix satisfying the first three properties of (17) (we
will prove the final property later). To prove the convergence of an, we first establish a uniform
domination for this sequence. Consider the entry anij given by equation (59). By the triangle
inequality, the i, j entry of the term in parentheses is bounded by 2. Thus, for all z ∈ RN \ {0}, we
have

(60) |anij(z)| ≤
2

(|z|2 + ε2n)
α/2

≤ 2

|z|α
.

We split the sequence as anij(z) = anij(z)1|z|≤1+a
n
ij(z)1|z|>1. Note that anij(z) converges pointwise

almost everywhere to the collision kernel aij(z) given in (2).
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For the |z| ≤ 1 component, the bound (60) yields |anij(z)1|z|≤1| ≤ 2|z|−α1|z|≤1. Since α ≤
N − 2 < N , this dominating function is in L1(RN ). By the dominated convergence theorem,
anij1|z|≤1 converges strongly to aij1|z|≤1 in L1(RN ).

For the |z| > 1 component, the bound (60) yields |anij(z)1|z|>1| ≤ 2|z|−α1|z|>1 ≤ 2. Therefore,
the sequence anij(z)1|z|>1 is uniformly bounded in L∞(RN ). Since it also converges pointwise al-
most everywhere, the dominated convergence theorem ensures it converges weakly-* to aij1|z|>1 in
L∞(RN ). Combining these convergences, we conclude that anij → aij in L1(RN ) + L∞,∗(RN ).

Taking the derivative of anij(z) with respect to zj and summing over j ∈ {1, 2, . . . , N}, we obtain

(divz a
n)i =

N∑
j=1

∂anij
∂zj

= −
[

N − 1

(|z|2 + ε2n)
α/2+1

+
(α+ 2)ε2n

(|z|2 + ε2n)
α/2+2

]
zi.

Note that this sequence of functions converges pointwise almost everywhere to divz a in RN . We
now establish a dominating bound independent of n. Using the fact that ε2n/(|z|2 + ε2n) ≤ 1 on the
second term in the square brackets, we find that

|(divz an)i| ≤
N + α+ 1

(|z|2 + ε2n)
α/2+1

|z| ≤ N + α+ 1

|z|α+1
.

Splitting the divergence as divz a
n = 1|z|≤1 divz a

n + 1|z|>1 divz a
n, we have that the first term is

dominated by (N +α+1)|z|−(α+1)
1|z|≤1, which is an integrable function since α+1 ≤ N − 1 < N .

Therefore, by the dominated convergence theorem, this first term converges strongly in L1(RN ).
The second term is dominated by (N + α+ 1)|z|−(α+1)

1|z|>1 ≤ (N + α+ 1). Since the sequence
is uniformly bounded by a constant and converges almost everywhere, it converges weakly-* in
L∞(RN ). Combining these results, we conclude that divz a

n → divz a in L1(RN ) + L∞,∗(RN ).
Differentiating the expression for divz a

n with respect to zi, and summing over i ∈ {1, 2, . . . , N}
yields

divz(divz a
n) =

N∑
i,j=1

∂2anij
∂zi∂zj

= −(N − 1)(N − α− 2)
1

(|z|2 + ε2n)
α/2+1

− (α+ 2)(2N − 5− α)
ε2n

(|z|2 + ε2n)
α/2+2

− (α+ 2)(α+ 4)
ε4n

(|z|2 + ε2n)
α/2+3

.

(61)

Observe that for N ≥ 3 and 0 < α ≤ N − 2, the coefficients (N − 1)(N −α− 2), (α+2)(2N − 5−α)
and (α + 2)(α + 4) are nonnegative. Consequently, the entire expression is nonpositive, satisfying
the final property of (17).

We first consider the very soft case, where 0 < α < N−2. By applying the bound ε2n/(|z|2+ε2n) ≤ 1
to the second and third terms, and noting that |z|2+ ε2n ≥ |z|2 throughout, we find that there exists
a constant C1 > 0 such that

|divz(divz an)| ≤ C1
1

|z|α+2
.

As in previous steps, we decompose the domain to write divz(divz a
n) = 1|z|≤1 divz(divz a

n) +

1|z|>1 divz(divz a
n). The first term is dominated by C1|z|−(α+2)

1|z|≤1, which is an integrable func-
tion over RN , since α < N − 2. Therefore, by the dominated convergence theorem, this term
converges strongly in L1(RN ).
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The second term is dominated by C1|z|−(α+2)
1|z|>1 ≤ C1. Because this sequence is uniformly

bounded and converges pointwise almost everywhere, it converges weakly-* in L∞(RN ). Combining
these results, we have that divz(divz a

n) → divz(divz a) in L1(RN ) + L∞,∗(RN ).
We now turn to the Coulomb case, where α = N−2. In this regime, the first term in (61) vanishes

because its coefficient is zero. Applying the bound ε2n/(|z|2 + ε2n) ≤ 1 to the third term and using
the triangle inequality we find that there exists a constant C2 > 0 such that

|divz(divz an)| ≤ C2
ε2n

(|z|2 + ε2n)
(N+2)/2

.

To see that the dominating sequence on the right-hand side is uniformly bounded in L1(RN ), we
first integrate over an arbitrary ball of radius R > 0. Passing to polar coordinates and applying the
scaling r = εns, we obtainˆ

|z|≤R

ε2n
(|z|2 + ε2n)

(N+2)/2
dz = CN

ˆ R

0

ε2nr
N−1

(r2 + ε2n)
(N+2)/2

dr

= CN

ˆ R/εn

0

sN−1

(s2 + 1)(N+2)/2
ds

≤ CN

ˆ +∞

0

1

(s2 + 1)3/2
ds

where CN denotes the surface area of the unit sphere in RN . For the last inequality, we have used
that s ≤ (s2 + 1)1/2 for every s ≥ 0, together with the fact that the integrand is positive. Since the
function s 7→ (s2 + 1)−3/2 is integrable on [0,+∞), this provides a finite upper bound independent
of both R and n. Taking the supremum over R > 0 thus yields that the sequence divz(divz a

n) is
uniformly bounded in L1(RN ).

Next, we establish the uniform quasi-ellipticity bound (58). Because the matrix z ⊗ z is positive
semi-definite and (|z|2 + ε2n)

−1 ≤ |z|−2, we have (|z|2 + ε2n)
−1(z ⊗ z) ≤ |z|−2(z ⊗ z) in the sense of

symmetric matrices. Additionally, for any z in the ball |z| ≤ R, the inequality εn ≤ 1 implies the
scalar bound |z|2+ ε2n ≤ R2+1. Combining the matrix inequality with this scalar bound, we obtain

an(z) =
1

(|z|2 + ε2n)
α/2

(
I − z ⊗ z

|z|2 + ε2n

)
≥ 1

(|z|2 + ε2n)
α/2

(
I − z ⊗ z

|z|2

)
≥ 1

(R2 + 1)α/2

(
I − z ⊗ z

|z|2

)
.

Setting CR = (R2 + 1)−α/2, we recover (58).
Finally, by the uniqueness of the square root of a positive semi-definite matrix, we obtain√

an(z) =
1

(|z|2 + ε2n)
α/4

(
I − z ⊗ z√

|z|2 + ε2n(
√
|z|2 + ε2n + εn)

)
.

Since the denominator inside the parentheses is bounded below by |z|2, its i, j-th entry is bounded
by 2. Therefore, for all z ∈ RN \ {0}, we have∣∣∣∣[√an(z)]

ij

∣∣∣∣ ≤ 2

(|z|2 + ε2n)
α/4

≤ 2

|z|α/2
.

As
√
an(z) converges pointwise to

√
a(z) and the dominating function 2/|z|α/2 belongs to L1

loc(RN ),
the dominated convergence theorem ensures that this sequence converges strongly in this space.
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Computing the divergence yields(
divz

√
an(z)

)
i
= − 1

S
α/2
n

1

Sn(Sn + εn)

[
N − 1 +

α+ 2

2

εn
Sn

(
1 +

εn
Sn

)]
zi,

where Sn =
√
|z|2 + ε2n. Since Sn → |z|, this expression converges pointwise to divz

√
a(z). Applying

the bound εn/Sn ≤ 1 to the terms in the square brackets and Sn(Sn+εn) ≥ S2
n to the denominator,

we obtain ∣∣∣(divz√an(z))
i

∣∣∣ ≤ N + α+ 1

(|z|2 + ε2n)
α/4+1

|zi| ≤
N + α+ 1

|z|α/2+1
.

Because α/2 + 1 ≤ α+ 1 < N , the dominating function on the right-hand side is locally integrable.
Therefore, by the dominated convergence theorem we have that this sequence converges strongly in
L1
loc(RN ), concluding the proof. □

Next, we construct a sequence of regularized initial data satisfying the assumptions of Proposition
3 and accurately approximates the initial kinetic energy and moment of inertia. Furthermore, if
the original initial data happens to be uniformly non-saturated, our approximation scheme strictly
preserves this bound.

