ON THE SEMI-CLASSICAL LIMIT FOR THE LANDAU-FERMI-DIRAC
EQUATION

PAULO SAMPAIO

AssTrACT. We study sequences of solutions to the inhomogeneous Landau-Fermi-Dirac equation
with Coulomb potential in which the quantum parameter converges to zero. Our main result
establishes the compactness of these sequences, which allows us to show that, up to a subsequence,
these solutions converge to a renormalized solution of the classical Landau equation with a defect
measure, as defined by Villani.

To do this, we work in the class of solutions that are obtained through approximation proce-
dures. For these solutions, we were able to show compactness in the vanishing quantum parameter
limit through a diagonal argument, which combines techniques from the study of Cauchy problems
for both the classical Landau and the Landau-Fermi-Dirac equations.

1. INTRODUCTION

In 1936, Landau [11] proposed, based on phenomenological arguments, an equation that models
the behavior of dilute plasmas, today known as the Landau equation,
0
(1) 07{ + vV, f =div, (/ a(v — v*)(f*vvf — va*f*) dv*) .
The unknown f = f(¢, z,v) represents the probability density of finding a particle at time ¢, at
position z, with velocity v. Above, we have used the abbreviation f, for the function f(¢, z,v,) as

well as the convention (div, M); = Zjvzl 8{% JJ for the divergence of a matrix function M.
The left-hand side is the transport part of the equation, which models the inertial aspect of the
particles’” movement. In fact, if the right-hand side of the equation were zero, then (1) would reduce
to the free transport equation, and the particles would then follow straight trajectories along the
characteristic lines.
The right-hand side, on the other hand, models how these trajectories are affected due to binary
collisions between the particles. The matrix a(v — v,) inside the integral is called the collision kernel

and typically has the form

2) ol = (D) (1w - 257 ).

where Iy denotes the N x N identity matrix and I'(|z|) is a radial function, called the cross section,
which varies according to the interaction potential between the particles. This way, if the particles
interact through a potential of the type

V) =

el
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then it can be shown that, for N = 3, T'(|z|) = K|z|?, where § = 3 —4/s, for s > 2 (see, for example,
[4]). The cases typically considered in the literature correspond to when I'(|z|) = K|z|7*2, where
—N <y <1 If 0 <~ <1, we say the particles interact through a hard potential, and if v < 0, we
say we are dealing with a soft potential.

Although not the way it was originally deduced, equation (1) is generally seen as the asymptotic
limit of the Boltzmann equation when the collisions are predominantly grazing, i.e. the angle of
deviation in each collision is small. This type of behavior is expected of very hot and rarefied gases
and, therefore, the Landau equation finds an important application in plasma physics.

In this case, the particles interact with each other through a Coulomb potential, and we have
v = —N. Among the physical potentials discussed in the literature, this is the only one that has a
clear physical significance, but it is also the one that exhibits the most pronounced singularity at
z = 0. For this reason, we will consistently keep this potential in mind when formulating hypotheses
and stating results throughout this paper, so as to ensure that all results remain valid, at least in
this case. In fact, we will see later that this singularity poses problems even in defining a solution to
the equation, and we will see that the solutions constructed in the literature for the equation with
this potential are of the renormalized type.

The above description only assumes that the particles in question are point-like, as in classical
mechanics, and obey Maxwell-Boltzmann type statistics. If, on the other hand, we want a model
for quantum particles, some changes must be taken into account.

Take the case of fermions. These are particles that obey the Pauli exclusion principle, which
states that no two particles can be in the same quantum state at the same time. Statistically, this
implies that the distribution function must have at most one particle per h%/m? of space, implying
the pointwise bound
1 hn
e m3fB’

Above, we have that h is the Planck constant, m is the mass of the particle, and § is called
the degeneracy of the particle. Fermions are particles that undergo a process of saturation: if we
already have too many particles in a given region of phase space, it becomes less likely that even
more particles will enter it. Thus, the collision probabilities for the quantum case are different from
those of the classical case, and this new underlying statistics is called Fermi-Dirac. Adapting the
Landau equation to these new probabilities gives rise to the so-called Landau-Fermi-Dirac (LFD)
equation, which reads

) O 4y v, f = div, ( / a(v —v.) (ol ef)Vuf — F(1 - ef)vv*f*)dv*> :

3) 0 < f(t,z,v) <

ot

Historically, the first adaptation of the kinetic theory of gases to a quantum version began in
1928 with Nordheim [13], followed shortly after by Uehling and Uhlenbeck [16], who adapted the
Boltzmann equation to take Fermi-Dirac statistics into account, giving rise to the Boltzmann-Fermi-
Dirac equation.

In 1979, Danielewicz [3] used the asymptotic methods used to derive the Landau equation from
Boltzmann’s to take the limit of the Boltzmann-Fermi-Dirac equation, effectively arriving at the
Landau-Fermi-Dirac equation. The same equation, however, had already appeared in the literature
in 1970, in the works of Kadomtsev and Pogutse on the relaxation of stellar systems [10].

Once in possession of a quantum version of a classical equation, one wonders about the compati-
bility between the two. In fact, the correspondence principle of quantum mechanics states that the
behavior of quantum systems should be close to that predicted by classical mechanics in the limit
of a small Planck constant. Indeed, if we formally take the limit &€ — 0 in equation (4), we recover
equation (1).
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In this article, we propose to show that the above procedure is rigorously justified. That is,
solutions of the Landau-Fermi-Dirac equation converge to solutions of the Landau equation in the
limit of a small quantum parameter ¢, a procedure mathematically called a semi-classical limit.
More specifically, we will prove that the LFD solutions constructed in [15] do in fact converge to
solutions of the Landau equation constructed by Villani in [17], and therefore the Cauchy theories
constructed for these two equations are compatible. Furthermore, such a result also justifies the use
of the LFD equation as an approximation of the Landau equation.

A result of this type was proven by Dolbeault [6] in his pioneering work on the Cauchy problem
for the Boltzmann-Fermi-Dirac (BFD) equation. In this work, in addition to constructing weak
solutions for this equation, it is shown that these solutions satisfy a semi-classical limit: From a
sequence of solutions f, of BFD with vanishing quantum parameter, we can extract a subsequence
converging to a renormalized solution of the Boltzmann equation, as defined by DiPerna and Lions
in [5].

More recently, He, Lu, and Pulvirenti [9] established a semi-classical limit for the homogeneous
Boltzmann-Fermi-Dirac (BFD) equation, i.e., the case where the distribution function f depends
only on (¢,v). Motivated by physical considerations, they studied collision kernels that scale with the
quantum parameter. In this setting, they showed that a sequence of solutions to the BFD equation
with vanishing quantum parameter converges, up to extraction of a subsequence, to a solution of the
homogeneous classical Landau equation. To the best of the author’s knowledge, no semi-classical
limit results are currently available for the LFD equation.

2. PRELIMINARIES AND MAIN RESULT

Before stating the central result, let us briefly review the Cauchy theory for the Landau and LFD
equations. For the Landau equation, one can show that formally

d
(5) — / f@®)pdrdv =0
dt sy,
if ¢ = 1,v;,|v|? or |z — vt|?, which physically corresponds to the conservation of mass, linear
momentum, kinetic energy, and moment of inertia, respectively. On the other hand, if we define the
entropy

(6) H(t) = /R2N flog f dzdv,

we have that, formally, if f is a solution of (1), then the functional H(t) is decreasing.
Thus, it is reasonable to assume that these quantities are bounded at the time ¢t = 0, i.e.,

(7) // fo(1 + |z)* 4 [v|? + log fo) drdv < oo
REN,

for a given initial fy. Ideally, we would like to construct a solution that obeys the conservation laws
and entropy decay. In particular, if we had such a solution, then the quantity

sup/ f®A+ x> + |v|*> + log f(t)) dzdv
t>0 JJR2N
would be bounded by (7), and so we look for our solution in the space of functions such that this
quantity is finite.

Here, the singularity of the collision kernel comes into play. Indeed, if we consider this kernel
for a Coulomb-type potential, the above bounds do not guarantee that the collision integral on the
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right-hand side of (1) is well-defined, even in the sense of the distributions. One way to get a sense
of the solution even with this limitation is to consider renormalized solutions.

Formally, the renormalization process is a change in the unknown of the equation. Instead of
solving the Landau equation for f, we will choose a smooth, bounded function 5, and try to solve
the equation for g = S(f). Since the 8 function is bounded, ideally we get an unknown ¢ that we
know is a bounded function a priori, which can help smooth out the product of singularities.

So, let 8 = B(t) be a smooth function, called a non-linearity. Multiplying the Landau equation
by B'(f), we get, using the repeated index summation convention,

1) L v.pp) =[>”(f)a{ of —bif},

ot 90, " 0u,
where @;; = a;; *, f and b; = %EUZJ” . We can rewrite this equation as
N aﬂa(tf) +v-V.B8(f) =£i {aij 35%: gszﬂ(f)}
- ﬁﬁ(f)aij%% +e[B(f) = B'(N) ],
where @ = 2% and we say that f is a renormalized solution of the Landau equation if the

distribution 3(f) solves (8) in the sense of distributions.
Let N > 2. We assume throughout the paper that in the Landau equation we have a(z) of the
form (2) and that it satisfies

Qij, Z% GLl(RN)+LOO(RN)7
9)

3 Pay MRYN) + L®(RV)
— 82’1'82]' ’
i,J
where M(RY) is the space of bounded nonnegative measures in RY. We also suppose that the
collision kernel satisfies the integrability condition

(10) {z = D(l2])} € Lioe(RY),

loc
for some r > 1if N =2 and r =1 if N > 3. Notably, the three-dimensional Coulomb case satisfies
all of these assumptions.

The typical strategy for constructing solutions to this type of equation is to take solutions to
a well-chosen approximate equation, whose Cauchy problem is easier to study, and then prove a
compactness theorem for the solutions, enabling us to pass this equation to the limit.

For the Landau equation, such a compactness theorem was obtained by Lions in [12]. However,
as shown by Villani in [17], the passage to the limit of the quadratic term in the derivatives 6%
poses problems and a defect measure appears, giving rise to an even weaker notion of solution.

