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1 Basic asymptotics of integrals

Problem 1. Find the asymptotic behavior as A→∞ of∫ 2A

A

(lnx)−1 dx

Problem 2. Find the asymptotic behavior as A→∞ of∫ +∞

1

e−x
p/Ax−1 dx (p > 0)

Problem 3. Prove that, as ε→ +0,

(a)

∫ 1

0

xεx dx = 1− ε

4
+
ε2

27
+O(ε3)

(b)

∫ 1

0

e−ε/
√
x dx = 1− 2ε− ε2 ln ε+O(ε2)

2 Laplace method

Problem 4. Find the asymptotics as A→ +∞ of the following integrals:

(a)

∫ 1

0

(1− xp)A dx (p > 0)

(b)

∫ +∞

0

(1 + xp)−A dx (p > 0)

(c)

∫ π/2

0

xp cosA x dx (p > −1).

Problem 5. Suppose that −∞ < a < b ≤ +∞, the function ϕ is positive and decreasing on [a, b),∫ b
a
ϕ(x) dx < +∞, and ϕ(a)− ϕ(x) ∼x→a+0 C · (x− a)1/p, where C, p > 0. Prove that

Φ(A) =

∫ b

a

ϕA(x) dx ∼A→+∞

(
ϕ(a)

AC

)p
Γ(1 + p)ϕA(a).

In particular, Φ(A) ∼ 1/(AC) for p = 1, and Φ(A) ∼ 1
2

√
π/(AC) for p = 1/2.

Problem 6. Suppose that −∞ < a < b ≤ +∞, the function ϕ is positive and decreasing on [a, b),∫ b
a
ϕ(x) dx < +∞, and limx→a+0(1−ϕ(x))/(x− a)1/p = +∞ for some p > 0. Prove that

∫ b
a
ϕA(x) dx =

o(A−p) as A→ +∞.

3 Asymptotics of unknown quantities

Problem 7. Let xn be the root of the equation x = tanx lying in the interval (πn, π(n + 1)), n ∈ N.
Prove that

xn = πn+
π

2
− 1

πn
+O

(
1

n2

)
.
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4 Asymptotic of integrals of high dimension

Problem 8. Let Pn be the normalized Lebesgue measure on the sphere Sn−1(
√
n). Prove that the

coordinates on this sphere ”are asymptotically distributed according to a normal law”, that is, for any
a, b ∈ R, with a < b

lim
n→∞

Pn{(x1, . . . , xn) ∈ Sn−1(
√
n)|a < xn < b} =

1√
2π

∫ b

a

e−t
2/2 dt.

Problem 9. Prove that
1√
n

∫
[0,1]n

‖x‖ dx→n→∞
1√
3

Problem 10. Prove that, for any f ∈ C([0, 1]),∫
[0,1]n

f( n
√
x1 . . . xn) dx→ f(e−1).

Problem 11. Prove that, for any f ∈ C(Rn) with sup |f | <∞,∫
Rn

f

(
|x1|+ · · ·+ |xn|

n

)
dγn(x)→ f

(√
2

π

)
,

where γn is the standard Gaussian measure over Rn, that is, the measure with density (2π)−n/2e−‖x‖
2/2.
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