Lemma 6. Let f0 ∈ L1(R2N
x,v; (1+ |x|2 + |v|2)dxdv) be a function such that 0 ≤ f0 ≤ 1. There exists

a sequence (fn0 )n in C∞
c (R2N

x,v) converging to f0 in L1(1 + |x|2 + |v|2, R2N
x,v) such that for each n,

there exists a constant Cn > 0 such that

fn0 ≤ Cne
−⟨x,v⟩

1 + Cne−⟨x,v⟩ on R2N
x,v.

Moreover, if there exists a δ > 0 such that 0 ≤ f0 ≤ 1 − δ almost everywhere in R2N
x,v then the

sequence (fn0 )n is such that 0 ≤ fn0 ≤ 1− δ in R2N
x,v.

Proof. Let ϕ ∈ C∞
c (R2N

x,v) be a standard nonnegative mollifier supported on B1(0, 0), the unit ball of
R2N
x,v, with

˜
ϕdxdv = 1. For each n, we define the scaled mollifier ϕn(x, v) = n2Nϕ(nx, nv), which

is supported in B1/n(0, 0).
Next, let ψ ∈ C∞

c (R2N
x,v) be a smooth cutoff function satisfying 0 ≤ ψ ≤ 1, also supported in

B1(0, 0), with ψ ≡ 1 in B1/2(0, 0). For each n, we define the truncation ψn(x, v) = ψ(x/n, v/n),
which is supported in Bn(0, 0).

We define the sequence of approximations by

fn0 (x, v) =

(
1− 1

n

)
ψn(x, v)(f0 ∗ ϕn)(x, v)

=

(
1− 1

n

)
ψn(x, v)

¨
f0(x∗, v∗)ϕ

n(x− x∗, v − v∗) dx∗dv∗.

Let w(x, v) = 1 + |x|2 + |v|2 denote the quadratic weight. To show the convergence of (fn0 )n in
the weighted space, we expand the expression for |fn0 − f0| using the definition above. Adding and
subtracting (1− 1/n)ψnf0, applying the triangle inequality and the bound 0 ≤ ψn ≤ 1, we obtain¨

|fn0 − f0|w dxdv ≤
(
1− 1

n

)¨
|(f0 ∗ ϕn)− f0|w dxdv +

¨
|ψn − 1|f0w dxdv

+
1

n

¨
f0w dxdv

(62)

Consider the second integral on the right-hand side. Because ψn → 1 pointwise, the integrand
|ψn−1|f0w vanishes almost everywhere. Furthermore, since 0 ≤ ψn ≤ 1, this integrand is dominated
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by f0w, which is an integrable function over R2N
x,v. Therefore, by the dominated convergence theorem,

it follows that this second integral converges to zero as n→ ∞.
The last term on the right-hand side of (62) vanishes and for the first integral, we introduce the

commutator of the mollification with the weight w. Adding and subtracting (f0w)∗ϕn and applying
the triangle inequality yields¨

|(f0 ∗ ϕn)− f0|w dxdv ≤
¨

|(f0 ∗ ϕn)w − (f0w) ∗ ϕn| dxdv +
¨

|(f0w) ∗ ϕn − f0w| dxdv.

Because f0w ∈ L1(R2N
x,v), standard properties of approximation by convolution guarantee that the

second term on the right-hand side vanishes as n→ ∞.
To bound the remaining term, we first establish a translation estimate for the weight w. Writing

x = (x − x∗) + x∗ and v = (v − v∗) + v∗, we expand the difference of the weights and apply the
Cauchy-Schwarz inequality to the dot products to obtain that

w(x, v)− w(x∗, v∗) = |x− x∗|2 + 2x∗ · (x− x∗) + |v − v∗|2 + 2v∗ · (v − v∗)

≤ |x− x∗|2 + |v − v∗|2 + 2|x∗||x− x∗|+ 2|v∗||v − v∗|
≤ |x− x∗|2 + |v − v∗|2 + 2(|x∗|+ |v∗|)(|x− x∗|+ |v − v∗|).

Next, we apply this pointwise bound on the commutator. Expanding the convolutions and using the
fact that both f0 and ϕn are nonnegative, we find that∣∣(f0 ∗ ϕn)w − (f0w) ∗ ϕn

∣∣
=

∣∣∣∣¨ ϕn(x− x∗, v − v∗)f0(x∗, v∗)[w(x, v)− w(x∗, v∗)] dxdv

∣∣∣∣
≤
[
ϕn(|x|2 + |v|2)

]
∗ f0 + 2

[
ϕn(|x|+ |v|)

]
∗
[
f0(|x|+ |v|)

]
Integrating this pointwise inequality over R2N

x,v and applying Young’s inequality for convolutions
allows us to estimate the L1 norm of the commutator. Then, applying the inequality |x| + |v| ≤
2w(x, v) on the second convolution term, we obtain¨

|(f0 ∗x,v ϕn)w − (f0w) ∗x,v ϕn| dxdv ≤
∥∥ϕn(|x|2 + |v|2)

∥∥
L1(R2N

x,v)
∥f0∥L1(R2N

x,v)

+ 4 ∥ϕn(|x|+ |v|)∥L1(R2N
x,v)

∥wf0∥L1(R2N
x,v)

.

The right-hand side above vanishes as n→ ∞. This follows directly from the scaling of the mollifier
ϕn, since in this case we have∥∥ϕn(|x|+ |v|

)∥∥
L1(R2N

x,v)
=

1

n

∥∥ϕ(|x|+ |v|
)∥∥
L1(R2N

x,v)∥∥ϕn(|x|2 + |v|2
)∥∥
L1(R2N

x,v)
=

1

n2
∥∥ϕ(|x|2 + |v|2

)∥∥
L1(R2N

x,v)
.

Consequently, the first integral on the right-hand side of (62) goes to zero, therefore implying the
convergence of the sequence fn0 → f0 in the desired weighted space.

Next, we establish the upper bound for the approximation fn0 . Recall that fn0 is supported in the
closed ball Bn(0, 0). Since 0 ≤ f0 ≤ 1 and

˜
ϕn dxdv = 1, we have 0 ≤ fn0 ≤ (1− 1/n) < 1. Thus,

the quotient fn0 /(1− fn0 ) is strictly positive, well-defined and belongs to C∞
c (R2N

x,v) with its support
in Bn(0, 0).

Because this quotient is continuous and compactly supported, it attains a finite maximum. On the
other hand, the continuous function e−⟨x,v⟩ is strictly positive and thus attains a positive minimum
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on Bn(0, 0). Therefore, we can choose a sufficiently large constant Cn > 0 such that

0 ≤ fn0
1− fn0

≤ Cne
−⟨x,v⟩

holds for all (x, v) ∈ Bn(0, 0). Since fn0 vanishes outside of Bn(0, 0), this inequality trivially holds
over all of R2N

x,v. Observing that the map z 7→ z/(1+ z) is strictly increasing for z ≥ 0, we apply this
function to both sides of the inequality to obtain

0 ≤ fn0 ≤ Cne
−⟨x,v⟩

1 + Cne−⟨x,v⟩ .

Finally, if 0 ≤ f0 ≤ 1−δ, the definition of fn0 , combined with
˜
ϕn dxdv = 1 and (1−1/n)ψn ≤ 1,

directly implies that 0 ≤ fn0 ≤ 1− δ. □

We now have all the ingredients necessary to prove Theorem 2, and we proceed in five steps.
In Step 1, we construct a sequence of approximate solutions using Proposition 3 and establish its
compactness by applying Proposition 1. In Step 2, we prove the propagation of these compactness
properties to the coefficients a and b, while in Step 3, we establish pointwise-in-time compactness
for this scheme.

In Step 4, we use the compactness properties proven thus far to pass to the limit in the approximate
equation. Finally, in Step 5, we recover the conservation laws and inequalities stated in the theorem
by passing to the limit in the a priori estimates from Proposition 4.

Proof of Theorem 2. Step 1: Compactness
For each integer n ≥ 1, let fn0 be the approximated initial data constructed in Lemma 6, and let

an be the approximated collision kernel constructed in Lemma 5. Let εn be a sequence of strictly
positive real numbers converging to zero. By Proposition 3 with ε = εn, there exists a corresponding
sequence of solutions fn to the approximated problem (19).

Let us verify the hypotheses needed to apply Proposition 1. The approximate a priori estimates
of Proposition 4 give us the bound (9) on fn(1 + |x − vt|2 + |v|2). For the ellipticity estimate (10)
let T,R,R′ > 0. Using the inequality A

n ≥ an we obtain that for every η, v ∈ RNv ,

A
n

ijηiηj ≥
1

1 + εn∥fn(t, x)∥L1

ˆ
anij(v − v∗)ηiηjf

n
∗ (1− fn∗ ) dv∗.