Let us then denote by L} (RiNv) as the space of functions g such that

// lg(z,v)|(1 + |z* + [v]?) dedv < cc.
Ri{\{)

Unless otherwise specified, all integrals with respect to z and v are understood to be over the entire
phase space RZY. The existence result from [17] then reads as follows.

Definition 1. Let fy € L%(RiNv) be such that fo > 0, and for every § > 0, let Bs(t) = ﬁ. We
say that f € C((0,00); D'(R2Y)) N L>((0,00); L3(R3Y)) is a renormalized solution of the Landau
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equation with defect measure and initial data fo if, for every § > 0, there exists a monnegative
measure 5, bounded on all sets (0,T) x RY x Br, T < oo, such that Bs(f) satisfies

352?) +v-VaBs5(f) :8(2- {aij 86650(f) - biﬂa(f)}
i j
af o
(1) ~ B 5 5+ <l ) = B3 +

in D'((0,00) x R2Y), f(t) = fo ast — 0T in D'(R2Y), and we have

xT,v x,v
1) Conservation of mass and linear momentum:

//f(t,x,v)dxdv:/ fo(z,v) dxdv,
//f(t,x,v)vidxdv:/ fo(z,v)v;dedv Vie{l,--- ,N}.

2) Decay of kinetic energy and moment of inertia:

//f(t,x,v)|v\2dxdv§/ folz,v)|v|* dedv,
//f(t,x,v)|x—tv|2 dxdv S/ folz,v)|z — tv|* dedv.

3) Entropy inequality:

//f(t,m, v)log f(t,x,v) dedv + ;/Ot/ d(r,z,v) dedvdr
< //fo(x,v)logfo(x,v) dxdv,

where
(12) dtto0) = [[aisto v (

is the entropy dissipation.

Ot av*‘if*) (avjf B af) N
;k TR A R

More precisely, a renormalized solution with defect measure of the Landau equation satisfies, for
every ¢ € C2°([0,00) x R2Y),

/ //55 <+v w) dtdzdy
/ // [ L 6s(f +bzﬁa(f)] 2 dtdud
*fo I (‘ i >§f§f +2(B5() —fﬁé(f)]) o dtdidy

+ /Spdﬂzi-

We also have, for every ¢ € D(RY x RY),

// F6) dado 200 // forp dadv.
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Some nuances of the above definition are worth highlighting. Note that while the equation on
(0,00) x R21 is stated for B5(f), the statement of the initial condition rests solely on the function
f, without renormalization. In addition, some terms in the above statement are not well-defined or

do not have a canonical definition.

Remark 1. In equation (11), since we have no regularity for the derivatives of f, the term a;; a’Bi)(f)
J

must be interpreted as 5> [@i;85(f)] — 8“” ,65(f), in the sense of distributions.
J

Remark 2. Since we do not suppose any regularity upon renormalized solutions, one might ask
what the definition of the quadratic term —B"(f)a;; gg 63 in the sense of distributions is. One such
interpretation is to view this as a notation for

(13) / VAl e VRS do.,

where 75 is defined such that (v5(2))* = —BY(z). The vector field inside the square is an L}, ((0, 00) x
R2N: L2(RY)) function, defined in the sense of distributions as

Valo = e VET (1) = div, [Valo = u)v/Fs(f)]
— div, [ a(v — ’U*)] Favs(f)-

This way, the term —B"(f)a;; gg % is an L}, ((0,00) x R2Y) function, independent of the se-
quence of approrimating functions (f”) . It should be noted, however, that since this is a formal

representation, the vector field above is not necessarily a pointwise product of functions.

loc

Remark 3. In the same vein as the definition of the quadratic term above, the entropy dissipation
(12) should be interpreted as the L2((0,00) x R2N) norm of the function

€T,V

2div, (va( = v)V/IVFE) = 2div, (Valv = v)) VIVE
— 2div,, (m\/?\/fj) + 2div,, (\/a vV — Uy ) \[\/]T*

For the Landau-Fermi-Dirac (LFD) equation, we have the same conservation laws (5) of mass,
momentum, kinetic energy, and moment of inertia. However, the saturation effect described by the
Pauli exclusion principle leads us to consider, instead of (6), the quantum entropy

(14) S(9) == // eglog(eg) + (1 — 2g) log(1 — eg) dadv,

which is a decreasing functional in the solutions of the Landau-Fermi-Dirac equation (4).

For the quantum case, the extra bound (3) implies that the collision kernel is well-defined even in
the case of a Coulomb-type potential. Thus, we do not need renormalization to show the existence
of a global solution, and we can construct a weak solution, in the sense of distributions, without any
problems.

This way, the existence result from [15] reads

Definition 2. Let f, € L%(RiNv) be such that 0 < fo < e~ A function f = f(t,z,v) in
C((0,00); D'(R2Y)) N L>((0,00); Ly(R2R)) is called a weak solution of LFD with initial data fo
and quantum parameter € > 0 if it satisfies

6f Q(Eijf) + zg

ot +v-Vaf = 0v;0v; 81}1

f+bf( ef)
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in D' ((0,00) x R2N), with @;; = aij *u (f(L—¢f)), bi = %‘:f]? *y [, and f(t) — fo in D'(RZY), and,
moreover, we have
1) Pauli exclusion principle:

0< f(t)<el.

2) Conservation of mass and linear momentum:

//f(t,x,v)dmdvz/ fo(z,v) dzdv,
//f(t,xm)vidxdv:/ folx,v)v;dadv Vie{l,--- N}

3) Decay of kinetic energy and moment of inertia:

//f(t,x,v)|v\2dxdv§//fo(x,v)|v|2dxdv,
//f(t,x,v)|x—tv|2da:dv§//fo(x,v)|x—tv|2da:dv.

4) Entropy inequality:

t
//s(t,x,v) dmdv—&—%/ //d(T,x,v) dxdvdr < //S(O,x,v) dzdv,
0

s(t,z,v) = eflog(ef) + (1 — ef)log(1 — £ f)

where

is the quantum entropy and

att20) = [yt wf0—en o) (el - el )

f(l—ef) f*(l—gf*)
( 0 Dok )d
f—cf)  fi—cf) ™

1s the quantum entropy dissipation.

(15)

More precisely, f is a global weak solution of LFD if for every test function ¢ € D((0,00) x RY x

RY')), we have
/Om//f%:dxdvdt+/om//fvigi dndvdt
- _/Om//aijfafj;% dzdvdt
_/Ooo// [%C::f‘i‘bif(l —Ef)] gz drdvdt,

and for every 1 € D(RY x RY), we have

// FO) dedo 2% // fotb dadv.

Remark 4. As is the case for the classical Landau equation, here the lack of regularity a priori in
v implies that one should interpret the entropy dissipation (15) in a different way. The result in
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[15] proves that the entropy inequality is valid if we interpret the integral fot [ d(,z,v) dedvdr as a
notation for the L*((0,t) x RY x RY x RY') norm of

2div, {\/a(v—v*)\/f*( —efy)

arcsin :|

\[

— 2div,, {\/a(v — v )/ (1 — sf)\7 arcsin sf*]

— 2div, (\/a(v — Uy ) \/f* —ef4) \[ arcsin \/7

+ 2div,, (\/a(v )\/f 1—¢f) \[arcsm efx,

where the divergence of a matriz A is defined as div, A = Zj aa’ii_j.
J

expression (15) is that if f has some regularity in v, then the two expressions are equal.

The motivation for using the

The existence of such solutions was proven in [15] by a compactness argument reminiscent of the
work of Lions and Villani for the Landau equation. In this approach, we construct a sequence of
equations that adequately approximates the LFD equation, and then deduce a compactness theorem
for its solutions, which allows us to pass to the limit in the approximations and obtain a solution to
the LFD equation.

The technique we will use to prove a semi-classical limit for solutions of LFD depends on being
able to pass from a weak formulation of this equation to a renormalized one, and therefore to
manipulate products of derivatives of these solutions. We do not have regularity results for these
solutions, but it turns out that it is enough to consider solutions that originate from solutions to
approximate, more regular equations, which leads us to the definition of suitable weak solutions of
the LFD equation.

Definition 3. A weak solution f to the LFD is called a suitable weak solution if there exists a
sequence fn, € L2((0,T) x RY: HY(RY)) of solutions to

fm|t:0 = fo,rm
such that f, — f in L}, ((0,00); L*(R2Y)) and
I. Convergence of the coefficients: a™, div,a™ b ,div, b are L ((0,T) x R2T) func-
tions such that
™ a b —b
divp,a™ — div, @ div,,gm — div, b

in LL,((0,T) x B2Y).
II. Uniform bound: There exists a C > 0 such that, for every m € N,

T
(17) / / Fn(1+ [0 + |2 — to]2) dadvdt < C and 0 < f,, < e,
0

We call the sequence of approzimating functions (fm,)m an approximation scheme. The matriz @™
1s called the diffusion matriz and it is sometimes useful to explicitly state which sequence of diffusion
matrices we are using. In this case, we say that f, — f is an approzimation scheme with diffusion

(Em ) m-
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Note that in the definition above, we do not assume any specific form for the coefficients @™ and
Tm . . .
b, which are treated here merely as sequences converging to the LFD coefficients.

The main theorem reads as follows.

Theorem 1. Let €, — 0. For each n, let f™ be a suitable solution of the LFD equation with
quantum parameter e, and initial data 0 < f < e, 1. For each n, let f7 — f™ be an approzimation
scheme with diffusion (@™ ),.

Suppose the diffusion matrices satisfy

(].8) at™m > apy, %y (f??z(]- - Enf:rlL))v where am(z) = Fm(|z|) <I B Z|';®22> 7

with Ty, such that Ty, (|2]) — T(|z]) in L],

T (RN, for the r in (10), and for every R > 0 there exists
some Kr > 0 such that

Ip(lz]) > Kg V|z| < R.
If the sequence of initial data (f)n is such that

(19) / o+ |z + v + log ) dedv — // fo(1+ |z]? + |[v|? + log fo) dzdv,

then, up to a subsequence, the sequence (f™), converges to a renormalized solution of the Landau
equation with defect measure, with the quadratic term interpreted as in Remark 2.

Hypothesis (18) arises as a requirement of the techniques we use, and also as a result of the fact
that we would like to write the quadratic term of the renormalized Landau form in the “natural”
form (13).

It is worth noting that the solutions constructed in [15] are suitable weak solutions satisfying
(18). However, this convolution structure is not essential for proving most of the results, and if we
are willing to offer an alternative, albeit more abstract, interpretation for the quadratic term, we
can alleviate the requirement (18), which specifies the way in which we approximate the diffusion
matrix a, in favor of a slightly more general ellipticity requirement.

Theorem 2. Let ¢, — 0. For each €, let f™ be a suitable solution of the LFD equation with
quantum parameter €, and initial data fi'. For each n, let ' — f™ be an approximation scheme
with diffusion (@™ ), .

Suppose the collision kernel satisfies
(20) Vea € M(RY) 4+ L=®(RY),

and the diffusion matrices V,a™™ € L5 ((0,00) x RZY) of the approzimation scheme are such that,
for every n € N,

(21) V@™ = V,a"  in Li,.((0,00) x RZY).

If for every R, R’ > 0, and n € RY, we have that

2
—n,m U — Ux n n n
(22) (ZZ-j7 i1 Z / <m 14 [1 - < ) ] |n‘2fm,*(1 - fm,*) dv*a

o= 0l

for every v € RN such that [v| < R, and the sequence of initial data satisfies (19), then, up to a
subsequence, the sequence f™ converges to a renormalized solution f of the Landau equation with
defect measure.
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Remark 5. The definition of the quadratic term —5//(f)5ij37£§7€ in Theorem 2 differs from that
in Theorem 1. In the previous theorem, the convolution structure allowed us to identify the quadratic
term explicitly, as in (13). In the context of Theorem 2, we lack the convolution structure. Instead,
the quadratic term is defined via a smooth approzimation of the matriz square root, denoted by S*.

We define the distribution
SH@Vy(f) = divy [S*@)y(f)] — dive [S* @) (f)-

We show that the sequence (S*(@)Vyy(f))x converges weakly in L7, ((0,00) x R2Y), up to extraction

of a subsequence. The quadratic term of the renormalized Landau equation is then defined to be the
square of the limit of this sequence.

The technique we will use to prove Theorems 1 and 2 consists of using the extra regularity
provided by the (f), approximations to pass the equation into a renormalized form and then
study the compactness of the diagonal, as illustrated in Figure 1.

RN

FI1GURE 1. The diagonal limit. The solid arrows represent the limits or compactness
properties available. The dashed arrow represents the limit we wish to establish.

That is, in order to show the limit f™ — f, we will first show that there exists a sequence
my — oo such that (f) ), is strongly compact in L'. Since the approximation schemes (f") are
always “close” to f™, we can then show the convergence of f™ “in tow” to the same limit, which we
will show is a renormalized solution of the Landau equation with defect measure.

In order to do this, in Section 3 we start by proving that any time we have such an arrangement,
there exists some diagonal that is weakly compact. We then proceed in Section 4 to show that
approximate solutions satisfy in fact a renormalized formulation of LFD, which we will use in Section
5 to prove that our diagonal is in fact strongly compact. Section 6 is then dedicated to using this
compactness to pass the renormalized formulation to the limit, thus proving Theorem 1, and finally,
in Section 7 we prove Theorem 2 by studying approximations of the matrix square root.

3. WEAK COMPACTNESS OF DIAGONAL SEQUENCES

Throughout this paper, we adopt the following abbreviated notation for integrals. We denote by
fm the integral over the entire phase space Ri% Similarly, unless explicitly stated otherwise, fm
denotes the space-time integral over (0,00) x R2Y.

In the existence theory for the Boltzmann, Landau, and Landau-Fermi-Dirac equations, the con-
servation laws obeyed by these equations automatically imply their solutions are weakly compact in
Lh,.((0,00), LM (R2Y)).

In our case, however, the approach needs to be slightly different, since our approximation schemes
do not necessarily satisfy conservation laws. In fact, this is neither assumed about the schemes nor
can it be deduced from the approximating equations themselves, since we do not have a convolution
structure for @ and b in these equations. Despite this, we can construct a diagonal sequence that is
weakly compact in L', and the main result of this section then reads as follows.
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Lemma 1. Let f™ be a sequence of suitable weak solutions to the LFD equation (4), as in Definition
3, and for each n, consider f]; — f™ as an approximation scheme for f".
If there exists a C' > 0 such that

/ o+ |z + [v]? +log i) dzdv < C,
v

then there exists a sequence (My,),, such that if m,, > M, for everyn € N, then the diagonal sequence
(fih )n is weakly compact in L} .((0,00); Ll(Rifi)),

Proof. Throughout this proof, for every ¢t > 0, let us denote by fot /.., the integral over (0,t) x R2%

T,v*

The main idea is that although we do not know if the approximate solutions obey conservation
laws, the f™ solutions definitely do, so we choose a diagonal sequence f; ~that is close enough to
the f™ sequence.

Step I: Bounding the approzimating terms by their limits.

We will start by showing that for every 7' > 0 and n € N, there is a Cr > 0 and an M,, 7 > 0
such that

T T
(23) /0/ffn(1+\v\+|$*tv\+|10gfﬁl\)SCTJr/O / 7 log S,

for every m > M, r.

Indeed, for every n, the sequence (f7 (1 + |v|*> + |z — tv|?))., is uniformly bounded in L'((0,T);
LY(R2Y)), from (17). We also have that f — f™ in L'((0,7); L'(R2Y)), hence it follows by
interpolation that

(24) fr (U Jof + [z = to]) = f*(1+ |o] + |2 = to]) in L'((0,T); LY(R3Y)),
thus there exists some M, r > 0 such that

T T
| masnlie-nh< [ [ gl sle- )+
0 v 0 v
T
gz/ /f”(1+|v|2+|z—tv|2)+1.
0 Tv

for every m > M, r. Then, since f™ is a solution of (4) as in Definition 2, we have that

T
(25) [ st sle-nl) <7 [ gl e,
0 v zv

which then achieves the first part of inequality (23).

For the entropy part, notice that, for any function h = h(t, z,v), we have

h|logh| = hlogh — 2hlog hll <1y
We can bound the last term as
—hloghl{n<1y = hlog(1/h)Lin<exp(~lal - o))} + A 108(1/A)Lih>exp(~lal-[v))}
< hlog(1/h)Lgn<exp(—fe|—lohy + h(l2] + [0]),
and since zlog(1/z) < \/z, for every x > 0, we conclude that
—hloghL ety < exp (—(Je] + [v])/2) + h(Je] + [o]),

thus

1
(26) h|logh| < 2exp [—2(m| + |v|)] + hlog h + 2h(|z| + [v]).
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Then, choosing h(t,z’,v) = g(t,a’ + tv,v) and letting x = 2’ + tv, we have that

1
(27) g(t,z,v)|log g(t, z,v)| < 2exp {—2(|x —tu] + |v|)}

+ g(t,z,v)log g(t, z,v) + 2g(t, z,v) (| — tv| + |v]).
for every (t,z,v) € (0,T) X Ri% So, in particular, for 0 < f7 < e !
1
Finllog fi] < 2exp {—Q(Ix—tvl + Ivl)} +@+e )1+ |z —to] + Jol).

Hence, from (24) it follows that for each n, we have that f”|log f| converges to f"|log ™| in
L'((0,7); L*(R2Y)) by the general dominated convergence theorem (see, for example, Section 4.4,

xT,v

Theorem 19 of [14]). There exists some My such that

T T
/ /fl,illogflélﬁ/ /f”|logf"\+1,
0 TvU 0 TU

for every m > M, 1. Then, applying inequality (27) for g = f™ gives
T T T
| miossmi<ons [ [ oeraz [0 e,
0 v 0 zv 0 v
which implies inequality (23) by the means of (25).

Step II: Entropy bound.
We now pass to the entropy part of the proposition. Let us show that

(28) /mf"logf”S/mféllongJr/mfo”-

Since 0 < ff < &1, we have that

1
| spionsy = [ efpton sy (- fg)log(1 - <)
*S fo / fo 10g

/ f2 0g (e

Now, using that for every 0 < x < e~ L we have

1
— [exlog(ex) + (1 — ex)log(1l — ex)] > xlogx + xloge — x,
€

/fo log /7 > /f”logf" /f”log /Mf”—/mféllog(@

and then (28) follows from the conservation of mass of f™.

it follows that

Step I1I: Weak compactness.

Now, applying (23) together with (28), we have that for all 7' > 0 and n € N, there exists a
Cr > 0 and an M, v > 0 such that

T
/ / (L4 o] + |z — to] + | log £2]) < O,
0 TU
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for all m > M,, 7, which is indeed the first part of the statement. In this final step, we show that
the bound we have shown indeed implies the weak compactness from the statement.

Let N,, = maxpeqy,...,n} Mn,r and suppose that the diagonal sequence (f;, ), satisfies m,, > N,
for every n € N. For every n > 1, we have that m,, > N, > M, 1, hence

1
(20) / / S (L o+ o — tof? + log £ |) < C.
0 U

Let us write g" instead of f! . The bound (29) gives us, from the Dunford-Pettis theorem, that
there exists a sequence (ki(n)), such that

gkl(”) —~glin Ll((O, 1) x R?Y})

Next, for each n > 2, we have that m,, > N,, > M,, », hence

2
| st 4o ol + og £5,) < C
0 Jzv
and similarly this implies there exists a (k2(n)),, a subsequence of (k1(n))n, such that
g — g% in L1((0,2) x REY)

and from the uniqueness of the weak limit, we have that g = g* a.e. in (0,1) x R,

We repeat this argument, taking subsequences of subsequences to construct, for every m, a
sequence (gFm(™), that converges weakly in L((0,m) x R2Y) to g™. As before, we have that if
N < M, then gV and g™ coincide in t € (0, N). Thus, if we consider

9= Z gn]]-[n—l,n) (t)7
n=1

then g% is the restriction of g to (0, N).