The integrand being nonnegative, we can bound this integral from below by restricting the domain
to {v∗ ∈ RN : |v∗| ≤ R′}. Since whenever |v| ≤ R and |v∗| ≤ R′ we have |v− v∗| ≤ R+R′, applying
the lower matrix bound (58) we obtain that for any η ∈ RN ,

A
n

ijηiηj ≥
CR+R′

1 + εn∥fn(t, x)∥L1

ˆ
|v∗|≤R′

[
1−

(
v − v∗
|v − v∗|

· η
|η|

)2
]
|η|2fn∗ (1− fn∗ ) dv∗.

Define the sequence of functions gn(t, x) = ∥fn(t, x)∥L1 . From the boundedness of the sequence
fn, we have that gn is uniformly bounded in L1

loc((0,∞);L1(RNx )). Since εn → 0, it follows that
εng

n → 0 strongly in this space. Passing to a subsequence, this convergence also holds pointwise
almost everywhere in (0,∞)× RNx . We summarize this limit as

(63) εn∥fn(t, x)∥L1 → 0 a.e. and in L1
loc((0,∞);L1(RNx )).

Fix T,R > 0. Restricting ourselves to the compact subset [0, T ]×BR, we apply Egorov’s theorem
to deduce that for every ε > 0 there exists a measurable set E ⊂ [0, T ]×BR such that |E| ≤ ε and
∥εngn∥L∞(Ec) → 0. Therefore, there exists an n0 ∈ N such that 1 + εn∥fn(t, x)∥L1 ≤ 2 uniformly
on Ec for all n ≥ n0, which implies the second hypothesis of Proposition 1 with ν = CR+R′/2.
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We verify that for each fixed n, the coefficientsA
n
, divv A

n
, B

n
and divv B

n
belong to L∞

loc((0,∞)×
R2N
x,v). Comparing the regularized problem (19) to the general form (8), we identify the coefficients

as
A
n
= an + εnI and B

n
= b

n
.

The terms an, divv an, b
n

and divv b
n

can be expressed in the general form

An ∗v Fn

1 + εn∥fn(t, x)∥L1

,

where the kernel An represents anij , (divz an)i or divz(divz a
n) and the function Fn is either fn or

fn(1− fn). From Lemma 5, the kernels An are all uniformly bounded in L1(RN ) + L∞(RN ). This
allows us to decompose An = αn + βn, where the sequence (αn)n is uniformly bounded in L1(RN )
and (βn)n is uniformly bounded in L∞(RN ). We expand the definition of An

ij and we apply the
triangle inequality. Using Young’s inequality for convolutions, together with the bound |Fn| ≤ |fn|,
we obtain ∣∣∣∣ An ∗v Fn

1 + εn∥fn(t, x)∥L1

∣∣∣∣ ≤ |αnij ∗v Fn|
1 + εn∥fn(t, x)∥L1

+
|βnij ∗v Fn|

1 + εn∥fn(t, x)∥L1

≤
∥αnij∥L1∥fn(t, x)∥L∞

1 + εn∥fn(t, x)∥L1

+
∥βnij∥L∞∥fn(t, x)∥L1

1 + εn∥fn(t, x)∥L1

.

For the first term, we use the fact that the denominator is greater than 1 and that ∥fn(t, x)∥L∞ ≤
1. For the second term, we use that y/(1 + εy) ≤ ε−1 for every y ≥ 0 to obtain

(64)
∣∣∣∣ An ∗v Fn

1 + εn∥fn(t, x)∥L1

∣∣∣∣ ≤ ∥αnij∥L1 + ε−1
n ∥βnij∥L∞ .

Therefore for each fixed n, these convolution terms are bounded in L∞((0,∞)× R2N
x,v). Since εn →

0, the additional matrix εnI is trivially bounded in L∞ and thus all coefficients are bounded in
L∞
loc((0,∞)× R2N

x,v).
Finally, we verify that these coefficients are uniformly bounded in L1

loc((0,∞) × R2N
x,v). For

the terms taking the general convolution form, the denominator is always strictly greater than
one, so they are bounded by |An ∗v Fn|. From Young’s inequality for convolutions and the fact
that fn is uniformly bounded in L∞

loc((0,∞);L1(R2N
x,v)), it follows that |An ∗v Fn| is bounded in

L∞
loc((0,∞);L1(R2N

x,v))+L∞
loc((0,∞);L1(RNx ;L∞(RNv ))) and therefore in L∞

loc((0,∞);L1
loc(R2N

x,v)). As
εn ≤ 1 for n sufficiently large, the matrix sequence εnI is uniformly bounded over any compact
domain, meaning A

n
is also uniformly bounded in L∞

loc((0,∞);L1
loc(R2N

x,v)).
Therefore, applying Proposition 1 and extracting a subsequence, we find a function F such that

(65) fn(1− fn) → F a.e. and strongly in L1
loc((0,∞);L1(R2N

x,v)).

This proposition also establishes that fn converges weakly in L1
loc to a function f . Moreover, by

the Banach-Alaoglu theorem, the bound 0 ≤ fn ≤ 1 allows us to extract a further subsequence
converging weakly-* in L∞. By uniqueness of the limit in the sense of distributions, this limit must
also be f , yielding

fn ⇀ f weakly in L1
loc((0,∞);L1(R2N

x,v)),

fn
∗
⇀ f weakly-* in L∞((0,∞)× R2N

x,v).
(66)

Furthermore, for every T > 0, the sequence fn → f strongly in L1(RT ×RNv ), where RT = {(t, x) ∈
(0, T )× RNx :

´
F dv > 0 or

´
f dv = 0}.
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Let R∞ denote the corresponding set when T = ∞. Passing to a further subsequence, we obtain
that

(67) fn → f a.e. in R∞ × RNv .

This implies that fn(1− fn) → f(1− f) a.e. on R∞ × RNv . By the uniqueness of pointwise limits,
we conclude that F = f(1− f) almost everywhere on this set.

On the other hand, on the complement Rc
∞×RNv , the definition of the set implies that

´
F dv = 0.

Since F ≥ 0 a.e. (being the limit of the nonnegative sequence fn(1 − fn)), it follows that F = 0
almost everywhere on Rc

∞ × RNv .
Combining these two limits, we deduce that

(68) F (t, x, v) = f(t, x, v)(1− f(t, x, v))1R∞(t, x)

for almost every (t, x, v) ∈ (0,∞)×R2N
x,v. Defining S = R∞, we obtain from the above identity that

S ⊂ {(t, x) ∈ (0,∞)× RNx :
´
f(1− f) dv > 0 or

´
f dv = 0}.

Step 2: Convergence of the coefficients
Next, we establish the convergence of the coefficients. Recall that if An → A in L1(RN ) +

L∞,∗(RN ) and Fn → F in L1
loc((0,∞);L1(R2N

x,v)), then

An ∗v Fn → A ∗v F in L1
loc((0,∞)× R2N

x,v).

Combining the convergence properties of an established in Lemma 5 with the convergence (65), we
obtain that an ∗v (fn(1− fn)) → a ∗v F strongly in L1

loc((0,∞)×R2N
x,v). Passing to a subsequence in

n, this convergence also holds pointwise almost everywhere in (0,∞) × R2N
x,v. Combining (63) with

this limit, we find

anij =
anij ∗v (fn(1− fn))

1 + εn∥fn(t, x)∥L1

+ εnδij → aij ∗v F

almost everywhere in (0,∞)×R2N
x,v. Applying the triangle inequality and noting that the denominator

is bounded below by 1, we obtain that∣∣∣∣anij ∗v (fn(1− fn))

1 + εn∥fn(t, x)∥L1

+ εnδij

∣∣∣∣ ≤ |anij ∗v (fn(1− fn))|+ εn.

Since the right-hand side converges in L1
loc((0,∞) × R2N

x,v), we deduce by the general dominated
convergence theorem (see, for example, Section 4.4, Theorem 19 of [23]), that

(69) an + εnI → a ∗v F
strongly in L1

loc((0,∞)× R2N
x,v).

We establish that divv a
n → divv a in L1

loc((0,∞) × R2N
x,v) by the exact same procedure. Indeed,

returning to Lemma 5 and the previously established limit (65) of fn(1− fn), we obtain

divz a
n ∗v (fn(1− fn)) → divz a ∗v F

strongly in L1
loc((0,∞) × R2N

x,v) and, up to passing to a subsequence, pointwise almost everywhere.
The expressions in (21) then imply that (divv a

n)j → (divv a)j almost everywhere in (0,∞)×R2N
x,v.