The diagonal sequence g*»(") converges to g weakly in L} ((0, c0); Ll(Rif\{,)). Indeed, for every
T >0, let N > T. By construction, the sequence ¢g*~(") is a subsequence of ¢"~ (™ for n > N, thus
it converges to ¢V in (0, N) and in particular it converges to g in (0, 7).

We then relabel the diagonal sequence k,(n) simply as n, and we have, to summarize,
oy = 9 10 Lioo((0,00); LHREY)).

Mo,

4. FROM WEAK TO RENORMALIZED SOLUTIONS

A crucial step in the proof of Theorem 1 consists in finding a renormalized formulation for the
LFD equation, which we will later pass to the limit by making the quantum parameter tend to zero.
So far, it is not known whether weak solutions of the LFD are also renormalized solutions (and in
what sense these renormalized solutions would be defined), so in this section we will show that if we
had a little more regularity in the variable v, then weak solutions are renormalized and vice versa.

Proposition 1. Suppose g € Li, ((0,00) x RY; HL (R))) N L>((0,00) x R3Y). Let fB5(t) = 15
and Zij,ﬁi, %—EZ € LS. Thus, g is a solution to
dg dg d [ 09 =
30 =+ = —< A= —B;g(l—
( ) at T 8$1 8vj { Jal}l’ g( Eg)
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in D'((0,00) x R2N) if and only if Bs(g) is a solution to

D 10Vl = o { s T~ Bil1 = 220)6t0) — 2Bt}
Gy ~ (A
Tl - 69)@;(]) (1~ 29)5(9)  2Bs(o)
in D'((0,00) x R2Y), where T = 0, 2+ and Bs(x) = [ B (1)

Proof. We begin with the direct implication. The formal procedure consists of multiplying both
sides of the equation by £5 and then rewriting the derivatives in the appropriate form, using the
product rule. However, due to the low regularity of g (particularly with respect to the variables ¢
and z), we cannot justify this procedure directly.

To overcome this, take p to be a C°°(R2Y) function with support in (—1,0) x B,(0,1), and define
the mollifying sequence

(t,2) 1 t «x
m\U, L) = —x 7 e
p mNHp m’ m

Fix t > 0 and € RY and consider a test function ¢ = p(v) in C*(RY). Testing equation (30)
against
. {Rth;V SR
’ (s,9) = pm(t=s,2 = y)p(v)
leads to

/ // $,Y,v < + zapm> (t— s,z —y,v)p(v) dydvds
0 aCCZ

[ ] (g = Biati = 20)| o900t = 5= 0 G2 0) s,

which are convolutions (in the variables ¢ and z) with p,,. Here, it will be useful to establish a
notation for the rest of the proof. For any distribution 7', let us denote by T}, the convolution

Tm = T *t,r pm~

This way, we rewrite the above expression as

- 8;: (t,z,v)p(v) dv 0 = (t,z,0)0(v) dv
-/ [Agg ~Big(1 - <) ) (t2,0) g 0) do,

for every ¢t > 0 and z € RY.
Let ¢ € C°((0,00) x R2N) Taking v — @(t,z,v) as a test function in the expression above and

xT,v
integrating in (t,x) € (0, +00) x R, we obtain

8gm agm - 39 = 8<p
- - : = A;i =~ —Big(1— .
/m T /m Vi ® /m [ i Gy ig(1—eg) P

m
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Now, let xx be a mollifying sequence in all three variables (t,z,v), with support in (—1,0) X
B.(0,1) x B,(0,1). Taking (55(gm) * xx)® as a test function in the equation above, we have

Dm g
_/m 9 (85 (gm) * Xk) — /m vi agx. (B5(gm) * X&)
0

- /m [Aijgi _Big(1 — 69)} [C él(gggi* Xk)e]

We start by passing this equation to the limit & — co. To lighten the notation, for the rest of
this proof, let us simply write L} for L} ((0,00) x R2Y). Since |55(gm )| < 1, we have, by standard
convolution results,

(32)

29m (31 (g)  xa) 22 2 1, = OPokom)
v agx (Bhlam) = 1) 2225 0202 5 g, = 0, 2B00)

in Ly . for every 1 < p < oo, hence the left-hand side of (32) converges to

[ 9Bslgm) / 355 gm / /
/tzv ot 2 . 66 gm 6t B(S gm 1, iy

after integration by parts. For the right—hand side of (32), consider

6[(53(93131* Xk)P) _ [( g/(gm)aagv’:) % Xk} o+ (B5(gm) * xx) gzj

loc’

Using that 3§ (gm) va and B5(gm) are in L, the above expression converges to

dp

" m / vy
56 (gm w+ ﬂ&(gm)avi

)GL

) a’UZ‘

in L? . and is compactly supported. Since {Zij% — Big(1— ag)} € L? ., passing (32) to the limit
: y :

k — oo gives "

0 0
Bs(gm) e + | Bolgm)vies
(33) txv ot taxv 8x1
_ [ (2,22 _Bya- O0rm 92
- [ [Fopt - Bat -] (Hon P+ san3E).

and it remains to pass this equation to the limit m — co.
The left-hand side of (33) converges to

Iy Iy
| asoGr+ | ot

since g,, — g almost everywhere and |Bs(g)| < §~1. For the integral

5 99 i, y99m i 9P
/m [Aw c%j]m ( 5 (9m) Dor <p+55(gm)(%i ,

we have that [A 99 } — A, in L?

i Passing to a subsequence, if necessary, we have that

i Du;
is dominated by an L?

ij 81}
function. Since 5 is bounded, we conclude by dominated convergence that

*@ " 09m NI Og @
Agt] stem % - oA

Bgm

loc
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and

_ g

Ai j 5 z

|: ]avj:|mﬂ5(g ) Ja 66( ) a,uj
in L} .. Thus, the above integrals converge to

— 0Og Jg — 0B5(9) 0
1 .
) (g)AlJ 8 8 90 =+ /ta:v AU (91}]' avi

txv

and, similarly, one can prove that

/t [Ezg(l —{—:g)]m (65 (gm)%9m¢+55(97n)gz>

8’1%) '

However, the limit distribution we have above is not yet in the same form as that found in
equation (31). Then, consider (gn)n a sequence of C2°((0,00) x R27) functions such that g, — g in
((0,00) x RY; HE (RY)). For each n, we have

loc

= [ Bt e (50550 + 80)

loc

B5( In) 5 r gn(1—eg)]

8

= @i(l — 269,,)B5(gn) + 26 B Bs(gn)]

+ Clgn(1 = €9n)B5(gn) — (1 — 229n)B5(gn) — 2¢Bs(gn)] ,

but also from the product rule,

Bs(gn) 5. r gn(1 —egn)] = E r gn(1 —€gn)B5(9n)]

99n
)

_Eign(l - <C:gn) g(Qn %
i

Passing both equations to the limit in the sense of distributions, we conclude that

_/ Big(1—€g)< fs'(g)gg +Bs(g )gz)i)

= [ B0~ 220)85(0) + 2TiBito)] o

+/ 9(1 —€9)B5(9) — (1 — 2¢9)B5(g) — 2¢Bs(9)] ¢
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for every ¢ € C2°((0,00) x R27), and therefore

- Bs(g )* - Bs(g)v - Ve

tzv txv

_ 82<p
/ta:'u ]Bg(g) 6%8’%‘

+ [ |Getasta) + Bt — 2eq)sta) + 2Butilo)| 5
| srga,. 2999
. 55 (g)AlJ 8% 61}]' 2

+ / Tlo(1 — eg)By(g) — (1 — 2e9)Ba(g) — 2:Ba(g)] ¢

for every ¢ € C2°((0,00) x R2Y).
For the reverse implication, if g satisfies the above equation for every ¢ > 0, taking §,, = 1/n — 0
and denoting 3, for fs5, and B, for Bs, , we have that, almost everywhere in (0, c0) x RQN

Bnlg) = g, Bnlg) = 1, B (g) =0

and from dominated convergence, B, (g) — % almost everywhere. This implies, given that g is
bounded, that the left-hand side converges to

(24
B / 8t /twv gv . Vzw'

For the right-hand side, we have that
AijBulg) = Aijg

”Bn( )+ Bi(1 — 2¢9)g + 2¢B; B,

8Z1-j —
B;(1 —
o, ) = o, ——9g+ Bi(l—¢eg)g

Blo) Ay 3 Y 0
Clg(1 —e9)B,(9) — (1 = 229)Bn(g) — )] —

almost everywhere, but since |8,(g)| < g, [8,(9)] < 1, [B1(9)] < 2, |Ba(g)| < ¢°/2 and g €
L>((0,00) x R2%), these convergences actually hold in Lj,,. O

(9
dg
;
Bu(g

An immediate corollary of the above result is that although we do not know whether weak LFD
solutions are also renormalized solutions, the solutions in an approximation scheme definitely are.

Lemma 2. Let f be a suitable solution of LFD, with f,, — f an approximation scheme, as in

Definition 3. Then, with Bs(t) = ﬁ, we have, for each n,
Bs(fm
56{9(]0 ) +v vxﬁé(fm)

-2 { Mgg;fm) CB = 2 f)Bs(fu) — 2eb2”35<fm>}

—m 6.fm afm
iy Ov; 0w,

[fm< ) By f) — (1 26 F) s (i) — QEBa(fm)]

_ﬁ (fm)
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in D'([0,T] x R2Y), where @™ and b" are the same as in equation (16) and €™ = BBETZ'

5. DIAGONAL COMPACTNESS OF APPROXIMATION SCHEMES

The existence results for the Landau equation in [17] and Landau-Fermi-Dirac in [15] are, in
essence, compactness results for approximation schemes. For example, in the Landau-Fermi-Dirac
case, one considers a sequence of solutions to an approximate equation belonging to the space
L2 ((0,00); LA(RY; HY(RL'))). It is shown that this sequence is strongly compact in Lj,_((0,00);
L' (R2Y)), which allows us to pass the approximate equation to the limit.

The idea then is to take advantage of this compactness of the approximation schemes to extract
the compactness we want for a semi-classical limit. However, since the LFD existence theorem is
proved for a fixed quantum parameter, we cannot use it directly for a semi-classical limit.