Because the denominators in these expressions is bounded below by 1, we have the pointwise bounds

|(divv an)j | ≤ |divz an ∗v (fn(1− fn))|
Since this right-hand side majorant converges strongly in L1

loc((0,∞)×R2N
x,v), the general dominated

convergence theorem once more yields

(70) (divv a
n)j → (divz a ∗v F )j
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strongly in L1
loc((0,∞)× R2N

x,v).
Handling the b

n
terms requires a slightly different approach because the convolutions involve

fn, which is only known to converge weakly. Therefore, we rely on a weak-strong convergence
property for convolutions. Observe that if An → A in L1(RN ) + L∞,∗(RN ) and Fn ⇀ F weakly in
L1
loc((0,∞);L1(R2N

x,v)), then

An ∗v Fn ⇀ A ∗v F weakly in L1
loc((0,∞)× R2N

x,v).

Applying this property alongside the convergence of an established in Lemma 5, we deduce that
(divz a

n)∗vfn ⇀ (divz a)∗vf weakly in L1
loc((0,∞)×R2N

x,v). Moreover, since 1/(1+εn∥fn(t, x)∥L1) ≤
1, it follows from the pointwise limit (63) and the product limit theorem (see Proposition A.2 of
[24]) that

(71) b
n

j =
(divz a

n)j ∗v fn

1 + εn∥fn(t, x)∥L1

⇀ (divz a)j ∗v f = bj

weakly in L1
loc((0,∞)× R2N

x,v).

Step 3: Time continuity and pointwise-in-time convergence
To establish this property, we apply the Arzelà-Ascoli theorem to the weak formulation of the

equation for fn. Specifically, for any test function φ ∈ D([0,∞)×R2N
x,v) and almost every t > 0, fn

satisfies ˆ
xv

fn(t)φ(t)−
ˆ
xv

fn0 φ(0)−
ˆ t

0

ˆ
xv

fn
∂φ

∂τ
−
ˆ t

0

ˆ
xv

fnvi
∂φ

∂xi

=

ˆ t

0

ˆ
xv

(anij + εnδij)f
n ∂2φ

∂vi∂vj
+

ˆ t

0

ˆ
xv

(
∂anij
∂vi

+ b
n

j (1− fn)

)
fn

∂φ

∂vj
.

(72)

Fix a test function ψ ∈ D(R2N
x,v). We define the functions

gn(t) :=

ˆ
xv

fn(t, x, v)ψ(x, v) and g(t) :=

ˆ
xv

f(t, x, v)ψ(x, v).

We aim to demonstrate that for every t > 0, we have the pointwise-in-time convergence gn(t) → g(t).
Fix an arbitrary time T > 0. From the definition of gn(t), we apply an L∞(R2N

x,v) bound to ψ
and use the conservation of mass established in Proposition 4 on the remaining integral. Since fn0
converges strongly in L1(R2N

x,v) by Lemma 6, the sequence of initial masses ∥fn0 ∥L1(R2N
x,v)

is uniformly
bounded by a constant M0, yielding

|gn(t)| ≤ ∥ψ∥L∞(R2N
x,v)

∥fn(t)∥L1(R2N
x,v)

= ∥ψ∥L∞(R2N
x,v)

∥fn0 ∥L1(R2N
x,v)

≤M0∥ψ∥L∞(R2N
x,v)

for all t ∈ [0, T ]. This establishes that the sequence (gn)n is uniformly bounded on the interval [0, T ],
independently of n.

Let 0 < s < t ≤ T be two positive times. Choosing a test function φ ∈ D([0,∞) × R2N
x,v) such

that φ(τ, x, v) = ψ(x, v) for all τ in a neighborhood of [s, t] and taking the difference of the weak
formulation (72) evaluated at time t and at time s, we obtain

gn(t)− gn(s) =

ˆ t

s

ˆ
xv

fnvi
∂ψ

∂xi
+

ˆ t

s

ˆ
xv

(anij + εnδij)f
n ∂2ψ

∂vi∂vj

+

ˆ t

s

ˆ
xv

(
∂anij
∂vi

+ b
n

j (1− fn)

)
fn

∂ψ

∂vj
.

(73)
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Let K = suppψ ⊂ R2N
x,v denote the compact support of the test function. Using the bound 0 ≤ fn ≤

1, we can estimate the absolute value of the right-hand side by

|gn(t)− gn(s)| ≤ (t− s)

[
∥v · ∇xψ∥L1(K) + ∥anij + εnδij∥L∞((0,T );L1(K))∥∇2

vψ∥L∞(K)

+
(
∥(divv an)j∥L∞((0,T );L1(K)) + ∥bnj ∥L∞((0,T );L1(K))

)
∥∇vψ∥L∞(K)

]
.

As established in Part 1 of the proof, the coefficients an, divv an and b
n

are uniformly bounded in
L∞
loc((0,∞);L1

loc(R2N
x,v)). Since K is compact, the term in square brackets on the right-hand side is

bounded by a constant Cψ independent of n, yielding

|gn(t)− gn(s)| ≤ Cψ|t− s|.

This implies that the sequence (gn)n is uniformly equicontinuous on [0, T ].
By the Arzelà-Ascoli theorem, combined with a standard diagonal extraction over an increasing

sequence of times Tm → ∞ and a countable dense subset of D(R2N
x,v), we can extract a single

subsequence such that for every ψ ∈ D(R2N
x,v), the sequence (gn)n converges locally uniformly on

[0,∞) to a continuous limit function gψ.
Furthermore, because fn ⇀ f weakly in L1

loc((0,∞);L1(R2N
x,v)), it follows from uniqueness of the

limit in the sense of distributions that for almost every t > 0, we have gψ(t) =
´
xv
f(t, x, v)ψ(x, v).

Redefining f(t) on a null set to be weakly continuous, we conclude that for every ψ ∈ D(R2N
x,v) and

t > 0,

(74)
ˆ
xv

fn(t)ψ →
ˆ
xv

f(t)ψ.

Let us now extend this convergence to a broader class of test functions. Specifically, we consider
functions ψ = ψ(t, x, v) ∈ C([0,∞);L1

loc(R2N
x,v)) such that for every T > 0 there exists a CT > 0 such

that |ψ(t, x, v)| ≤ CT (1 + |x|+ |v|) for all t ∈ [0, T ].
From the elementary inequality |x|2 + |v|2 ≤ 2|x − tv|2 + (1 + 2t2)|v|2, there exists a constant

KT > 0 such that 1+ |x|2+ |v|2 ≤ KT (1+ |x− tv|2+ |v|2) for all t ∈ [0, T ]. Integrating this pointwise
inequality against fn and recalling from Proposition 4 that the integral of fn against the weight
(1 + |x− tv|2 + |v|2) is uniformly bounded in time by a constant MT > 0, we deduce that

sup
t∈[0,T ]

ˆ
xv

fn(1 + |x|2 + |v|2) ≤ KT sup
t∈[0,T ]

ˆ
xv

fn(1 + |x− tv|2 + |v|2) ≤MTKT .

Let (ψm)m be a sequence of C∞([0,∞)×R2N
x,v) functions such that for every t ≥ 0, ψm(t) → ψ(t)

in L1
loc(R2N

x,v). Let χ ∈ C∞([0,∞]) be a fixed, non-increasing function such that χ(s) = 1 for s ≤ 1

and χ(s) = 0 for s ≥ 2. For R > 0, we define the family of cutoff functions χR ∈ D(R2N
x,v) by

χR(x, v) = χ

(√
|x|2 + |v|2
R

)
.

By construction, 0 ≤ χR ≤ 1, with χR ≡ 1 on the ball BR and χR ≡ 0 on Bc2R. Furthermore, since
χ is non-increasing, the sequence χR(x, v) increases monotonically with R.
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We decompose the difference as∣∣∣∣ˆ
xv

(fn(t)− f(t))ψ(t)

∣∣∣∣ ≤ ∣∣∣∣ˆ
xv

(fn(t)− f(t))ψm(t)χR

∣∣∣∣
+

ˆ
xv

|fn(t)− f(t)||ψm(t)− ψ(t)|χR

+

ˆ
xv

|fn(t)− f(t)||ψ(t)|(1− χR).

(75)

For the third integral, the function 1−χR is supported entirely on the set BcR. On this region, we
have

√
|x|2 + |v|2 > R, which yields the bound 1 < (

√
|x|2 + |v|2)/R ≤ (1 + |x|+ |v|)/R. Using the

linear growth bound on ψ, the positivity of fn and the inequality (1+ |x|+ |v|)2 ≤ 3(1+ |x|2+ |v|2),
we can estimate the fn part of the third term asˆ

xv

fn(t)|ψ(t)|(1− χR) ≤ CT

ˆ
xv

fn(t)(1 + |x|+ |v|)(1− χR)

≤ CT
R

ˆ
xv

fn(t)(1 + |x|+ |v|)2

≤ 3CTMTKT

R
.

This bound propagates to the limit f by approximating the positive weight |ψ(t)|(1 − χR) from
below with the monotone sequence

(
|ψ(t)|(1 − χR)χM

)
M

of compactly supported test functions.
Applying the convergence (74) for each M and invoking the monotone convergence theorem as
M → ∞ yields the result.

Applying the bounds 0 ≤ fn, f ≤ 1 and 0 ≤ χR ≤ 1, the second integral of (75) is bounded by
2∥ψm(t) − ψ(t)∥L1(suppχR). Next, using the triangle inequality |fn − f | ≤ fn + f , we see that the
third integral is bounded by 6CTMTKT /R uniformly in n. Since for a fixed t and m, the function
(x, v) 7→ ψm(t, x, v)χR(x, v) belongs to D(R2N

x,v), taking the limit superior as n → ∞ on both sides
of (75), the first integral vanishes by (74), yielding the bound

lim sup
n→∞

∣∣∣∣ˆ
xv

(fn(t)− f(t))ψ(t)

∣∣∣∣ ≤ 2∥ψm(t)− ψ(t)∥L1(suppχR) +
6CTMTKT

R
.

Taking the limit as m→ ∞, the first term on the right-hand side above vanishes by the convergence
of ψm(t) to ψ(t) in L1

loc(R2N
x,v). Finally, taking the limit as R → ∞ gives that for any test function

ψ ∈ C([0,∞);L1
loc(R2N

x,v)) satisfying |ψ(t, x, v)| ≤ CT (1 + |x| + |v|) for all t ∈ [0, T ], we have the
pointwise-in-time convergence

(76)
ˆ
xv

fn(t)ψ(t) →
ˆ
xv

f(t)ψ(t) for all t > 0.

Step 4: Passing the equation to the limit
We now use the established convergences to pass the weak formulation (72) to the limit.
Consider the integrals on the left-hand side. For a fixed t > 0, the first integral converges due

to the pointwise-in-time limit (76), while the second integral converges by the strong convergence
fn0 → f0 in L1(R2N

x,v). The remaining two integrals converge as a consequence of the weak convergence
(66) of fn. Thus, the entire left-hand side converges to

ˆ
xv

f(t)φ(t)−
ˆ
xv

f0φ(0)−
ˆ t

0

ˆ
xv

f
∂φ

∂τ
−
ˆ t

0

ˆ
xv

fvi
∂φ

∂xi
.
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For the integrals on the right-hand side of (72), the strong convergence (69) of anij+εnδij , together
with the weak limit (66) of fn implies that (anij + εnδij)f

n ⇀ (a ∗v F )f in L1
loc((0,∞)× R2N

x,v).
Next, combining the strong convergence (70) of divv a

n with the weak limit of fn, we obtain
(∂via

n
ij)f

n ⇀ (∂ziaij ∗vF )f in L1
loc((0,∞)×R2N

x,v). Finally, the weak convergence (71) of b
n
, together

with the pointwise convergence (65) of the uniformly bounded sequence 0 ≤ fn(1−fn) ≤ 1/4, implies
by the product limit theorem that b

n

j f
n(1− fn)⇀ (divz a ∗v f)F in L1

loc((0,∞)× R2N
x,v).

Substituting F = f(1− f)1R∞ from (68), the right-hand side converges to
ˆ t

0

ˆ
xv

(aij ∗ f(1− f))f1R∞

∂2φ

∂vi∂vj

+

ˆ t

0

ˆ
xv

[(
∂aij
∂zi

∗ f(1− f)

)
f +

(
∂aij
∂zi

∗ f
)
f(1− f)

]
1R∞

∂φ

∂vj
.

Equating the limits on the left and right-hand sides, we recover the weak formulation for the desired
equation.

Step 5: A priori estimates

We first establish the conservation of mass and linear momentum for the limit function f . Let
χ = χ(t, x, v) = a + b · v be a linear combination of the corresponding collision invariants. By
Proposition 4, the approximate solutions fn satisfy

´
xv
fn(t)χ =

´
xv
fn0 χ for all t > 0. We decompose

the difference for the limit function asˆ
xv

(f(t)− f0)χ =

ˆ
xv

(f(t)− fn(t))χ+

ˆ
xv

(fn(t)− fn0 )χ+

ˆ
xv

(fn0 − f0)χ.

The first integral vanishes as n → ∞ due to the pointwise-in-time convergence (74), since |χ| ≤
|a| + |b||v|. The second integral is identically zero for every n by the conservation properties of
the approximate solutions. Finally, the third integral vanishes in the limit n → ∞ because the
approximate initial data fn0 converges to f0 in L1(1 + |x|2 + |v|2;R2N

x,v) from Lemma 6.
Therefore, the left-hand side vanishes for every t > 0. By choosing a = 1, b = 0 and a = 0, b = ek

(for k = 1, . . . , N), we recover the conservation of mass and linear momentum, respectively.
For the energy and momentum of inertia inequalities, consider the non-negative collision invariant

ζ(t, x, v) = a|x − tv|2 + b|v|2, where a, b ≥ 0. Because ζ grows faster than linearly, we localize it
using the cutoff functions χR from Part 3.

Since the product ζχR ∈ D(R2N
x,v), the convergence (74) guarantees that for all t > 0 and R > 0,

we have
´
xv
fn(t)ζχR →

´
xv
f(t)ζχR. Furthermore, since fn(t) ≥ 0 and χR ≤ 1, we can bound the

truncated integral by the non-truncated one, giving
´
xv
fn(t)ζχR ≤

´
xv
fn(t)ζ for all n. Taking the

limit inferior as n→ ∞ on both sides yields
´
xv
f(t)ζχR ≤ lim infn→∞

´
xv
fn(t)ζ.

We evaluate the limit on the right-hand side using Proposition 4, which gives
ˆ
xv

fn(t)ζ =

ˆ
xv

fn0 (a|x|2 + b|v|2) + 2εnt

(
a
t2

3
+ b

)
∥fn0 ∥L1 .

Recall that εn → 0 as n → ∞. Moreover, since the approximate initial data fn0 converges to f0
in L1(1 + |x|2 + |v|2;R2N

x,v), the sequence of norms ∥fn0 ∥L1 is bounded. Therefore, the second term
on the right-hand side vanishes. The first term converges and the whole expression converges to´
xv
f0(a|x|2 + b|v|2). Thus, for all t > 0 and R > 0, we have

´
xv
fζχR ≤

´
xv
f0(a|x|2 + b|v|2).

We finally remove the truncation. Because f(t) ≥ 0, ζ ≥ 0 and the sequence of cutoff functions
χR increases monotonically to 1 as R → ∞, we can apply the monotone convergence theorem to
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take the limit as R→ ∞ and we obtain thatˆ
xv

fζ ≤
ˆ
xv

f0(a|x|2 + b|v|2).

Choosing a = 1 and b = 0 yields the moment of inertia inequality, while choosing a = 0 and b = 1
yields the kinetic energy inequality.

Step 6: Entropy inequality
We now establish the entropy inequality for the limit function f from the corresponding inequality

satisfied by the approximated solutions. For almost every t > 0, we have

(77)
ˆ
xv

sn(t) +

ˆ t

0

ˆ
xv

dn(τ)dτ ≤
ˆ
xv

sn(0)

We will pass both sides to the limit, starting with the initial entropy on the right-hand side.
Because 0 ≤ fn0 ≤ 1, the quantum entropy sn(0) is non-positive. Using that −(1−x) log(1−x) ≤ x

for x ∈ [0, 1], we can bound the absolute value of the initial entropy as

|sn(0)| ≤ fn0 log

(
1

fn0

)
+ fn0 .

We split the right-hand side according to the exponential threshold fn0 = exp (−|x| − |v|). Where
fn0 ≤ exp (−|x| − |v|), we apply the bound x log(1/x) ≤ C0

√
x for x ∈ (0, 1) and we observe that√

fn0 ≤ exp(−(|x|+ |v|)/2). Where fn0 > exp (−|x| − |v|), we use the fact that log(1/fn0 ) ≤ (|x|+ |v|)
to obtain

|sn(0)| ≤ fn0 log

(
1

fn0

)
1fn

0 ≤exp (−|x|−|v|) + fn0 log

(
1

fn0

)
1fn

0 >exp (−|x|−|v|) + fn0

≤ C0

√
fn0 1fn

0 ≤exp (−|x|−|v|) + fn0 (|x|+ |v|) + fn0

≤ C0 exp

(
−1

2
(|x|+ |v|)

)
+ fn0 (1 + |x|+ |v|).

The right-hand side above converges in L1(R2N
x,v). Passing to a subsequence if necessary, the initial

data converges almost everywhere, which implies sn(0) → s(0) almost everywhere in R2N
x,v. Thus, by

the general convergence theorem, we obtain thatˆ
xv

sn(0) →
ˆ
xv

s(0).

For the first integral on the left-hand side of (77), applying the same approach for the shifted
function (x′, v) 7→ fn(t, x′ + tv, v) and substituting x = x′ + tv to return to the original spatial
coordinate yields

(78) |sn(t, x, v)| ≤ C0 exp

(
−1

2
(|x− tv|+ |v|)

)
+ fn(t, x, v)(1 + |x− tv|+ |v|).