Consider then a sequence of vanishing quantum parameters, §, — 0, and, for each n, let f™ be
a suitable solution of LFD, with f — f™ being an approximation scheme for this solution. We
want to prove that the diagonal of Figure 1 is strongly compact, that is, given a sequence m,, — oo,
the sequence of approximate solutions (f; ), is strongly compact in L'. Once this diagonal has
been established, we can choose f] closer and closer to f", and in the end we will have that the f"
converge “in tow”, culminating in the following lemma.

Lemma 3. Let (f™) be a sequence of suitable weak solutions to (4). For each n, consider an
approzimation scheme f). — " satisfying (22). If the diagonal sequence (f},, )n is weakly compact
m Llloc((O7 00); Ll(Rif\;)) and

an;mn’ diVU an;mn, En’m"
are bounded sequences in L}, ((0,00) x R2Y), then the sequence (f} )n is strongly compact in the
space L} ((O,m);Ll(RfE{X)).

loc

En,mn

The outline of the proof of Lemma 3 is very reminiscent of the proof of the existence of weak
solutions to the LFD equation. First, we prove the compactness of velocity averages of the solution
sequence, which gives us compactness in the ¢ and x variables. Then, we study the parabolic part
of the equation in order to get compactness in the v variable, and finally a proposition will allow us
to join the two results and get full compactness in L' for these solutions.

5.1. Velocity averaging. In the study of transport equations, the averaging lemmas constitute a
whole body of results stating roughly that, if f is a solution to a transport equation 0, f +v-V f = g,
then the velocity averages of f have more regularity than f itself.

For example, a classical result (see, for example, [2]) states that if f and g are bounded in
L2(R; x RZY), then, for every ¢ € C2°(RY), the velocity average

/f@ dv,

is bounded in Hl/z(Rt xRY). Hence, if a sequence f" is uniformly bounded in L2, the corresponding
velocity averages are expected to be compact in L2.

First shown independently by Agoshkov [1] and Golse, Perthame and Sentis in [8] in an L? setting,
averaging lemmas are now a standard technique in the study of kinetic equations. The version we
will use here is a simple corollary of Theorem 1.1.8 of [2], which reads as follows.

Theorem 3. Let 2 be an open set of Ry x RY,
LY (2 x RM), with p > 1, verifying

loc
Oifn+v-Vafo= Y 059\ in QxR

|a|<m

and (fn)n a sequence of functions bounded in
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for some m € N, where (g,(f‘))n is a bounded sequence in the space of measures Mio.(Q x RM) for
each |a| < m. For any v € C°(RM), consider the velocity averages

py(t, @) = /fn(t,x,v)w(v) dv.
Then, the sequence (pi}), is compact in Lf, () for any q < p.

In order to apply this theorem to the renormalized equation (34) we deduced in the last section,
we first show an estimate for the quadratic term in the derivatives on the right-hand side of this
equation.

Lemma 4. Let (f™) be a sequence of suitable weak solutions to (4). For each m, consider an
approzimation scheme f — f™, as in Definition 3. If the sequences

N, My, 70,Mn,

—N,Mn
, C

a nmn7b

, div,

are uniformly bounded in Lj, ((0,00) x R2Y), then for every T, R > 0, we have

nymn O, Of
—Bs a, " — " dtdxdy < C
///(O,T)xBRxBR (fn ) Ov;  0v; T.R

0 o)
/// apme 005Umn) O55Uma) 4404 <
(0,T)xBrxBr ov; v, ,

where Cp g, Clh p > 0 are universal constants, which do not depend on n.

and also

Proof. In equation (34), choose Ss(t) = ﬁ as non-linearity and ¢ > 0 such that ¢ = 1 in
(0,T) x Bg X Bp as a test function. This way, we have,

n\=nm g Ofm O,
O i e

<| [ mmoeo|+|[ s
" nmg ey 0%
twvﬁé(f )U VISO‘ x/twv R 66(f )avlavg
86’””
+ /m[ a0, Bs(fm) +b; (1= 2enfr)Bs(fin) + 264" Ba(f")] gfi

F [ SRS — (- 220 f0 () ~ 2Bl o]
txv
Since |Bs(t)] < 671, the first four terms on the right-hand side are bounded, up to multiplication
by 671, by
0%p
8v¢8vj

tov HLl(Supp ) -
Ltz‘u

Op
IOz + | 57

+llv- Vel + ||a;

where we have denoted by LY the LP-norm over the space-time domain (0, 00) X RiNv Now, since

0< fn <e. !l wehave |1 —2e,f"| <1, and since Bs(t) = 6=2(6t — log(1 + 8t)), it follows that
lenBs(fim)| = €nd 2 [6f7, —log(1+0f7)] <6 enfy <070

Hence, the fifth term is bounded by

571 (||d1vv an’m||L1(supp¢) + 2”51’ HLl(Supp(/J)) HLPHLSU :
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Finally, using that 0 < t85(t) = m < 6! for t > 0 and that |1 — &, f7| < 1, we bound the
last term by
46_1 ||E"7m ||L1(supp ©) ||<'D||L?gu’

which proves the first bound.
For the second bound, it suffices to notice that, for every n,m € N, we have

7n,m855( 77;‘1) 8ﬂ5(f77£,) _ /[ rn Qafﬁm afr’rrLL
aij a’Ui 8’Uj - (/65( m)) 8’Ui aUJ .
The result then follows since, for every t > 0,
1 1
(B5(t)* = < = =267 165 (f71)-

(1+6t)* = (1+6t)3
0

We could use Lemma 4 directly, together with the estimates we have for the f™ solutions, to
deduce the compactness of the velocity averages of 8(f™). However, as in the proof for the existence
of global solutions to the LFD equation, it turns out that the quantity for which we must prove
compactness for the velocity averages is f"(1 — &, f™). Therefore, we need to do some extra work
to get the compactness from one to the other.

Lemma 5. Let €, — 0 be a vanishing sequence of quantum parameters and for each n, and let f™
be a suitable solution of LFD with quantum parameter ,, with ! — f" an approzimation scheme,
as in Definition 3. Define F' = f2(1 — e, f1). If my, — oo is such that the sequences

Tn,m
—n,m : —n,m ) n =n,m
av™n div, @™, b , @

loe((0,00) x R2N) and the diagonal sequence ([}, )n is weakly compact

((0,00); L*(R2Y)), then, for every & > 0, the velocity averages

are uniformly bounded in L
in L},

[ B and [ 555300 do

are compact in L} _((0,00) x RY), for every p € C(RY).

loc

Proof. Fix T > 0, a compact set K C RY, and a test function p € C>°(RY'). Throughout this proof,
we denote by [, and [, the integrations over (0,7) x K x R and (0,T) x K, while [ denotes

integration over RY. We will also denote the sequence I, as f", as well as the coefficients ay,,, b

m?) nm’
and ¢, as a”, En, and ¢", respectively.

This proof is divided into three parts. First, we will show the compactness of the velocity averages
of Bs(f™), using the renormalized formulation. We then proceed by showing that the velocity
averages of f5(f™) converge to the same limit as the velocity averages of S5(F™), and finally we

relax the value of § > 0 to achieve compactness for the velocity averages of F™.

Step I: Velocity averages of Bs(f™).

Equation (34) can be rewritten as

n 2mn, n
9Bs( )+U-Vw65(f")— *Gy 0Gy

315 - 31;10%- 81;2- +G ’
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where the functions on the right-hand side are given by
G =B (1),
ar = %‘f&(f”) FE U= 260 [ (") + 26050 Ba(f7),
G =~ [F (1~ e fMBH) — (1= 20 fM)Ba(f™) — 260 Ba(f™)]
— gy 9

Ei (%i 81)]' '
Now, since f5(t) <571, |1 —2¢,f"| <1, and

S log(éf" +1)
] 02

e Bs(")] =20 )sediest
it follows that the first two functions satisfy

|G| < 67 ay| and |G| <67 + 351D

ij

vy
Thus, these sequences are bounded in L}, ((0,00) x R27). Moreover, since ¢3j(t) = (1+t5t)2 < 4.t
follows that

n OF" 0F"

K 8vi 8vj
and from Lemma 4, this sequence is bounded in Lj,.((0,00) x R2Y). Since (85(f™))n is bounded
in L*°((0, 00) x Ri{\;), Theorem 3 implies that for each & > 0, the velocity averages fv Bs(f™)p are
compact in L} ((0,T) x K).

loc

47n =
G < Sl - By ()

Step II: Velocity averages of Bs(F™).

The next part of the proof consists of passing from the compactness of the 35(f™) averages to the
compactness of the Bs(F™) averages. Notice that

[ 1

_J - < -1 n
T4omitor =0 =

1Bs(F™) = Bs(f") = enf"

and thus we may estimate the difference of norms as
(35) /t :

Since the sequence (f™),, is uniformly bounded in L'((0,00) x R2%), the right-hand side of (35)
vanishes as n — oo. This implies that the difference between the two sequences converges to zero in
L'((0,T) x K), and therefore [ (5(F™)p inherits the strong compactness of [ B5(f™)ep.

[osrme- [ ﬂ&(f")s@‘ <[ et

tzv

< 6_157LH90||L°°(]RN)an”Ll((O,T)ng{\,’J)-

Step I1I: Velocity averages of F™.

In this last step, we will use the fact that the 6 > 0 taken so far is arbitrary to obtain the
compactness of the averages of F™. We decompose, for M > 1,

5(Fn)2 5(Fn)2

PolE") = F1 = T sgm 1407

I]-F"SM+ I]_Fn>]\/[.
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Using that ¢ — t/(1 4 6t) is an increasing function on the first term and that this map is bounded
by 6~! on the second one yields

M
F") - F" < OF "1 rn F"1pn
|Bs (F™) ‘_1+5M Fr<M + Fr>M
SMOf" + f"lpnsn,

where for the last inequality we have used that F™ = f™*(1 — e, f™) < f™. Therefore, for every fixed

T>0,
J.

Since (f™),, is uniformly integrable, for every £ > 0 there exists an M, > 0 such that

/ B5(F™)p — / F”w‘ < M| ) / 4 ol ey / P L.
v v txv txv

sup/ fn]]-f">M5 SE.
n

This way, there exists a C' = C(T, ) > 0 such that for every § < /M.,

[srmyo- [ o
for every n € N.