Because sn is non-positive, this bound gives a non-negative sequence sn + C0 exp(−(|x − tv| +
|v|)/2) + fn(1 + |x − tv| + |v|) ≥ 0. For a fixed t > 0, recall from (76) that the sequence fn(t)
converges weakly to f(t) in L1(R2N

x,v). Because the function s is convex, we can apply weak lower
semicontinuity (see [8][Theorem 3.23]) to this sequence, yieldingˆ

xv

[
s(f(t)) + C0 exp

(
−1

2
(|x− tv|+ |v|)

)
+ f(1 + |x− tv|+ |v|)

]
≤ lim inf

n→∞

ˆ
xv

[
s(fn(t)) + C0 exp

(
−1

2
(|x− tv|+ |v|)

)
+ fn(1 + |x− tv|+ |v|)

]
.
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We cancel the exponential term, which is independent of n, from both sides. Moreover, testing the
convergence (76) against the admissible test function ψ(t, x, v) = (1 + |x − tv| + |v|) ensures that
the integral linear in fn on the right-hand side converges to its f counterpart on the left-hand side.
Subtracting these limits, we obtainˆ

xv

s(f(t)) ≤ lim inf
n→∞

ˆ
xv

s(fn(t)).

Let us now pass the entropy dissipation dn part of (77) to the limit. We first express dn as the
quadratic form

dn =

〈
An(t, x, v − v∗)

√
fn(1− fn)fn∗ (1− fn∗ )

(
∇vf

n

fn(1− fn)
− ∇v∗f

n
∗

fn∗ (1− fn∗ )

)
,

√
fn(1− fn)fn∗ (1− fn∗ )

(
∇vf

n

fn(1− fn)
− ∇v∗f

n
∗

fn∗ (1− fn∗ )

)〉
,

where ⟨·, ·⟩ denotes the standard inner product on RN . Here, the matrix An is defined as

(79) An(t, x, z) =
an(z)

1 + εn∥fn(t, x)∥L1

.

Let
√
An denote the matrix square root of the positive semi-definite matrix An. Using that

∇vf/(
√
f(1− f)) = 2∇v(arcsin

√
f), we rewrite dn as

dn =

∣∣∣∣√An(v − v∗)
√
fn(1− fn)fn∗ (1− fn∗ )

(
∇vf

n

fn(1− fn)
− ∇v∗f

n
∗

fn∗ (1− fn∗ )

)∣∣∣∣2
=

∣∣∣∣∣√An(v − v∗)

(√
fn∗ (1− fn∗ )

∇vf
n√

fn(1− fn)
−
√
fn(1− fn)

∇v∗f
n
∗√

fn∗ (1− fn∗ )

)∣∣∣∣∣
2

= 4
∣∣∣√An(v − v∗)

(√
fn∗ (1− fn∗ )∇v(arcsin

√
fn)−

√
fn(1− fn)∇v∗(arcsin

√
fn∗ )
)∣∣∣2 .

Let us study the convergence of
√
An and divv(

√
An). By the uniqueness of the square root for

positive semi-definite matrices, we have√
An(t, x, z) =

1√
1 + εn∥fn(t, x)∥L1

√
an(z).

The factor cn(t, x) = (1 + εn∥fn(t, x)∥L1)−1/2 satisfies 0 < cn ≤ 1 and converges to 1 almost
everywhere due to (63). By the triangle inequality, we have∣∣∣√An(t, x, z)−√a(z)∣∣∣ ≤ ∣∣∣√an(z)−√a(z)∣∣∣+ |cn(t, x)− 1|

∣∣∣√a(z)∣∣∣ .
Integrating over any compact set in (t, x, z), the first term vanishes by Lemma 5, while the second
one vanishes by the dominated convergence theorem. Thus,

√
An →

√
a in L1

loc((0,∞)×RNx ×RNz ).
Similarly, taking the divergence with respect to z yields

divz
√
An(t, x, z) =

1√
1 + εn∥fn(t, x)∥L1

divz
√
an(z).

Since Lemma 5 also guarantees that divz
√
an → divz

√
a in L1

loc(RN ), identical reasoning ensures
that divz

√
An(t, x, z) converges to divz

√
a(z) in the same space.
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Expanding the divergence by the product rule, we obtain√
An(v − v∗)

√
fn∗ (1− fn∗ )∇v(arcsin

√
fn)

= divv

(√
An(v − v∗)

√
fn∗ (1− fn∗ ) arcsin

√
fn
)

− divv

(√
An(v − v∗)

)√
fn∗ (1− fn∗ ) arcsin

√
fn.

(80)

To pass the first term of (80) to the limit in the sense of distributions, we first establish the
convergence of the vector field inside the divergence. Denoting R3N

xvv∗ = RNx × RNv × RNv∗ , let φ ∈
D((0,∞) × R3N

xvv∗) be a test function. Evaluating the i-th component of the vector field against φ,
we must show the convergence of the integralˆ

xvv∗

(√
An(v − v∗)

)
ij

√
fn∗ (1− fn∗ ) arcsin

√
fnφ.

To do this, we split the domain of integration into the region R∞ × R2N
v,v∗ , where the sequence fn

converges pointwise almost everywhere, and its complement Rc
∞ × R2N

v,v∗ .
On the complement region Rc

∞ × R2N
v,v∗ , recall that the sequence fn(1 − fn) → 0 pointwise

almost everywhere. Because the arcsin function is uniformly bounded by π/2 on [0, 1], the product√
fn∗ (1− fn∗ ) arcsin

√
fn vanishes almost everywhere on this region.

On the region R∞ × R2N
v,v∗ , the pointwise convergence guarantees that

√
fn∗ (1− fn∗ ) arcsin

√
fn

converges almost everywhere to
√
f∗(1− f∗) arcsin

√
f . Combining the behavior on these two dis-

joint regions, we obtain the pointwise convergence√
fn∗ (1− fn∗ ) arcsin

√
fn → 1R∞(t, x)

√
f∗(1− f∗) arcsin

√
f

almost everywhere on (0,∞)× R3N
xvv∗ .

Finally, because (v, v∗) 7→ v−v∗ maps compact sets in R2N
x,v to compact sets in RNz , the previously

established L1
loc convergence of

√
An(z) implies the shifted matrix elements (

√
An(v − v∗))ij con-

verge strongly in L1
loc((0,∞) × R3N

xvv∗). Since the sequence
√
fn∗ (1− fn∗ ) arcsin

√
fn is bounded in

L∞ and converges almost everywhere, the dominated convergence theorem ensures that the product
of these two terms also converges in L1

loc((0,∞)×R3N
xvv∗). Pulling the indicator function 1R∞ , which

is independent of v, out of the divergence, we have

divv

(√
An(v − v∗)

√
fn∗ (1− fn∗ ) arcsin

√
fn
)
→ 1R∞ divv

(√
a(v − v∗)

√
f∗(1− f∗) arcsin

√
f
)

in D′((0,∞)× R3N
xvv∗).

By an identical argument, since we established earlier that divv(
√
An(v − v∗)) converges strongly

in L1
loc, the dominated convergence theorem yields that divv(

√
An(v − v∗))

√
fn∗ (1− fn∗ ) arcsin

√
fn

converges to 1R∞ divv(
√
a(v − v∗))

√
f∗(1− f∗) arcsin

√
f in D′((0,∞)× R3N

xvv∗).
Subtracting this limit from the previous one gives the limit in the sense of distributions of the

unexpanded term. Because f lacks the regularity to justify the classical product rule, we formally
define the distribution√

a(v − v∗)
√
f∗(1− f∗)∇v(arcsin

√
f) := divv

(√
a(v − v∗)

√
f∗(1− f∗) arcsin

√
f
)

− divv

(√
a(v − v∗)

)√
f∗(1− f∗) arcsin

√
f.

With this definition, we can recombine the subtracted limits. Furthermore, by exchanging v and
v∗ and using that An(v− v∗) = An(v∗ − v), an identical argument yields the corresponding limit for
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the gradient with respect to v∗. This implies we have, in D′((0,∞)× R3N
xvv∗),√

An(v − v∗)
√
fn∗ (1− fn∗ )∇v(arcsin

√
fn) → 1R∞

√
a(v − v∗)

√
f∗(1− f∗)∇v(arcsin

√
f),√

An(v − v∗)
√
fn(1− fn)∇v∗(arcsin

√
fn∗ ) → 1R∞

√
a(v − v∗)

√
f(1− f)∇v∗(arcsin

√
f∗),

where the limit distribution on the right-hand side of the second convergence is defined analogously.
Subtracting both convergences, we conclude that√

An(v − v∗)

(√
fn∗ (1− fn∗ )∇v(arcsin

√
fn)−

√
fn(1− fn)∇v∗(arcsin

√
fn∗ )

)
→ 1R∞

√
a(v − v∗)

(√
f∗(1− f∗)∇v(arcsin

√
f)−

√
f(1− f)∇v∗(arcsin

√
f∗)

)
in D′((0,∞)× R3N

xvv∗).
The inequality (77), together with the bound (78) for sn, implies that the pre-limit sequence on

the left-hand side is uniformly bounded in L2((0,∞) × R3N
xvv∗). Therefore, the convergence above

actually holds weakly in L2((0,∞) × R3N
xvv∗), and the limit distribution on the right-hand side can

be identified with an L2 function.
Fixing t > 0 and applying the weak lower semicontinuity of the L2 norm to the sequence truncated

on the time interval [0, t], it follows that for every t > 0, we have
ˆ t

0

ˆ
x,v,v∗

d(τ) dτ ≤ lim inf
n→∞

ˆ t

0

ˆ
x,v,v∗

dn(τ) dτ,

where the limit entropy dissipation density is defined as

d = 1R∞4
∣∣∣√a(v − v∗)

(√
f∗(1− f∗)∇v(arcsin

√
f)−

√
f(1− f)∇v∗(arcsin

√
f∗)
)∣∣∣2 .

Taking the lim inf in (77), the final entropy inequality follows, concluding the proof.
□

6. Proof of Theorem 1

To prove Theorem 1, we first establish the propagation of non-saturation. Specifically, we show
that if the initial data is non-saturated, then the sequence of approximated solutions we have con-
structed in Step 1 of Theorem 2 asymptotically preserves this non-degeneracy over any bounded
time interval.

As anticipated in Section 2, we achieve this by applying a maximum principle to the sequence
of approximated solutions. Crucially, this method requires the sequence (divv b

n
)n to be uniformly

bounded in L∞, which in turn demands a uniform L1 bound on divz(divz a
n). However, based on the

available a priori estimates and the bounds established in Lemma 5, we are only able to guarantee
this bound in the Coulomb case (γ = −N), which motivates the restriction in Theorem 1.

Lemma 7. Let (fn)n be the sequence of solutions defined in the proof of Theorem 2 in the Coulomb
case γ = −N . Suppose that there exists a constant δ > 0 such that fn0 (x, v) ≤ 1− δ in R2N

x,v. Then,
for every T > 0, there exists a δT > 0, such that lim supn→∞ fn ≤ 1− δT pointwise on [0, T ]×R2N

x,v.

Proof. First, we establish that the sequence (divv b
n
)n is uniformly bounded in L∞((0,∞)× R2N

x,v).
Taking the divergence of the expression in (21), applying Young’s inequality for convolutions in the
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v variable and taking the supremum over (t, x), we obtain

|divv b
n| =

∣∣( divz(divz an)) ∗v fn∣∣
1 + εn∥fn(t, x))∥L1

≤
∣∣( divz(divz an)) ∗v fn∣∣

≤ ∥divz(divz an)∥L1(RN )∥fn∥L∞((0,∞)×R2N
x,v)

By Lemma 5, the sequence (divz(divz an))n is uniformly bounded in L1(RN ), which makes (divv b
n
)n

uniformly bounded in the desired space.
Let gn = 1− fn. Substituting gn into equation (19) and expanding the right-hand side yields

∂gn

∂t
+ vi

∂gn

∂xi
= A

n

ij

∂2gn

∂vi∂vj
+

(
∂anij
∂vi

+ b
n

j (1− 2gn)

)
∂gn

∂vj
+
∂b
n

j

∂vj
gn(1− gn),

where we denote an = af
n

, b
n
= b

fn

and A
n
= an + εnI. Using the fact that 0 ≤ gn ≤ 1 and the

boundedness of divv b
n

shown above, there exists a constant M > 0 such that

−
∂b
n

j

∂vj
(1− gn)gn ≥ −∥divv b

n∥L∞((0,∞)×R2N
x,v)

gn = −Mgn.

Therefore, gn satisfies the differential inequality

(81)
∂gn

∂t
+ vi

∂gn

∂xi
+Mgn ≥ A

n

ij

∂2gn

∂vi∂vj
+

(
∂anij
∂vi

+ b
n

j (1− 2gn)

)
∂gn

∂vj
.

Consider ψ(t, x, v) =
√
1 + |x− tv|2 + |v|2. For each n ∈ N, we define the auxiliary function

un(t, x, v), depending on parameters λn, θn > 0 which will be chosen suitably small later, as

un(t, x, v) = gn(t, x, v)eMt + λnt+ θnψ(t, x, v).

This function is continuous on [0,∞) × R2N
x,v. Because gneMt and λnt are nonnegative, we have

un ≥ θnψ. For any t ∈ [0, T ], applying the triangle inequality in x = (x− tv) + tv yields

|x|+ |v| ≤ |x− tv|+ (1 + t)|v| ≤ (2 + T )ψ.

Therefore, un → ∞ as |x|+|v| → ∞, uniformly in t. This guarantees that un must attain a minimum
on the set [0, T ]× R2N

x,v at some finite point (tn∗ , x
n
∗ , v

n
∗ ). Let us show that tn∗ = 0.

Fix n ∈ N. To simplify the notation for the following bounds, we drop the superscript and
denote this minimum simply by (tn∗ , x

n
∗ , v

n
∗ ). Suppose, for the sake of contradiction, that t∗ > 0.

Since the first and second derivatives with respect to v exist and are continuous, the minimality
at (t∗, x∗, v∗) ensures ∇vu

n(t∗, x∗, v∗) = 0 and the Hessian matrix ∇2
vu
n(t∗, x∗, v∗) is positive semi-

definite. Substituting the definition of un, this implies

eMt∗∇vg
n(t∗, x∗, v∗) = −θn∇vψ(t∗, x∗, v∗),

eMt∗∇2
vg
n(t∗, x∗, v∗) ≥ −θn∇2

vψ(t∗, x∗, v∗).
(82)

The derivatives ∇vψ and ∇2
vψ evaluated at (t∗, x∗, v∗) are bounded by a constant depending only

on T . Indeed, letting w∗ = v∗ − t∗(x∗ − t∗v∗) and noting that the derivative ∇v(1 + |x− tv|2 + |v|2)
at (t∗, x∗, v∗) is 2w∗ we obtain, by explicit computation,

∇vψ(t∗, x∗, v∗) =
w∗

ψ(t∗, x∗, v∗)
.
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Expanding |w∗|2 in terms of dot products and applying the Cauchy-Schwarz inequality, we obtain
that

|w∗|2 ≤ 2|v∗|2 + 2|t∗|2|x∗ − t∗v∗|2

≤ 2(1 + |t∗|2)(|v∗|2 + |x∗ − t∗v∗|2)
≤ 2(1 + |t∗|2)ψ(t∗, x∗, v∗)2,

which implies the uniform bound |∇vψ(t∗, x∗, v∗)| ≤
√

2(1 + t2∗) ≤
√
2(1 + T 2).

Next, the Hessian evaluated at the minimum is given by

∇2
vψ(t∗, x∗, v∗) =

(1 + t2∗)I

ψ(t∗, x∗, v∗)
− w∗ ⊗ w∗

ψ(t∗, x∗, v∗)3
.

To prove that this is uniformly bounded for all (t∗, x∗, v∗) ∈ [0, T ] × R2N
x,v, it suffices to show that

the spectral norm of this matrix is uniformly bounded. For any unit vector ξ ∈ RN , consider the
quadratic form associated to the hessian ∇2

vψ(t∗, x∗, v∗). Applying the Cauchy-Schwarz inequality
to the second term and using the |w∗|2 bound established above yields∣∣ξT (∇2

vψ(t∗, x∗, v∗)
)
ξ
∣∣ ≤ 1 + t2∗

ψ(t∗, x∗, v∗)
+

(ξ · w∗)
2

ψ(t∗, x∗, v∗)3

≤ 3(1 + t2∗)

ψ(t∗, x∗, v∗)
.

Since ψ ≥ 1, the right-hand side is uniformly bounded by 3(1 + t2∗) ≤ 3(1 + T 2).
We now seek a contradiction using the derivatives of un at the minimum point. These derivatives

are not guaranteed to exist in the classical sense, since the solutions constructed in Proposition 3
lack separate regularity for ∂tfn and ∇xf

n.
However, since the functions fn are C2 in the velocity variable v, the right-hand side of (19) is

continuous. This implies that the transport term ∂tf
n+ v · ∇xf

n is also continuous, which prompts
us to examine the behavior of un along the characteristic curves passing through the minimum.

Since t∗ > 0, there exists some δ > 0 such that δ < t∗. We define the function h : (−δ, δ) → R by
h(s) = un(t∗ + s, x∗ + v∗s, v∗)

= gn(t∗ + s, x∗ + v∗s, v∗)e
M(t∗+s) + λn(t∗ + s) + θnψ(t∗ + s, x∗ + v∗s, v∗).