For each m € N, let §,, > 0 be chosen such that

e [

for every n € N. Let pi', = [ s, (F")¢ denote the sequence of renormalizations and p" = [ F™¢
the sequence we wish to study. From Part II of the proof, we know that for each fixed m, the
sequence (p?, ), is compact in L'((0,T) x K). We will use a diagonal argument to construct a single
subsequence that converges for every m.

We start with m = 1. Since (p7),, is compact, there exists a sequence of indices o1 (n) such that

(,061”( )) converges. Next, since (pgl(n))n is compact, we extract a subsequence o4(n) of o1(n) such

< C(T, e,
L1((0,T)x K)

(36) <

1
LY((0,T)x K) m’

that (ps 73(n )) converges. By iterating this process, we construct nested sequences of indices oy, such

that ( oi(n ))n converges for every ¢ < k.
Cons1der the diagonal sequence indices n — o,(n). By definition, for n large enough, this is a

subsequence of (o1 (n)), for any fixed k, and therefore (pZ“("))n converges for every k € N.

We now show that (p“»(™),, is a Cauchy sequence in L'((0,7) x K). Let ¢ > 0 and choose k
large enough such that 2/k < &/2. Since (pZ"("))n is convergent for this fixed k, let N(g) € N be
such that

’ €

Pr ~ Pk L1((0,T)x K) 2

on(n) a'vn( )’

for every n,m > N(g).
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By the triangle inequality and the approximation estimate (36), we have, for all n,m > N(g),
that

‘ p7r ) — pm”(m)’ L1((0,T)x K) = ‘ p7m — pgn(") LY((0,T)xK)
+ ‘ ™~ pzm(m)‘ L1((0,T) x K)
+ ‘ ppm ™ - pam(m)‘ L1((0,T)x K)
2 €
< % T3
<e.

Therefore, the sequence (p°»(™), is a Cauchy sequence in the Banach space
LY((0,T) x K) and therefore converges. O

5.2. Almost everywhere compactness. Once we have found some compactness in the variables
t and x through velocity averaging, the aim now is to find compactness in the variable v.

The traditional way of doing this, widely used in the study of parabolic equations, is to search
for an ellipticity estimate for the diffusion matrices @;; that is uniform in n, which together with
Lemma 4 would give us a bound on the derivatives of f. Such an estimate, however, would fall apart
if we had, for example, fv f(1 —enf™ = 0 at some (¢,x), as this implies a"(¢,z,v) = 0 at that
point. Thus, this estimate depends primarily on the fact that we do not have a quantum vacuum at
any (t, ), which may be difficult to prove.

But, it turns out that such an elliptic estimate is not necessary, and we obtain sufficient compact-
ness in v using only a partial notion of ellipticity satisfied by @, namely Lemma 2 of [15], which is
rewritten in our case as

Lemma 6. Fiz T,R > 0. Let (f) be a sequence of suitable weak solutions to (4). Let (f )n be
a sequence of functions such that 0 < fI' <1 for every n € N. Define ), = fI' (1 —enfy ).
Suppose there exists some F € L>=((0,00) x R2V) N L}, ((0,00); LY (R2Y)) such that

loc
/Frzngodv — /Fgodv in L*([0,T) x Bg)

for every ¢ € LY(RY). Let @™ be a sequence of matrices satisfying (22) and

Kaz{(t,a:)e[O,T]xBR:/de>a}.

Then, for every a,e > 0 there exists a measurable set |E| < € and a constant C(a,€) > 0 such
that
a;" (tx,v)ming > Clas€)lnl?,
for (z,t,v,n) € (Ko N E°) x B x RY and n > ny(e, a).

This ellipticity, together with Lemma 4, gives us an estimate for the derivatives of f in v, which
implies compactness in the variable v. Having already established compactness in ¢ and z from the
averaging lemmas in the last section, the next question is whether we can unify these two results
into a single compactness in the three variables ¢, z, and v.

The next proposition, which was also stated and proven in [15], shows us that this question is
answered in the affirmative.

Proposition 2. Let (®"), be a sequence of functions such that ®" =~ & in L>((0,00) x RZY).
Suppose that, for each T, R > 0, we have the properties
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i. Quasi-bounded in v: For every e, > 0, there exists a C = C(e,a) and a measurable set
E, with |E| < e such that

/// |V, ®" |2 dtdrdv < C(e, ),
(KaNE°)xBgr

where Ko = {(t,z) € [0,T] x Bg: [®dv > a}.
ii. Velocity averages: For every ¢ € C°(RY), the sequence ([ ®"pdv), is compact in
LY([0,T) x Bg).

Thus, passing to a subsequence, we have @™ — & almost everywhere in (0,00) X RiNU

Now we can finally gather all the above results to prove the result of this section.

Proof of Lemma 3. Passing to a subsequence in n, we have f7, — f weakly in L], ((0, 00); L' (R27))

together with Fy, = F and Bi(f7 ) = b weakly-* in L°((0,00) x R2Y), where F and b are
essentially bounded functions.
Fix T, R > 0. From Lemma 4, there exists a constant C' > 0 such that

0 "0 n
/// aym B1lFin,) 1) g1 <cC.
(0,T)xBrxBr Ov; dv;

Combining this with Lemma 5 and the ellipticity estimate in Lemma 6, we obtain that for every
a,e > 0, there exists a measurable set F with |E| < ¢ such that

(37) Aa%mﬂ)Bvaxugﬂ2a¢ng0@¢ma

Here, the set K, is defined by

.&E{@@eMﬂx&v/Fw>a}

Proposition 2 is not directly applicable here because the set K, defined in terms of [ F' dv differs
from the set required by the proposition, which relies on [ b dv.
To overcome this, first observe that
(59) B1(43) - B, )| = ot
P R T (L f VA FR)

where we used the inequality z/(1 + ) < 1 for every > 0. Consequently, for any nonnegative test
function ¢ € C>((0,00) x R2Y), we have

Using the fact that 31 (t) <t for every ¢ > 0, this implies

Bi(fn e < /

tzv

/bwﬁ/ Fy
txv txv

<enfm.

Fr o+en / fon -
txv

tzv

Passing to the limit n — oo, we obtain
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and since the smooth function ¢ is arbitrary, we conclude that b < F' almost everywhere in (0, 00) x
R2Y which implies that if we define

K/ = {(t,x) € (0,77 xBR:/bdv>a},

then K/ C K,. Therefore, the estimate (37) implies that

/// IV Bi(f2 )| dtdedo < C(e, ).
(K!,NE°)xBgr

By Lemma 5, the velocity averages [ 81(f )¢ dv are compact in L}, ((0, 00) xR2). Proposition 2
then implies that, passing to a subsequence, (f1(f,, ))n converges almost everywhere in (0, o0) fojf\[,.
This, in turn, implies that (f;, ), converges almost everywhere in the same space.

Finally, since the sequence is weakly compact in L}, .((0, 00); Ll(RfE{X )), we infer strong compact-

ness in this space using Scheffé’s lemma. |

6. PROOF OF THEOREM 1

We now have all the necessary ingredients for the proof of Theorem 1, which we will divide into
two sections.

In the first part, we will apply the compactness results we have seen so far to show that the
solutions of the Landau—Fermi—Dirac equation converge to renormalized solutions of the Landau
equation, as in Villani’s definition.

In the second part of the proof, we will show the convergence of the conservation laws and the
dissipation of entropy, showing that the entropy inequality is still valid for solutions in the semi-
classical limit.

6.1. Convergence to renormalized solutions. For each n € N, let (f7),, be an approximation
scheme converging to f™, with coefficients a™™ and [

Let B,, = (0,n) x B;(0,n) x B,(0,n) be the (¢, z,v) ball with radius n. From the convergence
fr— f™in L}, ((0,00); L*(R2Y)), as well as the convergences of the coefficients from Definition 3,

for every m € N there exists some My(n) € N such that, for every m > My(n),

n n 1
(39) 15 = fmlleromyzr@an)) <
as well as
—n,m —n 1
Haij - aij”Ll(Bn) < n
’ ga;"  oay, _1
(40) 811j 8vj L1(B) n
—n,m -n 1
1b;7 = b; |y, < o
=n,m =n 1
™ —¢ ||L1(B,,L) < n

This way, chaining Lemmas 1 and 3, we obtain a diagonal sequence (f;, ), that is strongly
compact in L}, .((0, 00); Ll(Rgf\g)), and we can then pass to a convergent subsequence.

For conciseness, we will write f;} instead of fy, , as well as @™" instead of @™"™" for the other
coefficients and so on. Passing to a further subsequence, we have that

(41) fr— fin Llloc((O,oo);Ll(]Ri%)) and a.e. in (0,00) x R2Y

x,00
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and using (39), we also have, passing to subsequences if necessary,
(42) ™ — fin L},.((0, oo);Ll(Rif\[))) and a.e. in (0,00) x Rij\[)

Since f}' € Lloc((O T) x RY; HL (RL)), Proposition 1 ensures that f satisfies the renormalized
formulation, that is, for every ¢ > 0, taking SB5(t) = t/(1 + 6t), we have

a n
D) 1 .s(1)

o 0 7n,n665(f7?) _
(43) ou {a” ooy
nyzn,n Ofn O
() 0v; Ovj
— " (U= enf)B5(f7) — (1= 2enf;)Bs (f7) — 2enBs (f7))]
in D'((0,00) x R2T).
From (41), we have Bs(f) — B5(f) a.e., and thus, since |Bs(f)| < %, it follows that

(1= 20 f)B5(f2) — 26,5 Ba(f”)}

9B:( fn o)
U ¢y 5550 P 450
in D’'((0,00) x R27).
Next, let us prove the convergence of the coefficients @;;", ag;]; ,b;", and @, Consider aj =

aij *y (f"(1 —enf™)). We need a strong convergence result for f"(1 — e, f™). Using (42), we
obtain that f"(1 —e,f™) — f almost everywhere in (0,00) x R2Y. Since for every n we have
[f™(1 —enf™)| < f™, an application of the general dominated convergence theorem implies that

(44) Frl—enf™) = f i Lige((0,00); L' (RZY)).

xT,v
Recall that the convolution of a function g with a signed measure p satisfies the variant of Young’s
inequality
% gll ey < Nlgllos )l (RY).
Therefore, if ¢g" — g in L', then p* ¢g" — pu* g in L'. Hence, the regularlty hypothe51s for a in
aau

: . aar,
(9) together with the convergences (42) and (44) yields that a;; — @j, For ™ Bu , by — b;, and
¢ —cin L}, ((0,00) x R2Y). Then, using (40), we have that

—n,n - aij - aaij 7n,n

— b,” — b, T ¢
9 (2
8vj 8’Uj

K2

in L},.((0,00) x R%N ) and, by passing to a further subsequence, we also have these convergences

almost everywhere in (0,00) x R27.

Let us pass each of the terms on the right-hand side of (43) to the limit in the sense of distributions.
We treat the diffusion part first. Following Remark 1, consider
nnOBs(f1) _ 0 Oaij”

if 8711] = 8711] [7n "Bs(f)] — Bo, Bs(fr)-

Since |Bs(f™)] < 6~', we have from dominated convergence that B5(f7) — Bs(f) weakly-*
L>((0,00) x Ri%), and by weak-strong convergence,

—T1,1n

oa
T Bs(f7) = bs(f) and HBs(h) =

da; j

a’Uj

Bs(f)
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in D’((0,00) x R27), which implies

7nnaﬂ5(fn)
% By, _>ai

oa; j

3850 = 2 6o()

in D’((0,00) x R2Y). We denote by dij%v(jf) the right-hand side of the above limit.
Next, since 0 < f* < e !, we have that |1 — 2¢,, f7| < 3, and dominated convergence implies that
(1 —2eaf)Bs(fi) = Bs(f) in L((0,00) x RZY).
Furthermore, using that |Bs(t)| < t/d, for every ¢ > 0, we have that
e, Bs(f) =0 in L*=((0, 00) x Rifg),

again by dominated convergence. Hence, as before, we have by weak—strong convergence that

in D'((0,00) x R%I\[))
Let us now pass to the limit the third term on the left-hand side of (43). Since |f} (1—en f2)| < f
and t35(t) = W < 45 for every ¢ > 0, we have that

Fr (U= enf)B5(fi) = fB5(f) in L((0,00) x RET).
Thus, from weak-strong convergence,
e (U= enfi)B5(f) — (1= 22 f7)Bs(f7) — 2en Bs(f7))]
= e[fB5(f) — Bs(f)]

in D’'((0,00) x R2Y).
It remains to prove the convergence of the quadratic term

nn Ofp OF5
(45) _B (fn)izj 8{) ali
2 J

in the sense of distributions. Defining the function

2v2
)=
75(t) )
we notice that this implies (v5(t))? = ﬁ = —f5(t). Using (18), we can bound (45) from below
as
% 8111 81}] Y Qv 0v;

Z [am" *y (fg(l - 5nf;,l))]

s (f) 0vs(f2)
ov; 0v;

s (f1) Ovs(f
:/ amn(v—v*)fﬁ(v*)(l—6nfv7(“*)>%agfb)Vggn)

2

vV ) (L = en fR(0))Vors(f2)]

where y/a,, (v — v,) denotes the matrix square root of a,,, (v — v.). For conciseness of notation,
let us write a,, instead of a,,,. For every n € N, we define the nonnegative Radon measure ™ on
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(0,00) x Rij\[, by

% Do, avj

Van(v = v) V0 (1= enfi(0)Vors(fr)

Since the second term is non-positive, the expression of v™ is bounded from above by its first term,

n ny=n.n Ofn Of 3
OSV S_ﬁ (f ) z] a,u 8’0‘.
v J

By Lemma 4, the right-hand side is uniformly bounded in L}, ((0,00) x R2%). Therefore, up to
extraction of a subsequence, there exists a nonnegative Radon measure v such that

(47) V" = v weakly in Mjoc((0,00) x R27)

(see, for example, Theorem 1.41 in [7]).
We rewrite the term inside the square of (46) as

Van(v = vV Fi ) (4 = en 3 (0))Vurs(f7)
(48) = div, | Va0 = v )V ) 1 = e fi 0))(f7)
—divy [Van(o =0 V)T = enfi 0))s(f2):

The matrices a,, have a fixed form, given by (18), and therefore by the uniqueness of the square root
of positive semi-definite matrices, we have

(49) Van() = VI z|( ‘ﬁ))

This implies, thanks to the convergence of T, (| - |), that \/a — a(z) in L7

loc
since

V"= - By (fn)a

(46) 9

(RN). Moreover,

V() (1 —enfr(ve)) = /fo in L2,.((0,00) x Rﬁf}ﬂ)*)
and vs(f) = vs(f) in L}, ((0,00) x R3N ) we can deduce that

LUV«

Van (v —v)V 200 (1= en f2(0))7s(f2) = Valv — v/ fovs(f

in Ljo((0,00) x 3T, ).

LUV

Next, notice that the explicit formula (49) allows us to calculate the divergence of the matrix 1/a,
giving

z

v, |Van(2)] = =(N = VPl

In view of the convergence of I',, (|- |) in the hypothesis of the theorem, this converges to div,(y/a(z))
in L} (RY). Therefore, we have that

loc
V(= o)V F (o) (0 = enfr 0) Vs (£1)
— divy [Va(v = v)v/Fs ()] = dive [Va(o = o) V()

in D’((0,00) x R27). We denote the limit distribution as \/a(v — v.)v/f Voys(f).
Lemma 4 gives us that (45) is bounded in L}, ((0,00) x R2Y), which then implies that the right-

loc

hand side of (48) is uniformly bounded in L? ((0,00) x R2%: L2 (RL')). Therefore, the convergence

T,V

(50) actually holds weakly in this space and the limit distribution \/a(v — v.)v/fx Vyys(f) can be
represented by a function belonging to L7, .((0,00) x R2N: LZ(RL)).

xT,v’

(50)
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We are interested in the convergence of the integrated quantity
2
1= [ [Vanlo = vVl eafg o) Vars(2)
Vs

From Lemma 4, the sequence I, is uniformly bounded in L}, ((0,00) x R2%). Thus, up to a subse-
quence, there exists a nonnegative Radon measure v such that

(51) I, = V' weakly in Mjo.((0,00) x R2).

It remains to relate v/ to the weak limit y/a(v — v.)V/f«Vpys(f). From the lower semicontinuity
of the L? norm with respect to the weak topology, we have that, for every compact set K C
(0,00) x RZY

T,V

n—oo

2
liminf/ Indtdxdvz// ‘\/a(va*),/f*vm(f)‘ dv, dtdzdv.
K K JRN

By the Portmanteau theorem for the weak convergence (51) (see, for example, Theorem 1.40 of [7]),
it follows that

lim sup/ I, dtdxdv < v(K)
K

n—oo

and since the compact set K is arbitrary, we have, in the sense of measures, that

/|\/ a(v — vy) \/]T*Vv'y,; )2 > 0.

We define the defect measure v” as the expression on the left-hand side. Substituting back into (51),
we obtain that

Ve — o)1 = enfa Vo ()|

/!

a(v —v)y/ fe v’Yé(f)r tv

weakly in Mo ((0,00) x RZY). Combining this with the convergence (47), it follows that there exists
some nonnegative defect measure 1 € Mo((0,00) x R2Y) such that

- LY [ eV Eve)| s

Ov; Ov;

in D'((0,00) x R3Y ).

TVVx

6.2. Conservation laws and entropy inequality. So far, we have used the approximation schemes
(fM)n to show that f satisfies the renormalized Landau equation with defect measure. In this second
part of the proof, we will use the fact that the (f™), are weak solutions of the LFD equation to
conclude that f satisfies the conservation laws and inequalities of Definition 1.

Recall the convergences (42). First, from the L' convergence, we can infer that

(52) [ =t [ ro=tm [ 5= 5

which implies the conservation of mass. Next, we have from Fatou’s lemma, together with the a.e.

convergence, that
[ stow <iimint [ op <tmint [ o= [ g
v n—ro0 v n—ro0 v v
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for 1 = |v|? or ¢ = |z — tv|?, which implies the inequalities of kinetic energy and moment of inertia,
respectively. Finally, by interpolation, we find that

/m 0= / v

which corresponds to the conservation of linear momentum.

6.3. Entropy inequality. Finally, let us show that the entropy inequality holds for the limit solu-
tion f. Since f" is a weak solution of LFD with quantum parameter ¢,, and initial data f', it obeys
the quantum entropy inequality,

(53) i : Enfn log(enf") + (1 _ gnf”) log(l — Enf”) + % /Ot AU d"

< L [ cafmlog(enty) + (1= enfg) log(l — enf2).

En v

Here, d" is the entropy dissipation (15) with quantum parameter &,,, where we use the interpretation
from Remark 4. Using the conservation of mass (52), we rewrite inequality (53) as

1—e,f" 1 [
/f"logf”+%flog(1—5nf")+§//d"
v n 0 v

1—e, f}
< [ spiogsy+ 2T og(1 )

Since for every 0 < z < e~ ! one has

1—ex

—z < log(1 —ex) < —x+ ex?,

the above inequality becomes

(54 [ oerag [ [ o< [ mroesyve [

where we have used once again the conservation (52).
Since £, (fJ)?* < f&, we have from (19) and dominated convergence that the right-hand side

converges to
| sotog o

Using the almost everywhere convergence in (42) and passing both sides of (54) to the liminf, we
have from Fatou’s lemma that

1 t
(55) / flogf+ ilirginf/ / d” §/ folog fo.
v n=oo Jo Jaw v

So, all that remains is to pass the entropy dissipation d” to the limit.
From Remark 4, we recall that, since we do not suppose any regularity of f in v, the term fot fm dr
should instead be viewed as a notation for the square of the L2((0,¢) x R2Y ) norm of D", where

TVV
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D™ is the function

" = div, (\/a(v —v )V (1= enfn) \/;

= arcsin \/Enf">
— div, (\/a(v — y*)) \/ff(l —enfh) \/2671 arcsin v/&, [
— div,, (\/a(v—v*)\/f"(l —Enf")\/;I \/Enff>

Venfl.