To show that this function is differentiable in the classical sense, let (ησ)σ be a standard mollifier
in (t, x) supported in (−σ, σ)×Bσ(0). Consider the mollified version of the function h,

hσ(s) =
[
(gneMt + λnt+ θnψ) ∗ ησ

]
(t∗ + s, x∗ + v∗s, v∗).

Since gn is defined only for t ≥ 0, we require σ > 0 to be sufficiently small (specifically, σ < t∗ − δ)
to ensure that the convolution remains well-defined for all s ∈ (−δ, δ).

Differentiating with respect to s using the chain rule and noting that ∂tψ+v ·∇xψ = 0, we obtain

h′σ(s) =
[(
∂t(g

neMt + λnt+ θnψ) + v · ∇x(g
neMt + λnt+ θnψ)

)
∗ ησ

]
(t∗ + s, x∗ + v∗s, v∗)

=
[(
eMt(∂tg

n + v · ∇xg
n +Mgn) + λn

)
∗ ησ

]
(t∗ + s, x∗ + v∗s, v∗).

Since the function ∂tg
n + v · ∇xg

n = −(∂tf
n + v · ∇xf

n) is continuous, the mollified expression in
parentheses converges in L∞((0,∞)× R2N

x,v). Letting σ → 0, the equation becomes

h′(s) = eM(t∗+s)
[
∂tg

n + v · ∇xg
n +Mgn

]
(t∗ + s, x∗ + v∗s, v∗) + λn.

The weak derivative on the left-hand side is therefore a continuous function and this equality holds
everywhere. Since un attains a minimum on [0, T ] × R2N

x,v at (t∗, x∗, v∗), the function h, restricted
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to s ∈ (−δ, δ) ∩ [−t∗, T − t∗], attains a minimum at s = 0. Because δ < t∗, the interval (−δ, 0] is
strictly contained in this intersection. From the minimality at zero, it follows that h(0) ≤ h(s) for
every s ∈ (−δ, 0). Therefore, passing the difference quotient to the limit s → 0−, we conclude that
h′(0) ≤ 0.

We evaluate h′ at s = 0, applying the differential inequality (81). Substituting the relations (82)
between the first and second derivatives of gn and ψ at the point of minimum and using that A

n

ij is
positive semi-definite, we obtain

h′(0) = eMt∗ [∂tg
n + v · ∇xg

n + gnM ](t∗, x∗, v∗) + λn

≥ eMt∗

[
A
n

ij

∂2gn

∂vi∂vj
+

(
∂anij
∂vi

+ b
n

j (1− 2gn)

)
∂gn

∂vj

]
+ λn

≥ −θn
[
A
n

ij

∂2ψ

∂vi∂vj
+

(
∂anij
∂vi

+ b
n

j (1− 2gn)

)
∂ψ

∂vj

]
+ λn.

(83)

In order to estimate the term on the right-hand side above from below, we first seek an L∞ bound
for the term in square brackets.

We begin with A
n

ij . By Lemma 5, the sequence (an)n is uniformly bounded in L1(RN )+L∞(RN ).
Applying the same decomposition and convolution bounds as in the proof of inequality (64), we
obtain that

(84)
∣∣∣Anij∣∣∣ ≤ ∥αnij∥L1 + ε−1

n ∥βnij∥L∞ + εn.

Since the sequence εn → 0, this implies that there exists a constant CA such that the L∞((0,∞)×
R2N
x,v) norm of A

n

ij is bounded by CAε−1
n .

Furthermore, Lemma 5 guarantees that the sequence (divz an)n is uniformly bounded in L1(RN )+

L∞(RN ). The terms divv a
n and b

n
are defined by convolving divz a

n with the bounded functions
fn(1− fn) and fn, respectively, then dividing by 1 + εn∥fn(t, x)∥L1 . The same decomposition and
convolution bounds yield that the L∞((0,∞)×R2N

x,v) norms of divv anij and b
n

j are bounded by Cε−1
n

for some constant C > 0.
Combining these bounds with the uniform estimates for ∇vψ and ∇2

vψ established previously, we
can now uniformly bound the term in square brackets in (83). Noting that ∂via

n
ij = (divv a

n)j and
that |1− 2gn| ≤ 1, we deduce that there exists a constant C1 > 0 such that∣∣∣∣Anij ∂2ψ

∂vi∂vj
+
(
(divv a

n)j + b
n

j (1− 2gn)
) ∂ψ
∂vj

∣∣∣∣ ≤ C1ε
−1
n .

This implies that h′(0) ≥ λn − C1θnε
−1
n . Choosing λn = (C1 + 1)εn and θn = ε2n implies that

h′(0) ≥ εn > 0, which contradicts h′(0) ≤ 0. Therefore, we must have that t∗ = 0.
Returning to our original sequence notation, we have shown that for any n ∈ N, the minimum of

un is attained at a point of the form (0, xn∗ , v
n
∗ ). From the definition of un and the choices of λn and

θn above, we have

gn(t, x, v)eMt + (C1 + 1)εnt+ ε2nψ(t, x, v) ≥ gn(0, xn∗ , v
n
∗ ) + ε2nψ(0, x

n
∗ , v

n
∗ ).

By hypothesis, the first term on the right-hand side is bounded from below by δ, while the last term
on the right-hand side is nonnegative by definition of ψ. Passing to the limit inferior for a fixed
(t, x, v), we obtain that

eMt lim inf
n→∞

gn(t, x, v) ≥ δ

for every (t, x, v) ∈ [0, T ]×R2N
x,v. Since eMt ≤ eMT on this set, dividing both sides by this exponential

gives the result. □
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We conclude by proving Theorem 1. Using the non-saturation property established above, we
will show that the loss of diffusion is entirely prevented, meaning the set S in Theorem 2 is simply
(0,∞)× RNx , up to a set of measure zero.

Proof of Theorem 1. We construct approximate solutions (fn)n as in Step 1 of the proof of Theorem
2. Because f0 ≤ 1 − δ, the initial data constructed in Lemma 6 also satisfy 0 ≤ fn0 ≤ 1 − δ. We
propagate this non-saturation in time using Lemma 7, from which we obtain that for every T > 0
there exists a δT > 0 such that lim supn→∞ fn ≤ 1− δT .

Recall from (65) and (66) that F and f are the respective limits of fn(1 − fn) and fn. We
now use the uniform bound on fn to show that the set S = R∞ = {(t, x) ∈ (0,∞) × RNx :´
F dv > 0 or

´
f dv = 0} coincides with (0,∞) × RNx up to a set of measure zero. Consider the

sequence hn = supk≥n f
k. By definition, hn decreases pointwise almost everywhere to the function

h = lim supn→∞ fn ≤ 1− δT .
We claim that for every T > 0 we have F ≥ δT f a.e. in [0, T ] × R2N

x,v. Fix T > 0 and let
K ⊂ [0, T ] × R2N

x,v be a compact set. By Egorov’s theorem, for every ε ∈ (0, δT ), there exists a
measurable set E ⊂ K with |E| ≤ ε such that ∥hn − h∥L∞(K\E) → 0.

Hence, for any η > 0, there exists an N ∈ N such that for all n ≥ N , we have

fn ≤ hn ≤ h+ η ≤ 1− δT + η

on K \ E. Rearranging this inequality and multiplying by fn ≥ 0 directly yields (δT − η)fn ≤
fn(1 − fn) on this set. We test the sequence fn(1 − fn) against a nonnegative φ ∈ D(K). Since
fn(1− fn) ≥ 0, we can drop the integral over E to estimate the integral over K from below as˚

K

fn(1− fn)φdtdxdv ≥
˚

K\E
fn(1− fn)φdtdxdv ≥ (δT − η)

˚
K\E

fnφdtdxdv.

Splitting this last integral as
´
K\E =

´
K
−
´
E

and using the fact that |E| ≤ ε and 0 ≤ fn ≤ 1, we
obtain ˚

K

fn(1− fn)φdtdxdv ≥ (δT − η)

(˚
K

fnφdtdxdv − ε∥φ∥L∞

)
.

Using the weak convergence of both fn and fn(1 − fn), we can pass to the limit as n → ∞.
Then, letting ε → 0 and η → 0, we obtain

˝
Fφdtdxdv ≥ δT

˝
fφ dtdxdv. Because K and the

nonnegative test function φ are arbitrary, it follows that F ≥ δT f almost everywhere in [0, T ]×R2N
x,v.

Since T > 0 was arbitrary, this relation holds for all T .
It follows that for almost every (t, x) ∈ (0,∞) × RNx , if

´
f(t, x, v) dv > 0, we necessarily have´

F (t, x, v) dv > 0. Therefore, up to a set of measure zero, R∞ coincides with (0,∞) × RNx . This
implies the indicator function 1S in Theorem 2 is identically 1 almost everywhere, which recovers
the standard LFD equation and entropy dissipation, completing the proof. □
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