+ div,, (\/a(v — v*)) V(L —enfm) \/267

From the almost everywhere convergence in (42), we can deduce that

— —arcsin e, 7 e
(56) \/CL(’U—’U*)\/f* (]-_Enf*) W f - a(v *)\/R

for almost every (t,z,v,v,) € (0,00) x R3) . We also have that

5 [Vaw=u) ViV

arcsm Venfm
‘\/CL’U—U* \/f* - nf* Ef: \/fn

The convergence (42) implies there exists a function g in L}, ((0, 00), L* (R27)) such that, passing
to a subsequence in n, we have |f"| < g uniformly in n. This in turn implies

Valo = o)V < [Valo =) vaeva|.

Let us show that this function is in L}, .((0,00) x R3Y ). Indeed, from the uniqueness of the
square root of positive matrices,

67) Val = VTR (1- 555

Using that /z < 14« for every x > 0 and the integrability hypothesis in (9), we deduce that there
exist functions o € L'(RY) and 8 € L (RY) such that

[(Va)ij|(2) = a(2) + B(2),

for every z € RY. Considering the compact sets Ky, C (0,00) x RY, K, c RY

then
/ ’ a(v —vy)
Ko X Ky XK, ij

and K,, C Rf,\i,

1/2

gHLl(KmeU*)’

v

VIV = (llalls + 18]l e |2 K.

||9||L1 (Ko X Ky)

which implies the sequence /a(v — vy)+/fP?/ ™ is dominated by a locally integrable function. By

dominated convergence, the convergence (56) holds in L}, ((0,00) x R3X ).
Next, the explicit expression (57) allows us to compute the divergence of this matrix, giving

div, [ a(z)} - (N—1) F(|z|)#.

Using once again the inequality /x < 1+ x, we deduce that

div. [v/a(2)] \ < |div.(a(2))] + (N — 1)~

|2
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The integrability condition (9) allows us to deduce that div, y/a(z) is also in L}(RY) + L>=(RYN),
and, as before, we deduce that

div,, (Va(v=v.)) V(T =nf) \/@f
— div,, ( a(v — v*)) NI

in Lloc((07 OO) R3N )

LUV«

The convergences (56) and (58) imply that

div, (\/a(v — v )V (1 —enfr) \/257 arcsin \/snf”>
(59) — div, (\/a(v - v*)> Ve - snff)\/; arcsin \/e, f

-»Qmw(v56125v7ﬁ>—2&w( a@—vg)¢fﬁ

in D'((0,00) x R3) ). Exchanging v and v, and subtracting (59) from it, we conclude that D"
converges to

(58)

D = 2div, (\/M\/R) — 2div, ( a(v — v*)) Ve
= 2div,, (Va(v = 0)VFT) +2div,, (Valo—0)) VI

in D'((0,00) x R3Y ).

LUV

On the other hand, using (54) together with the bound ef§" < 1, we obtain that

1 I
=5 [ [ < [ moagpe [ - [ ress

Thus, D" is uniformly bounded in L2((0,00) x R3Y ) and we have D™ — D weakly in this space.

TUVVx
Then, from the lower semi-continuity of the L? norm with respect to the weak convergence, we have

t t
[, [ a= o1 < imint 013 < st [

which, together with (55), leads to the result.

7. PROOF OF THEOREM 2

We return to the convergence of the quadratic term — /3§ ( f”)*Z"%’:” 66{

prove this converges to something expressible as a function of the objects we have thus far, and as
a consequence this term will be responsible for the appearance of a defect measure. Indeed, let

2V2
5(1+dt)

As before, we cannot

Y5(t) = —

We rewrite, in the sense of distributions,

afrofr 0 0 n
_6 (fn)fzn I f _E;L]TL Vgi{) Vgg)f)

Ov; Ovj
= @Y (6 (). Vo (s (2))
— v v, (s ()]
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The vector field inside the squared norm can be rewritten as

o(amm). .

(60) (V) Pl [V (2] = = gl 12)

v 8Uj an
and, as before, we want to apply some weak-strong convergence result here to at least deduce the
convergence of this term in the sense of distributions. However, it soon becomes clear that these are
not directly applicable in this case. Singularities in the derivatives of the matrix square root when
eigenvalues are close to zero prevent us from concluding the convergence of the second term on the
right-hand side of (60).

What we can do then is approximate this matrix with one that is more regular and then re-
construct this term in the limit. We follow an approach close to Villani’s in [17] and consider the
approximation of the square root S¥(M) = x*(M)v/M, where x* is a C>(S%) function, defined on
the space of positive semi-definite matrices S, such that

1, if Amae(M) < k and Apin
x’“(M)Z{ ) o

1
k
0, if Apmaz (M) > 2k 01 Apyin (M) < 5,

>
<
where Apin (M) and A (M) respectively denote the smallest and the largest eigenvalues of M.
In other words, we truncate v/M at high values, and at the singularity at zero. We can show that
Sk is a C™ function such that S*(M) — M for every positive semi-definite matrix M. Also, the

sequence (S*(M))y, is increasing with respect to the matrix order, and we have S*(M) < /M.
We approximate the quadratic term from below:

Ovs(f1) Oys (S Ma ™) Oys (f2
) ), T < B

Let us pass the approximation on the right-hand side to the limit. We have

(Sk(an,n)Q)ij a’YgE}J:n) a’Ygf(U.fn |Sk —n, n)vv(')/é(f:))f

and for the term inside the absolute value, we have that

a(Sk(@mm)) .

0 (), Tl - (88 )] - =)

0v; v;

Recall that from (40), the sequence m,, was chosen such that @™ — @ in L}, ((0,00) x R2Y).
In this theorem, we have the extra convergence hypothesis (21) for the diffusion matrices of the
approximation scheme. Thus, for each n, we may choose the index m, sufficiently large, poten-
tially increasing the values of the previously defined sequence m,,, such that we have not only the
estimations (40), but also that

1
V@™ ™ = Va" | p1m,) < o

where B, = (0,n) X B;(0,n) x B,(0,n) is the (¢, z,v) ball with radius n.
In view of the extra regularity (20) of the collision kernel, we have, from the convergence (44),
that V,a" — V,a in L}, ((0,00) x R2%), which therefore implies that

(63) Vo™ = Vya in Lj,((0,00) x R2T).

As before, we relabel the sequences @™ as a™".
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From the regularity of S*, we have that S*(@™") — S*(@) in L},.((0, 00) x RZ). Since, as before,

vs(f) — ’75(f) in L},.((0,00) x R2Y), it follows that the first term on the right-hand side of (62)
converges to 5 {(S’k( ) .j%( f )} in the sense of distributions.

Moreover, the regularity of Sk together with the convergence (63), implies that %Z) —
8% @ 4 n L} .((0,00) x Ril\é) Therefore, the right-hand side of (62) converges to
) o(s@),
Sk B ] 7Y
av,; [( @)),;75(f) av; v5(f)
. L. _ P)
in D’((0,00) x R27). We denote this limit as (Sk(a))ij%(jf).
Let S¥(@)V,7vs(f) denote the vector field whose i-th component is (Sk(a))ija%}(jﬁ. From the

bound (61) and Lemma 4, we deduce that the sequence (S*(@"™)V,(vs (f:})))n is uniformly bounded
in L7, ((0,00) x R2Y). Therefore, we have the weak convergence

(64) SH@ MV (35 (f1)) = SH@Vu(rs(f)) i Li,((0,00) x RZY).

Thus, the distribution S*(@)V,7s(f) can be identified with an L2 _ function.

By the lower semicontinuity of the L? norm with respect to the weak convergence in (64), for
every compact set K C (0,00) X R2Y  we have

T,V

(65) /K |S* @)V, (33(/))? < limint / 1S* @)V, (15 (1)

n—oo

Combining this inequality with (61) and Lemma 4, we deduce that the sequence (S*(@)V,(vs(f)))x
is uniformly bounded in L? ((0,00) x R?ENU) Therefore, passing to a subsequence in k, there exists

a weak limit, which we denote by vaV,(vs(f)). That is,
SH @V (ys(f)) = VaVu(rs(f)) in Li,((0,00) x RIY),

Applying lower semicontinuity again, for every compact set K C (0,00) x R2Y we have

€T,V

(66) /K}\/ivv(% <11m1nf/ |S’k ))’2

We formally identify the term — 5 ( f)a;;0y, f0,, f with the square of this limit function 1Vav yvs(f)]?.
Next, we establish the existence of the defect measure. We aim to show that there exists a
nonnegative Radon measure p € Moo((0,00) x R2Y) such that

7njna’75(f7?) 8’75(f7?) -/ of af
U u vy O By oy

Using Lemma 4 and the Banach-Alaoglu theorem, we deduce the existence of a Radon measure v

such that
—nn 06(f) 0s(f)
K 8’1% 8vj

(f)ai

+p as n — oo.

We define the measure i by
of of
_ _ QN —
w=v < & (f)a’lj (9’01 81}j>
Since the subtracted term is the square of an L?  function, it belongs to L}
Mioe((0,00) x R2Y). It remains to show that p is nonnegative.

ensuring that u €

loc?



ON THE SEMI-CLASSICAL LIMIT FOR THE LANDAU-FERMI-DIRAC EQUATION 35

Indeed, from (61), we have that for every compact set K C (0,00) x R2Y one has

T,V

[ a2t 22t
K

k(=n,n n
R e e MERCEO) MCHTAI

We take the liminf, ., on both sides. Using (65) and then passing both sides to the liminfy_,
gives

liminf awn M M

> limi k(= 2
oo [ 1 v, v, _llkrggf K|S @V (vs(£))l

> /vav(%(f»ﬁ

where in the last inequality we used (66). Therefore, we have that

liminf/ [awWWﬂZ)_ (_ ") of af)] -
K

n— oo v 8'Ui 81;]- * 61)@' 8vj =7

for every compact set K C (0,00) x R2Y which implies that the measure x is nonnegative.
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